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Abstract

The aim of this paper is to introduce a new extensions of extended Gauss hypergeometric function. Certain
integral representations, transformation and summation formulas for extended Gauss hypergeometric function
are presented and some special cases are also discussed.
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1. Introduction
The classical Beta function B(x,y) is defined by:

| JerTta =Tl (Re(x) >0, Re(y) > 0)
Py = { —Fr(iiﬁii? ; Re(x)>0, Re(y) >0, -

where I"(x) is the familiar Gamma function defined by
T(x) = / Fletdr,  (Re(x) > 0).
0

The generalized hypergeometric function ,F; with p numerator parameters and g denominator parameters is defined by (see

(1D
ap,...,ap oo (al) (b) o
g - o’ 12
e bi,....,by ’ n;()(al)n"'(bq)nn! (1.2)

where (1), is the well-known Pochhammer symbol. The case p =2 and ¢ = 1 of (1.2), yields the Gauss’s hypergeometric
function 2 F (z).
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The Kampé de Fériet function of two variables F”; qn [x,y] is defined by (see[1])

I:m;

p q k
(ap) = (bg) s (ci) : o TL(@)res TLO)r T(ei)s o
Frik oy =Y N N
L:m;n ’ - 1 n | g1
(er) = (fm) 3 (gn) s 720 T ()45 n(f» M) °
Jj=1 J=1 j=1
In 1903, Gosta Mittag-Leffler [2] introduced the function E(z) defined as:
o Z”
E =Y ———  a>0,zeC.
a(?) ngor(omﬂ) ¢

In 1905, Wiman [3] defined the generalized Mittag-Leffler function E, g (z) as follows:

Eqp(2) :;m (a.BE€C, Re(ar) >0, Re(B) > 0).

Afterward, Prabhakar [4] defined the generalized Mittag-Leffler function EZ B (z) as follows:

E] 5(2) = i F(OEZ)JF[),); (@,B,7E€C ., Re(et) >0, Re(B) >0, Re(y) > 0). (13)

Clearly,

Eéc,ﬁ =Eqp(2), Ey)=Ea(z), El; =Ei(z)=¢"

In recent years, some extensions of Beta function and Gauss hypergeometric function have been considered by several authors
(see[5,6,7,8,9,10, 11]).

The following extended Beta function and extended Gauss hypergeometric function are introduced by Chaudhry ef al. [12]
and Chaudhry et al. [13] respectively:

B(x,y;p) = /Oltx_l(l —t) texp (mf[)) dt, (Re(p) >0, Re(x) >0, Re(y) >0)
and

= B,(b+n,c—b) "
Fy(a,b;c;z) = rgm(a)”a, (Re(c) > Re(b) >0, p>0).

Choi et al. [14] introduced the extended Beta and extended Gauss hypergeometric functions as follows:

B(x,y;p;q) = /ltxfl(l —t)yflex —P__4 dt, (Re(p) >0, Re(q) >0) (1.4)
YsPsq 0 P : -1 ) p ) q .
and

> By (b+nc—b), "
F C: = il ASELIS Al n— R R > . 1'
palabieis) = 3 240D 0, 5 (Rele) > Re(b) >0, pig >0) (1)

Rahman et al. [15] introduced the following extensions of (1.4) and (1.5) as follows:

BY (x,y) = /01 A1 — 1) Eg (—?) Eq (— i q_t)) dt, (Re(at) >0, p,q>0) (1.6)

and

> B% (b+n,c—b) 7
Fy(a,b;c;z) Z %(d)na, (Re(c) > Re(b) > 0, Re(a) >0, p,q>0).
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Further generalizations of (1.6) are introduced by Atash et al. [16] and Barahmah [17] as follows:

B( B)(xy) /Oltxfl(l 1Y lEa[s( p) aﬁ( (1qt)>dt7 (Re(a) >0, Re(f) >0, p,g>0) (1.7

and
BBy _ b y—1 7 P\ v
(o (x,y)—/ot (1-1p~'EL (—?)Eaﬁ (1_) d, (Re(ct) >0, Re(B) >0, Re(y) >0, p,q>0). (1.8)

In the present paper, we aim to introduce new extensions for extended Gauss hypergeometric function by using (1.7) and (1.8)
as follows:

oo (0! B)
(B) (g (b+n,c—b) "
i biess) = T, P S (Rele) > Re(h) >0, Rele) > 0. Re(B) >0, p.g=0) (19)
and
o (a,B,7) n
(a.B.7) Bpg " (b+nc—b) "
Fpq™ @ bie2) = n;)(a)” Blbc—b)  nV’
(Re(c) > Re(b) > 0, Re(a) >0, Re(B) >0, Re(y) >0, p,g >0). (1.10)
Clearly,

;aﬁl) F;Saqﬁ)vF;%’l’l) Fa F(111) 7 F(111) F, F(111)

P’ P =1k

Further, if we use (1.7) in (1.9) and (1.8) in (1.10), we have respectively the following integral representations:
(@B)(, 1.\ 1 /1 b-1 e—b—1 a ( P) q
F, bic;z) =————~ [ 1—1t 1-— E dt,
v abesz) = g [0 () B wr (1
(Re(c) > Re(b) > 0, Re(at) >0, Re(B) >0, p,g > 0)

and

(avﬁvy) . e _ 1 : b—1 _ \e—b—-1 oY E Y _ q
E%PY (a,b;c:2) = B(b,c_b)/o 1= () (- t)Eaﬂ< (1_t)>d;,
(Re(c) > Re(b) >0, Re(a) >0, Re(f) >0, Re(y) >0, p,qg>0). (1.11)

2. Transformation and summation formulas

In this section, we present some transformation and summation formulas for extended Gauss hypergeometric function (1.10) as
follows:

Theorem 2.1. For (Re(c) > Re(b) >0, Re(ar) >0, Re() >0, Re(y) >0, p,q > 0), the following transformation formula
holds true:

F;Z’ﬁ’w (a,b;c;z) = (1 fz)_“Fq(g’ﬁ’y> (a,c—b;c; T _Z). 2.1

Proof. Replacing z by (1 —1¢) in (1.11) and using the following result:

(1—z(1-1) 4= (1-2)“(1 - —=1)"

z—1
we obtain
(@B 7. . (1-2)~ /1 c—b—1 b—1 2 \-a < ‘I) p
F, biciz) =——— [ t 11—t 1———1)"“E —=)E ——— | dt,
P4 (a7 ¢ Z) B(b,C— b) o ( ) ( z—1 ) o,B t o,B 1—1¢
which, by applying (1.11) yields the desired result. O

Remark 2.2. Replacing zby 1 — > and Tz in (2.1), we have respectively
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Corollary 2.3.

FISZ’IB’Y) <a7b;c; 1- i) = z“F,}ff,’M) (a,c=b;c;1—2z). 2.2)
Corollary 2.4.

B (a5 ) = 02§ e bicima) =

Theorem 2.5. For (Re(c —a—b) >0, Re(k) >0, Re(B) >0, Re(y) >0, p,q > 0), the following summation formula holds
true:

I'(c)T'(c—a—b)

(k,B.7) e
Fp, (a,b;c;1) = 2.4)
e L(B)L(B)T(c—a)l(c—b)
><F1 : 1 ; 1 Ira=-c = v ; 4 ; - —q
. . Kk gk )
0 ¢ Ik o Ik — L 1-bAKB) ; l+atb—cAKB) ;
where A(k; B) is k-tuple
B B+1 B+k—1
ARt P
Proof. From (1.11), we have
(@B 1. 1) — ! /l b—1(1 _pe—a—b-1gpy (_P 4
FgP P aben) = o [ =0 Ekﬁ< t)Ek’ﬁ o)
Applying (1.3) and interchanging the order of summation and integration and then using (1.1), we obtain
r d —p)'(=q)’T(b—rT(c—a—b—
D ety = 0§ DpY o T o= rTe—a=b-s)
C(B)T(B)T(c—b) 5= (B)ir(B)sr's!
Now, using the following identities (see [1]):
Clw—n)  (=1)"
M)  (1-a)
and
(@) kk"ﬁ<a+j_1) 1,2,3
kn — T y n=1,2,3,...,
! Jj=1 k n
we have
I'e)['(c—a— d 1— p p —p)(—q)*
F,S,’zm(a,b;c;l)zr F(C)F(c‘ a rb) XY k ﬁ+'_1( c+Z) +Sg)2£'i/)s( p)(=4)
(B)T(B)I(c —a)l(c—b) o kb Tk (T/)rkks o (%)K(l—b),(l—f—a—i—b—c)sr!s!
B I'(c)I'(¢c—a—b)
L(B)L(B)T(c—a)l(c—b)
><F1 : I ’ 1 trame ! ; 4 ; P —9q
0 : l+k ; 1+k _ _ K
+ + — o -p BER BRIl g BB B
This completes the proof of (2.4). O

Remark 2.6. Putting a = —n in (2.4), we obtain
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Corollary 2.7.

I'(c)I'(c+n—D>)
L(B)T(B)T (¢ +n)l(c—b)

Flgﬁl’ﬁ’w(fn,b;c; 1)=

1 - 1 . 1 l—n—c : Y 5 Y 5
xF ) ’ £ =, (2.5)
. . Kk 0 Kk
0+ I+k 5 1+k =B AKB) : 1—ntb—cAKB)
Remark 2.8. Puttinga = —n and b = a+n in (2.4), we obtain
Corollary 2.9.
(k,8.7) - I(e)l'(c—a)
F, — 1) =
pd At ) = F B+ m(e—a—n)
1 - | ) 1 l—-n—c : Y ; Y ;
xF ) ’ g (2.6)
. . Kk 0k
O Itk I nAkB) 5 1+a—cAKB)
Remark 2.10. Puttinga= —nandb=1—b—nin (2.4), we obtain
Corollary 2.11.
*.B.7) o I'(e)I(c+b—142n)
F, —n,1—b—n;c;1) =
pa " (om, m ) = R BT (et b—1—n)
1 - | ) | l-n—c V4 ; Y ;
. 5 —P —4
Foowk sk | & | @7

b+nAk:B) ; 2—b—c—2nAk:B)

Theorem 2.12. For (Re(b) > 0, Re(k) >0, Re(B) >0, Re(y) >0, p,q > 0), the following summation formula holds true:

By, n o1 1 C(b+ (b +n)
Fp(yqﬁ'y>(—f,—f+f;b+*;1)= = n 1
27 2727 "2 C(B)T(B)T(b+2)(b+4+1)
1 n . . 5
P ! ’ ! i 2.8)
O : 1+k ; 1+k ) . kkvkk 9 .

(n/2)+(1/2),A(k;B) 3 1-b—nAkB)
where A(k; B) is k-tuple

B B+1 ﬁ—l—k—].

PR 3

The proof of the Theorem 2.12 is similar to that of the Theorem 2.5. Therefore, we omit the details.

3. Special cases
(i) Setting B = y= 1 in (2.1), we get the following corrected formula given by Rahman et al. [15]

_ -z
Fliq(a,b;c;z) =(1-2) “F(]’fp(a,c—b;c; 1772)
(i) Setting k = B = y=11in (2.1), (2.2) and (2.3), we get a known transformation formulas of Choi et al. [14] for F}, ,(a,b;c;z).
(iii) Setting k = B =y=1, p=gin (2.1), we get a known transformation formula of Chaudhry er al. [13] for F,(a,b;c;z).
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(iv) Setting k= =y=1, p=¢g=0in (2.1), we get Euler transformation [18, 1]).
(v) Setting k= 8 = y=11in (2.4), we get
I'(c)I'(c—a—b)
I'(c—a)T(c—b)
where y» is the Humbert’s confluent hypergeometric function [1].
By setting p = g in (3.1) and using the result [1]

1,1,1)

F,Sq “Na,byc;1) = wl+a—c;1—b,1+a+b—c;—p,—q],

b+c b+c—1

;b7;7 =3F s T A
Wala;b,c;x,x] =3F3 |a > 5

;b,c,b+cl;4x} ,

equation (3.1) reduces to

F,Syllgl’l)(a,b;c;l) =

I'(c)I'(¢c—a—b) a—c+1 a—c+2
T(c—a)l(c—b)> " [ 2 2
Further, setting p = 0 in (3.3), we get the well-known Gauss summation formula (see [18])
I'c)(c—a—b)

T(c—a)l(c—b)

Fo(i)’l’l)(a,b;c; 1) =2Fi(a,b;c;1) =

(vi) Setting k= =y =1in(2.5), we get

I'(c)I'(¢c+n—b)
I'(c+n)T(c—b)
Further, setting p = g = 0 in (3.4), we get a known result (see [18])

Y (—n,bies1) = W l—n—cl=b1-nt+b—c;—p,—q.

féyJR‘ﬂJﬂdl):zﬂ(*mbu:U::

(vii) Setting k= = y=1in (2.6), we get
I'(c)I'(c—a)
Ic+n)(c—a—n

Further, setting p = g = 0 in (3.5), we get a known result (see [18])
(=D"(1+a—=c)n
()n .

Flg,lq'l’l)(—n,a—f—n;c; 1)=

)l,llz[l—n—c;l—a—n,1+a—c;—p7—q].

Fo(i)’l’l)(—n,a—i—n;c; 1) =2F i (—n,a+n;c;1) =

(viii) Setting k= =y=1in(2.7), we get
L(c)T'(b+c—142n)
I(c+n)T(b+c—1—n
Further, setting p = ¢ = 0 in (3.6), we get a known result (see [18])
(=D)"(b+c—1)m
(c)n(b+c—1),

FS (cn 1 —b—nie;1) =

F()(,BI’U(*", l—b—mnic;1) =2F (—n,1-b—nic;1) =

(viiii) Setting k = = y=11in(2.8), we get

1
Ly, n 1 1 (b4 3)L(b+n) 1 1
F L Rua| S ML () A
ra (=3 2+2 = Fb+orer2r H22 2 72 2 .
which for p = g and using the result (3.2) reduces to
111, n 1 L(b+3)T(b+n) 3 n bl n b1l n
F Gy g = ] PRI A A
C(b+5T(b+5+5)

Further, setting p = 0 in (3.7) and using Legender’s duplication formula (see [18])

1
L(b)C(b+5) = 21720\ /7T (2b),
we get a known result (see [18])

1 1 21(b),,
Fo(,}fl’l)(—ﬁ,—*+ b+ 31) = Fi(= 5~ bt i) = (Z(b))'

272 2 2’222

1—b,1+a+b—c;—4p]|.

)l,l/z[l—n—c;b+n,2—b—c—2n;—p,

—ql.

3.D

(3.2)

(3.3)

34

(3.5)

(3.6)

(3.7)
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