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The Novikov-Veselov(NV) Equation as an

example of Invariant Form Equations

Halis YILMAZ

Abstract

In this paper we will consider two scalar differential operators L and M. We
call them scalar because their coefficients are functions rather than matrices.
Our aim s to obtain some gauge invariant equations. In order to achieve
this goal we firstly find the gauge invariants of L and M by using the gauge
transformation on L and M. And then we apply ‘L-M-f triad’ representation
[L, M] 4+ fL = 0 which gives us some linear and nonlinear equations such as

the NV equation in invariant form.

Ozet

Bu makalede L ve M’yi iki skaler diferansiyel operator olarak gozoniine alacagiz.
Burada L ve M skaler operatérlerdir, ¢unki bu operatorlerin katsayilar ma-
trisler degil fonksiyonlardir. Bizim amacimiz ‘gauge invariant’ denklemlerini
elde etmektir. Bu amaca ulasmak i¢in ilk once L ve M dzerinde ‘gauge trans-
formasyon’ kullanarak L ve M nin ’‘gauge invariant’ larnt bulacagiz. Daha
sonra ‘L-M-f triad’ denklemine, [L, M|+ fL = 0 , basvurarak baz lineer ve
lineer olmayan, érnegin Novikov-Veselov(NV), denklemleri invariant form’da
elde edilir.

1 Introduction

Let L and M be two operator functions such that

L = 0,0y + a0, + b0y + ¢ (la)
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M =0 + 92 + uds + vy + w (1b)

We will consider ’L-M-f triad’ representation [1] :
[L,M]+ fL=0

where f is an operator function to be found.

2 Invariants for L and M

We will use the gauge transformation [2] on L and M in order to get
invariants for L and M:
g lLg = L

g Mg = M

2.1 Invariants for L = 0,0, + a0, + b0, + ¢
g_ng =L

Therefore,

g (8,0, + ady + b8y + ¢) g = 9,0, + ady + b0y + ¢ =

9710:(0y-9) + g a(Dr.9) + g7 10(Dy.9) + ¢ = 020y + a0y + 0Oy + & =

97 0u(gy+99y)+9 " a(gu+90s)+9 7 b(gy+9y)+c = 950y +ady+bdy+¢ =

020y + (a+ g71gy)0s + (b4 97192)0y + ¢+ g guy + ag g +bg gy

= 0,0, + a0y + b0, + ¢

Therefore, we obtain

a = a+g_1gy (2)
b = b+glg (3)
¢ = ctgtgm +ag g +bg gy (4)



So,

Similarly from the equation (3), we have
g_lgr =b—1b (6)

Since (g_lgy)z = (g_lga:)y,

Let
I'=a,—by (7)

This is an invariant for the operator function L, where L is defined in

(1a). Now, consider the equation (5)
g lgy=a—a
If we take derivative both sides w.r.t. x, then we obtain
9 ey = (97" 9y)x + (97 92) (9" 9y)
By substituting the above expression in the equation (4), we obtain
~ —1 -1 -1 -1 —1
c=c+ (97 gy)e+ (9 92)(9 9y) +ag9™ 9= +bg gy

Since g g, = b — b and g lg, =a—a,
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Let
J=a,+ab—c (8)
where J is an invariant for the operator function L.

2.2 Invariants for M = 0; + 02 + ud?* + v0, + w
In KP equation, we have already obtained the invariants for M:
g_lMg =M=
g0 + 02 + ud? +v0, + w)g = 0 + 02 + 10> + 90, + W

Therefore, we obtain

u = u-+ 39_191 9)
U= v+ 2“9_19:1: + Sg_lgx:c (10)
w o= w+ g_lgt + Ug_lgx + ug_lg:c:r: + g_lgzxoc (11)

From the equation (9), we have

9 gr = (0 —u) (12)

By doing the exactly same calculation like we did in the KP equation,

we obtain
14
2 3
R=u + (ugy — §u + uv)y — 3w, (14)

where P and R are invariants for the operator function M.
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Summarise all invariants for L and M:

I = a;—by
J = ap+ab—c
1
P = Um+§u2—v
2 3
R = up+ (ugy — =u’ +uv), — 3wy,

9

3 L-M-f triad representation

[L,M]+ fL=0 (15)

where L = 0,0, + a0, + b0, + c, M = 0 + 02 + ud? +v0, +w

and f is an operator function which must be found [3].

First of all we will find [L, M| which will help us to suggest the operator
function f(0,,dy).

[L, M] = [0:0y + a0y + bdy + ¢, 0y + 02 + ud2 + v0; + w]

= (0 0y + a0y +by+c).(0p+ 03 +ud2 +v0, +w)
— (0 + 02 4+ ud? + v0; + w).(0,0y + ady + by + ¢)
After doing some operator calculations, we obtain
[L, M] = —¢t — Capz + Way + awy + bwy — ucyy — vey
+ (wy + Voy + AV + bUy — ap — Appe — 3Caz — UAzz — 2UCy — VAL) O
+(Ugy + Vy + Qg + by — Bazy — 3¢z — 2uay)02 + (Vg — 2uby — 3byy )00,
+(wy — by — bpaz — Ubgy — Vby)0y + (uy — 3a,)02 + (uy — 3bx)8§8y
Now,
fL = f.(0.0y + a0y + b0y + )

Let us choose f = md, +nd, + k. Then
fL = (m0y +n0y + k).(0:0y + a0, + b0y + ¢)

By doing some simple operator calculations on the above equation, we

obtain
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L = mcg+ney+ke+ (mag +me~+nay +ka) 0y + (mbg +nby +nc+kb)o,
+(mb + na + k)00, + mad? + nb@i + md29, + n&lﬁ;

So if we substitute [L, M] and fL in the equation (15), then we obtain
the following expression

—Ct — Cazz + Wy + awy + bwy — ucyy — vey + mey + ney + ke +(wy +
Vgy + AUz + bUy — a4y — Qpze — 3Cpp — UAgy — 2UCy — VAL + Mag + mc +
nay + ka)Oy +(wy — by — byga — Ubgy — vby + mby + nby + nc + kb)o,
+(Ugy + Vy + Aty + by — Bazy — 3¢ — 2uay +ma)02 +(vy — 2uby — by +
mb+na+k)0y0y + (uy —3a,)0 +(ug — 3by +m)020y, +nbda +nd,0; = 0

In the above equation, we can easily see that n = 0.

Therefore, we obtain the following equations:

Uy — 3by + m = 0(16)

Vg — 2uby — 3byy +mb+ k= 0(17)

uy — 3a, = 0(18)

Uy + Uy + @ty + by — 3az, — 3¢, — 2ua, + ma = 0(19)

Wy — by — bygy — Ubyy — vy + mby, + kb = 0(20)

Wy + Vgy + AUz + bUy — @ — Appe — 3Cpp — UAzy — 2ucy — vay +h = 0(21)
)

—Ct — Cpgz + Way + AW, + bWy — UCy — VCi + ey + ke = 0(22

where h = ma, + mc + ka for simplicity. So, from the equation (16) we

have
m = 3b, — Uy
and the equation (17) gives us
k= —vy + 2uby, + 3by — mb
Since m = 3b, — ug,

k = —vy + 2ub, + 3byy — 3bb, — buy
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Therefore,
=m0, +ndy +k =

f = (3by — uy)0r — vy + 2uby + 3byy — 3bby + buy (23)
From the equation (18) we have
Uy = 3ay

So,
if we substitute ug, = 3a,, and m = 3b, — u, in the equation (19), we

obtain
3ab, — 2ua, + buy — 3¢, +vy =0

Similarly by substituting m = 3b, — u, and k = —v, + 2ub; + 3bz, —
3bb; — bu, in the equation (20), we obtain

—bt—bpz— by —Upby — by —bvy+3b2 +3bbyy — 362 by + b2y +2ubby+w, = 0

In the equation (21) we know that h = ma, + mc + ka.
Since m = 3b, — u; and k = —v, + 2ub, + 3by; — 3bb, — buy,
the equation (21) becomes
—Qt — Qg — UGy — UgpQy + 3abyy + 30,0, — 3abb, + abu,
+2uab, — 3¢y — 2ucy — uzpc + 3bypc + vy — vay + bvy + wy =0

Finally, if we substitute the same m and k in the equation (22), we
have
—Ct — Cppp — UCqy — UzpCqp + 3bgpC + 3byCy — V€ — vCg + 2uch,
+bcug — 3bchy + wgy + awg + bwy, =0
Hence,

[L,M]+ fL =0, (15)

where L = 0,0y + a0, + b0, + c, M:8t+8§’+u8§+v8x+w,
and f = (3by — uy)0y — vy + 2uby + 3byy — 3bby + buy (23), gives the

following equations
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uy — 3a, = 0(24)
3ab, — 2uay + buy — 3¢, + v, = 0(25)

—bt — bype — Ubgy — Ugby — by — by + 302 + 3bbyy — 3b%b, + b2y
+2ubby, + w,; = 0(26)

—Qt — Qpgg — Udgy — Uzply + 3abyy + 3azbe — 3abb, + abuy, + 2uab,
—3Cpa — 2ucCy — UzC + 3bzC + Vyy — Vag + buy + wy = 0(27)

—Ct — Cppgp — UCqp — UpCqy + 3bppC + 3bpcy — Ve — veg + 2uch,

+bcuy — 3bchy, + wgy + aw, + bw, = 0 (28)
So, the equation (24) gives us

Uy = 30y =

u= B/amdy+ p(x,t)

where p is an arbitrary function of x and ¢ .
Or

u:3b+3/ldy+,u(m,t) (29)
since a; = I + by.

3ab, — 2uay + buy — 3¢, + v, =0 (25)

From the equation (8) and the equation (13), we have

c = az+ab—J (30)
1
Vo= Uy + guz - P (31)

respectively.



By substituting ¢ and v in the equation (25), we obtain
2
—2ua, + buy — 3az; — 3a.b + 3T + Ugy + guuy - P, =0
Since uy, = 3a,, the above equation becomes
P, =3J, (32)

this is one of the invariant equations obtained from the equation (15).
Now, let us consider the equation (26) which can be written as the

following form
by + (—bge — uby — bv + 3bby — b> + b*u)y + w, = 0

From the equation (14), we have

1 1 1 1
Wy = Uy + g(um + uu, + §u3 —uP)y — §R (33)

If we substitute w, and v = u, + u? — P in the equation (26), then we

obtain

1 1 1 1 1 1 o
§(U_ 3b)¢ — §R+ [3(u —3b) gz + g(u—?)b)(u— 3b), — g(u— 3b)P + 2—7(u— 36)°| =0

xz

since u® — 2763 = (u — 3b)3 + ub(u — 3b).

From the equation (29), we have

u—3b=3/[dy—i—u(x,t)

By choosing 1 = 0 and then substituting

u—3b:3/Idy (34)

in the above equation, we obtain

/Itdy— §R+ [/Imzdy+3/1dy/lmdy—P/Idy+(/de)?’L =0(35)
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which is an invariant equation.

Similarly, consider the rewritten form of the equation (27) which is
—ay + (—Qgy — uay + 3aby — 3¢y + vy)z + 3(c — ab)by + (ab — c)u,
+2u(aby — cz) — azv + buy +wy, =0

From the equations (30) and (31), we have

c = az+ab—J

1
v o= ux—i-guz—P

Therefore,

Ce = Qg+ azb+aby, — J;

vy = 3agz + 2ua; — Py

since uy = 3a,.

In the equation (33), if we integrate both sides w.r.t. z, then we have

1 1 1 1
w:3/Utd$+3(ua¢x+uum+9u3_up)_3/Rdx+ﬁ(y’t)

where (8 is an arbitrary function of y and t.

By taking derivative both sides w.r.t. y, we obtain

1 1 1
Wy = Q¢ + Apga + GzUy + Ulzy + §u2ax —azP — guPy ~3 / Rydx + (3,(36)

Hence, if we substitute ¢, ¢, v, and w, in the equation (27), we obtain

1 1
8Jux = Pay = 3by] 4 ug] + 2uly Py — guP,y — ¢ /Rydx +8,=0

The above equation implies
1 1
3Jpe — Pry — 3 / Rydx + (uw — 3b)zJ + 2ud, — (b+ gu)Py +8,=0

By substituting the equation (32), P, = 3.J,, in the last equation above,

gives
1
5 [ s = (w3071, + 3, =0
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Since u — 3b =3 [ Idy (34),

/Rydx = 9[J/Idy]x + 38,

By taking derivative w.r.t x, we have

R, =9 [J / Idy] ) (37)

which is the third invariant equation.
Finally, we consider the equation (28) which can be rewritten as the

following form
—ct+ (—Cpp —ucy+3byc—vetwy) p +2ubyc+buge—3bbyc+aw, +bwy, = 0

From the equations (30), (31), (33), and (36), we have

c = az+ab—J
1
V= Up+ qu — P
1 1 1 1
wy = g+ 5 (e + utp + §u3 —uP); — 3R
1 1 1
Wy = G F Qppg + QU + UGz + §u2am —a,P — guPy ~3 / R, dx + j3,

In the equation (30), if we take derivative w.r.t. ¢, x, zz, then we obtain

Ct = Qg+ atb + abt — Jt
Cr = Qgp+ azb+aby — J;
Cre = Ogzg + Qzgb + 20,0, + abyy — Joz

respectively.

By substituting ¢, ¢, ¢z, Cze, U, Wy, wy in the equation (28), we
obtain
Ji+ Joze—(JP)o— 3Ry —2aR—1b [ Rydz+[(u — 3b),J], +2u(u—3b),J
—b(u—3b)yJ + su(u—3b)J, — 2a(u—3b), P — ta(u—3b) P, — ta(u—3b),
—l—%a(u—?)b):cm—i—%au(u—3b)m—ab(u—?)b)m—abx(u—Sb)x—i-%aux(u—Sb)x
—2abu(u — 3b), + ab®(u — 3b), + gau?(u — 3b), + Byb = 0
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since Py = 3J, (32).
If we substitute the equation (34)

u—3b:3/Idy

in the above equation, then we obtain

Jt + Jaze — (JP)g — 3Ry + 3(J [ Lidy)s — 5b [ Rydx + u(J [ Idy), +

3J [1dy [ I.dy a[-3R—(P [ Idy),+ [ Lidy+ [ Luwady+3 [ I1dy [ I.dy
+3([ Lydy)* + 3( Idy)? [ L,dy] + B,b=0

By substituting the equation (37)

R,=9 {J/Idy}

in the above equation, we have

Ji + Jrzz — (JP)z — 3 [Jf]dy]m +3(J [ Ldy)s + 3 [J(f]dy)z]x
a{f]tdy— %R+ [f[xxdy+3fldyflxdy+(f]dy)g]} =0
since u — 3b = 3 [ Idy.

We recall the equation (35) which is

1
/Itdy—3R+ [/Imdy—i—?)/ldy/lxdy—P/Idy+(/Idy)?’] =0

Therefore, the above equation becomes

Ji+ Joze — (JP)y —3 [J/Idy} xx+3(J/dey)$+3 [J(/Idy)Z] =0

T

Hence, we obtain the following invariant equation

4 Conclusion

Summarise all invariant equations:

P, =3J,

[ Lidy — 3R+ [[ Lewdy + 3 [ Idy [ Idy — P [ Idy + ([ Idy)®] =0
R, =9 [J I dy]

xrx
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Ji+ Jpgx — (JP)y — 3 [waldyh +3 [J(f]dy)Q]x =0
If we put I = 0 in the equation (38), then we obtain

Jt + Jyze — (JP)z =0

which is the special case of the Novikov-Veselov(NV) equation, where
P, =3J,.
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