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The Novikov-Veselov(NV) Equation as an

example of Invariant Form Equations

Halis YILMAZ

Abstract

In this paper we will consider two scalar differential operators L and M. We
call them scalar because their coefficients are functions rather than matrices.
Our aim is to obtain some gauge invariant equations. In order to achieve
this goal we firstly find the gauge invariants of L and M by using the gauge
transformation on L and M. And then we apply ‘L-M-f triad’ representation
[L,M ] + fL = 0 which gives us some linear and nonlinear equations such as
the NV equation in invariant form.

Özet

Bu makalede L ve M’yi iki skaler diferansiyel operatör olarak gözönüne alacag̃ız.
Burada L ve M skaler operatörlerdir, çünkü bu operatörlerin katsayıları ma-
trisler deg̃il fonksiyonlardır. Bizim amacımız ’gauge invariant’ denklemlerini
elde etmektir. Bu amaca ulas.mak için ilk önce L ve M üzerinde ’gauge trans-
formasyon’ kullanarak L ve M nin ’gauge invariant’ larını bulacag̃ız. Daha
sonra ‘L-M-f triad’ denklemine, [L,M ] + fL = 0 , bas.vurarak bazı lineer ve
lineer olmayan, örneg̃in Novikov-Veselov(NV), denklemleri invariant form’da
elde edilir.

1 Introduction

Let L and M be two operator functions such that

L = ∂x∂y + a∂x + b∂y + c (1a)
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M = ∂t + ∂3
x + u∂2

x + v∂x + w (1b)

We will consider ’L-M -f triad’ representation [1] :

[L,M ] + fL = 0

where f is an operator function to be found.

2 Invariants for L and M

We will use the gauge transformation [2] on L and M in order to get
invariants for L and M :

g−1Lg = L̃

g−1Mg = M̃

2.1 Invariants for L = ∂x∂y + a∂x + b∂y + c

g−1Lg = L̃

Therefore,

g−1 (∂x∂y + a∂x + b∂y + c) g = ∂x∂y + ã∂x + b̃∂y + c̃⇒

g−1∂x(∂y.g) + g−1a(∂x.g) + g−1b(∂y.g) + c = ∂x∂y + ã∂x + b̃∂y + c̃⇒

g−1∂x(gy+g∂y)+g−1a(gx+g∂x)+g−1b(gy+g∂y)+c = ∂x∂y+ã∂x+b̃∂y+c̃⇒

∂x∂y + (a+ g−1gy)∂x + (b+ g−1gx)∂y + c+ g−1gxy + ag−1gx + bg−1gy

= ∂x∂y + ã∂x + b̃∂y + c̃

Therefore, we obtain

ã = a+ g−1gy (2)

b̃ = b+ g−1gx (3)

c̃ = c+ g−1gxy + ag−1gx + bg−1gy (4)
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So,
ã = a+ g−1gy ⇒

g−1gy = ã− a (5)

Similarly from the equation (3), we have

g−1gx = b̃− b (6)

Since (g−1gy)x = (g−1gx)y,

ãx − ax = b̃y − by ⇒

ãx − b̃y = ax − by

Let

I = ax − by (7)

This is an invariant for the operator function L, where L is defined in
(1a). Now, consider the equation (5)

g−1gy = ã− a

If we take derivative both sides w.r.t. x, then we obtain

g−1gxy = (g−1gy)x + (g−1gx)(g−1gy)

By substituting the above expression in the equation (4), we obtain

c̃ = c+ (g−1gy)x + (g−1gx)(g−1gy) + ag−1gx + bg−1gy

Since g−1gx = b̃− b and g−1gy = ã− a,

c̃ = c+ (ã− a)x + (ã− a)(b̃− b) + a(b̃− b) + b(ã− a)⇒

ã+ ãb̃− c̃ = ax + ab− c
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Let

J = ax + ab− c (8)

where J is an invariant for the operator function L.

2.2 Invariants for M = ∂t + ∂3
x + u∂2

x + v∂x + w

In KP equation, we have already obtained the invariants for M :

g−1Mg = M̃ ⇒

g−1(∂t + ∂3
x + u∂2

x + v∂x + w)g = ∂t + ∂3
x + ũ∂2

x + ṽ∂x + w̃

Therefore, we obtain

ũ = u+ 3g−1gx (9)

ṽ = v + 2ug−1gx + 3g−1gxx (10)

w̃ = w + g−1gt + vg−1gx + ug−1gxx + g−1gxxx (11)

From the equation (9), we have

g−1gx =
1
3

(ũ− u) (12)

By doing the exactly same calculation like we did in the KP equation,
we obtain

P = ux +
1
3
u2 − v (13)

R = ut + (uxx −
2
9
u3 + uv)x − 3wx (14)

where P and R are invariants for the operator function M .
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Summarise all invariants for L and M :

I = ax − by
J = ax + ab− c

P = ux +
1
3
u2 − v

R = ut + (uxx −
2
9
u3 + uv)x − 3wx

3 L-M-f triad representation

[L,M ] + fL = 0 (15)

where L = ∂x∂y + a∂x + b∂y + c, M = ∂t + ∂3
x + u∂2

x + v∂x + w

and f is an operator function which must be found [3].
First of all we will find [L,M ] which will help us to suggest the operator
function f(∂x, ∂y).

[L,M ] =
[
∂x∂y + a∂x + b∂y + c, ∂t + ∂3

x + u∂2
x + v∂x + w

]
= (∂x∂y +a∂x+b∂y +c).(∂t+∂3

x+u∂2
x+v∂x+w)

−(∂t + ∂3
x + u∂2

x + v∂x + w).(∂x∂y + a∂x + b∂y + c)
After doing some operator calculations, we obtain
[L,M ] = −ct − cxxx + wxy + awx + bwy − ucxx − vcx
+ (wy + vxy + avx + bvy − at − axxx − 3cxx − uaxx − 2ucx − vax) ∂x

+(uxy + vy + aux + buy − 3axx− 3cx− 2uax)∂2
x + (vx− 2ubx− 3bxx)∂x∂y

+(wx − bt − bxxx − ubxx − vbx)∂y + (uy − 3ax)∂3
x + (ux − 3bx)∂2

x∂y

Now,
fL = f.(∂x∂y + a∂x + b∂y + c)

Let us choose f = m∂x + n∂y + k. Then

fL = (m∂x + n∂y + k).(∂x∂y + a∂x + b∂y + c)

By doing some simple operator calculations on the above equation, we
obtain
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fL = mcx +ncy +kc+(max +mc+nay +ka)∂x +(mbx +nby +nc+kb)∂y

+(mb+ na+ k)∂x∂y +ma∂2
x + nb∂2

y +m∂2
x∂y + n∂x∂

2
y

So if we substitute [L,M ] and fL in the equation (15), then we obtain
the following expression
−ct − cxxx + wxy + awx + bwy − ucxx − vcx + mcx + ncy + kc +(wy +
vxy + avx + bvy − at − axxx − 3cxx − uaxx − 2ucx − vax + max + mc +
nay + ka)∂x +(wx − bt − bxxx − ubxx − vbx + mbx + nby + nc + kb)∂y

+(uxy +vy +aux +buy−3axx−3cx−2uax +ma)∂2
x +(vx−2ubx−3bxx +

mb+na+k)∂x∂y +(uy−3ax)∂3
x +(ux−3bx +m)∂2

x∂y +nb∂2
y +n∂x∂

2
y = 0

In the above equation, we can easily see that n = 0.
Therefore, we obtain the following equations:

ux − 3bx +m = 0(16)

vx − 2ubx − 3bxx +mb+ k = 0(17)

uy − 3ax = 0(18)

uxy + vy + aux + buy − 3axx − 3cx − 2uax +ma = 0(19)

wx − bt − bxxx − ubxx − vbx +mbx + kb = 0(20)

wy + vxy + avx + bvy − at − axxx − 3cxx − uaxx − 2ucx − vax + h = 0(21)

−ct − cxxx + wxy + awx + bwy − ucxx − vcx +mcx + kc = 0(22)

where h = max +mc+ ka for simplicity. So, from the equation (16) we
have

m = 3bx − ux

and the equation (17) gives us

k = −vx + 2ubx + 3bxx −mb

Since m = 3bx − ux,

k = −vx + 2ubx + 3bxx − 3bbx − bux
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Therefore,
f = m∂x + n∂y + k ⇒

f = (3bx − ux)∂x − vx + 2ubx + 3bxx − 3bbx + bux (23)

From the equation (18) we have

uy = 3ax

So,
if we substitute uxy = 3axx and m = 3bx − ux in the equation (19), we
obtain

3abx − 2uax + buy − 3cx + vy = 0

Similarly by substituting m = 3bx − ux and k = −vx + 2ubx + 3bxx −
3bbx − bux in the equation (20), we obtain

−bt−bxxx−ubxx−uxbx−bxv−bvx+3b2x+3bbxx−3b2bx+b2ux+2ubbx+wx = 0

In the equation (21) we know that h = max +mc+ ka.
Since m = 3bx − ux and k = −vx + 2ubx + 3bxx − 3bbx − bux,
the equation (21) becomes
−at − axxx − uaxx − uxax + 3abxx + 3axbx − 3abbx + abux

+2uabx − 3cxx − 2ucx − uxc+ 3bxc+ vxy − vax + bvy + wy = 0
Finally, if we substitute the same m and k in the equation (22), we

have
−ct − cxxx − ucxx − uxcx + 3bxxc+ 3bxcx − vxc− vcx + 2ucbx
+bcux − 3bcbx + wxy + awx + bwy = 0
Hence,

[L,M ] + fL = 0, (15)

where L = ∂x∂y + a∂x + b∂y + c, M = ∂t + ∂3
x + u∂2

x + v∂x + w,
and f = (3bx − ux)∂x − vx + 2ubx + 3bxx − 3bbx + bux (23), gives the
following equations
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uy − 3ax = 0 (24)

3abx − 2uax + buy − 3cx + vy = 0 (25)

−bt − bxxx − ubxx − uxbx − bxv − bvx + 3b2x + 3bbxx − 3b2bx + b2ux

+2ubbx + wx = 0 (26)

−at − axxx − uaxx − uxax + 3abxx + 3axbx − 3abbx + abux + 2uabx

−3cxx − 2ucx − uxc+ 3bxc+ vxy − vax + bvy + wy = 0 (27)

−ct − cxxx − ucxx − uxcx + 3bxxc+ 3bxcx − vxc− vcx + 2ucbx

+bcux − 3bcbx + wxy + awx + bwy = 0 (28)

So, the equation (24) gives us

uy = 3ax ⇒

u = 3
∫
axdy + µ(x, t)

where µ is an arbitrary function of x and t .
Or

u = 3b+ 3
∫
Idy + µ(x, t) (29)

since ax = I + by.

3abx − 2uax + buy − 3cx + vy = 0 (25)

From the equation (8) and the equation (13), we have

c = ax + ab− J (30)

v = ux +
1
3
u2 − P (31)

respectively.
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By substituting c and v in the equation (25), we obtain

−2uax + buy − 3axx − 3axb+ 3Jx + uxy +
2
3
uuy − Py = 0

Since uy = 3ax, the above equation becomes

Py = 3Jx (32)

this is one of the invariant equations obtained from the equation (15).
Now, let us consider the equation (26) which can be written as the
following form

−bt + (−bxx − ubx − bv + 3bbx − b3 + b2u)x + wx = 0

From the equation (14), we have

wx =
1
3
ut +

1
3

(uxx + uux +
1
9
u3 − uP )x −

1
3
R (33)

If we substitute wx and v = ux + 1
3u

2 −P in the equation (26), then we
obtain

1
3
(u− 3b)t−

1
3
R+

[
1
3
(u− 3b)xx +

1
3
(u− 3b)(u− 3b)x−

1
3
(u− 3b)P +

1
27

(u− 3b)3

]
x

= 0

since u3 − 27b3 = (u− 3b)3 + 9ub(u− 3b).
From the equation (29), we have

u− 3b = 3
∫
Idy + µ(x, t)

By choosing µ = 0 and then substituting

u− 3b = 3
∫
Idy (34)

in the above equation, we obtain∫
Itdy −

1
3
R+

[∫
Ixxdy + 3

∫
Idy

∫
Ixdy − P

∫
Idy + (

∫
Idy)3

]
x

= 0(35)
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which is an invariant equation.
Similarly, consider the rewritten form of the equation (27) which is
−at + (−axx − uax + 3abx − 3cx + vy)x + 3(c− ab)bx + (ab− c)ux

+2u(abx − cx)− axv + bvy + wy = 0
From the equations (30) and (31), we have

c = ax + ab− J

v = ux +
1
3
u2 − P

Therefore,

cx = axx + axb+ abx − Jx

vy = 3axx + 2uax − Py

since uy = 3ax.
In the equation (33), if we integrate both sides w.r.t. x, then we have

w =
1
3

∫
utdx+

1
3

(uxx + uux +
1
9
u3 − uP )− 1

3

∫
Rdx+ β(y, t)

where β is an arbitrary function of y and t.
By taking derivative both sides w.r.t. y, we obtain

wy = at + axxx + axux + uaxx +
1
3
u2ax − axP −

1
3
uPy −

1
3

∫
Rydx+ βy (36)

Hence, if we substitute c, cx, vy and wy in the equation (27), we obtain

3Jxx − Pxy − 3bxJ + uxJ + 2uJx − bPy −
1
3
uPy −

1
3

∫
Rydx+ βy = 0

The above equation implies

3Jxx − Pxy −
1
3

∫
Rydx+ (u− 3b)xJ + 2uJx − (b+

1
3
u)Py + βy = 0

By substituting the equation (32), Py = 3Jx, in the last equation above,
gives

1
3

∫
Rydx = [(u− 3b)J ]x + βy = 0
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Since u− 3b = 3
∫
Idy (34),∫

Rydx = 9[J
∫
Idy]x + 3βy

By taking derivative w.r.t x, we have

Ry = 9
[
J

∫
Idy

]
xx

(37)

which is the third invariant equation.
Finally, we consider the equation (28) which can be rewritten as the
following form

−ct+(−cxx−ucx+3bxc−vc+wy)x+2ubxc+buxc−3bbxc+awx+bwy = 0

From the equations (30), (31), (33), and (36), we have

c = ax + ab− J

v = ux +
1
3
u2 − P

wx =
1
3
ut +

1
3

(uxx + uux +
1
9
u3 − uP )x −

1
3
R

wy = at + axxx + axux + uaxx +
1
3
u2ax − axP −

1
3
uPy −

1
3

∫
Rydx+ βy

In the equation (30), if we take derivative w.r.t. t, x, xx, then we obtain

ct = axt + atb+ abt − Jt

cx = axx + axb+ abx − Jx

cxx = axxx + axxb+ 2axbx + abxx − Jxx

respectively.
By substituting c, ct, cx, cxx, v, wx, wy in the equation (28), we

obtain
Jt+Jxxx−(JP )x− 1

3Ry− 1
3aR−

1
3b
∫
Rydx+[(u− 3b)xJ ]x+ 2

3u(u−3b)xJ

−b(u−3b)xJ+ 1
3u(u−3b)Jx− 1

3a(u−3b)xP − 1
3a(u−3b)Px− 1

3a(u−3b)t

+1
3a(u−3b)xxx+ 1

3au(u−3b)xx−ab(u−3b)xx−abx(u−3b)x+ 1
3aux(u−3b)x

−2
3abu(u− 3b)x + ab2(u− 3b)x + 1

9au
2(u− 3b)x + βyb = 0
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since Py = 3Jx (32).
If we substitute the equation (34)

u− 3b = 3
∫
Idy

in the above equation, then we obtain
Jt + Jxxx − (JP )x − 1

3Ry + 3(J
∫
Ixdy)x − 1

3b
∫
Rydx + u(J

∫
Idy)x +

3J
∫
Idy

∫
Ixdy a[−1

3R−(P
∫
Idy)x+

∫
Itdy+

∫
Ixxxdy+3

∫
Idy

∫
Ixxdy

+3(
∫
Ixdy)2 + 3(

∫
Idy)2

∫
Ixdy] + βyb = 0

By substituting the equation (37)

Ry = 9
[
J

∫
Idy

]
xx

in the above equation, we have
Jt + Jxxx − (JP )x − 3

[
J
∫
Idy
]
xx

+ 3(J
∫
Ixdy)x + 3

[
J(
∫
Idy)2

]
x

a
{∫

Itdy − 1
3R+

[∫
Ixxdy + 3

∫
Idy

∫
Ixdy + (

∫
Idy)3

]}
= 0

since u− 3b = 3
∫
Idy.

We recall the equation (35) which is∫
Itdy−

1
3
R+

[∫
Ixxdy + 3

∫
Idy

∫
Ixdy − P

∫
Idy + (

∫
Idy)3

]
x

= 0

Therefore, the above equation becomes

Jt +Jxxx− (JP )x−3
[
J

∫
Idy

]
xx

+3(J
∫
Ixdy)x +3

[
J(
∫
Idy)2

]
x

= 0

Hence, we obtain the following invariant equation

Jt + Jxxx − (JP )x − 3
[
Jx

∫
Idy

]
x

+ 3
[
J(
∫
Idy)2

]
x

= 0 (38)

4 Conclusion

Summarise all invariant equations:
Py = 3Jx∫
Itdy − 1

3R+
[∫
Ixxdy + 3

∫
Idy

∫
Ixdy − P

∫
Idy + (

∫
Idy)3

]
x

= 0
Ry = 9

[
J
∫
Idy
]
xx
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Jt + Jxxx − (JP )x − 3
[
Jx

∫
Idy
]
x

+ 3
[
J(
∫
Idy)2

]
x

= 0
If we put I = 0 in the equation (38), then we obtain

Jt + Jxxx − (JP )x = 0

which is the special case of the Novikov-Veselov(NV) equation, where
Py = 3Jx.
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