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ABSTRACT

In 2006, Mustafa and Sims [18-19] introduced an improved version of the generalized metric space structure which
they called G-metric spaces and in 2011; Berinde and Borcut [11] introduced the concept of triple fixed point. The
intent of this paper is to establish some tripled fixed point theorems for mappings having mixed monotone property
under nonlinear type contractions depended on another function in the framework of a G-metric space X enclosed
with partial order. The presented results generalize, improve and extend corresponding results of H. Aydi et al. [13]
(Tripled Fixed Point Results in Generalized Metric Spaces” Journal of Applied Mathematics Volume 2012, Article
ID 314279, 10 pages, doi:10.1155/2012/314279). Moreover, some examples are provided to illustrate the usability of

the obtained results.
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1. INTRODUCTION

Fixed point theory has fascinated many researchers since
1922 with the celebrated Banach’s fixed point theorem.
There exists a vast literature on the topic and is a very
active field of research at present. Theorems concerning
the existence and properties of fixed points are known as
fixed point theorems. Such theorems are very important
tool for proving the existence and eventually the
uniqueness of the solutions to various mathematical
models (integral and partial differential equations,
variational inequalities).

*Correspondingauthor, e-mail: manojhelpyou@gmail.com

Basic topological properties of an ordered set like
convergence were introduced by Wolk [1]. In 1981,
Monjardet [2] considered metrics on partially ordered
sets. Ran and Reurings [3] proved and analog of Banach
Contraction mapping principle in partially ordered metric
spaces. Bhashkar and Lakshmikantham in [4] introduced
the concept of coupled fixed point of a mapping F: X X
X — X and investigated the existence and uniqueness of a
coupled fixed point theorem in partially ordered
complete metric spaces. Lakshmikantham and Ciric in
[5] defined mixed g-monotone property and coupled
coincidence point in partially ordered metric spaces.
Following this trend, Berinde and Borcut [11] introduced



76 GU J Sci, 28(1):75-86 (2015)/ Manoj UGHADE, R. D. DAHERIYA

the concept of triple fixed point and established some
triple fixed point theorems in partially ordered metric
spaces. A tripled fixed point is a generalization of the
well-known concept of coupled fixed point. The study of
tripled fixed point is a very interesting research area in
fixed point theory.

The notion of D-metric space is a generalization of usual
metric spaces and it is introduced by Dhage [14-17].
Recently, Mustafa and Sims [18-19] have shown that
most of the results concerning Dhage’s D-metric spaces
are invalid. In [18-19], they introduced an improved
version of the generalized metric space structure which
they called G-metric spaces. For more results on G-
metric spaces, one can refer to the papers [24-30, 33-35].
Hassen et al. [13] established some tripled fixed point
results in G-Metric Spaces.

The purpose of this paper is three fold which can be
described as follows.

1. We give some example which shows the weakness
of Theorem 16 and Theorem 17 (Theorem 2.1 and
2.4 of Hassen et al. [13]).

2. We establish some tripled fixed point theorems for
continuous mappings having mixed monotone
property under nonlinear type contractions
depended on another function T:X = X (T is an
ICS) in the frame work of a G-metric space X
enclosed with partial order. Also these theorems, are
still valid for F, not necessarily continuous,
assuming (X,G,<) is regular. We prove the
uniqueness of tripled fixed point for such mappings
in this setup. Our results are extensions of the main
results of Hassen et al. [13].

3. We present some examples to illustrate the
effectiveness of our results. Also, we give a simple
example which shows that if T is not an ICS
mapping then the conclusion of main results fail.

2. DEFINITIONS AND PREMILINARIES

Throughout this paper, we denote R* the set of all
positive real numbers and N the set of all natural
numbers. The triple (X, G, <) is called a partially ordered
G-metric space if (X, <) is a partially ordered set and
(X,G) is a G-metric space. Further, if (X, G) is complete
metric space, and then the triple (X, G, <) is called a
partially ordered complete G-metric space. We assume
that X # @ and

X=X XXX oo x X 1)
k—times

In what follows, we collect some relevant definitions,
fundamental results, examples for our further use.

Definition 1 (2006, Mustafa and Sims [19]) Let X be a
nonempty set, and let G : X X X X X — R* be a function
satisfying the following properties:

(Gl) Gxyz)=0ifx=y =z
(G2) 0<G(xxy) forallx,y € X, withx # y,
(G3) G(x,xy) < G(x,y,z) forallx,y,z € X, withx # y,

(G4) G(xy,2) =G(xzYy) = Gy,zx)=..,
(Symmetry in all three variables),

(G5) G(x,y,z) <G(x,a,a) + G(a,y,2),V Xy,za€X,
(Rectangle inequality).

Then the function G is called generalized metric or more
specially, G-metric on X, and the pair (X, G) is called a
G-metric space. Every G-metric on X will define a metric
dg on X by

dgxy) = Gxy,y) +G(y,xx), VXy€EX (2)

Example 2 (Hassen et al. [13]) Let (X,d) be a metric
space. The function G : X X X X X — R* defined by

G(x,y,2z) = max{d(x,y), d(y,z),d(z,x)} (3)
or

G(x,y,z) = dxy) + d(y,2) + d(z,x) 4)
forallx,y,z € X, is a G-metric on X. [ ]

Definition 3 (see [19]) Let (X, G) be a G-metric space
and let {x,} be a sequence of points of X, a pointx € X
is said to be the limit of the sequence
{xn}if limp 00 G(Xm, Xp,X) = 0, and one say that the
sequence {X,}is G-convergent to x. Thus, that if x, -
x in a G-metric space (X, G), then for any € > 0, there
exists N € N such that G(Xp, Xy, X) < &, for all n,m =
N.

Proposition 4 (see [19]) Let (X, G) be a G-metric space.
The following are equivalent:

(1). {xn}is G-convergent to x,

(2). G(Xp,Xp,X) = 0asn - +oo,

3). G(xXp,%,x) » 0asn - +oo,

). G(Xp,Xp,X) = 0asm,n - +oo, ]

Definition 5 (see [19]) Let (X, G) be a G-metric space. A
sequence {x,}is called G-Cauchy if given & > 0, there
is N € N such that G(xp, X, %) < ¢, for all n,m,l >
N, that is, if G(Xp, Xm, X;) = 0asn,m,l - oo.

Proposition 6 (see [19]) Let (X,G) is a G-metric space.
The following are equivalent:

(1). The sequence {x,} is G-Cauchy.
(2). Forevery € > 0, there exists N € N such that
G(Xp, Xm, Xm) < € foralln,m = N. [ ]

Definition 7 (see [19]) Let (X, G) and (X', G') are two G-
metric spaces, and let f: (X,G) - (X', G") be a function.
Then f'is said to be G-continuous at a pointa € X if and
only if given € > 0, there exists § > 0 such that
X,y € X and G(a,xy) < &implies G'(f(a),f(x),f(y))

< &. A function fis G-continuous on X if and only if it
is G-continuous atalla € X.

Proposition 8 (see [19]) Let (X,G) and (X', G") be two
G-metric spaces. Then a function f: X - X'is G-
continuous at a point x € X if and only if it is G-
sequentially continuous at x; that is, whenever {x,} is G-
convergent to x, we have {f(x,)} is G'-convergent
to f(x). [ ]
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Proposition 9 (see [19]) Let (X, G) be a G-metric space.
Then the function G(x,y,z)is jointly continuous in all
three of its variables. [ ]

Definition 10 (see [19]) A G-metric space (X, G) is said
to be G-complete (or complete G-metric space) if every
G-Cauchy sequence is G-convergent in (X, G).

Definition 11 (see [19]) A G-metric space (X,G) is
called symmetric G-metric space if G(x,y,y) =
G(y,x,x) forallx,y € X.

Now, we give an example of a non-symmetric G-metric.

Example 12 Let X = {0,1,2} with G-metric defined by

G(0,0,0) =G(1,1,1) =G(2,2,2) =0,

G(0,0,1) = G(0,1,0) = G(1,0,0)
=G(0,0,2) =G(0,2,0) = G(2,0,0)
=G(0,2,2) =G(2,0,2) =G (2,2,0) =1,

G(0,1,1) =G(1,0,1) = G(1,1,0)
=G(1,1,2) =G(1,2,1) =G(2,1,1)
=G(1,2,2) =G(2,1,2) =G(2,2,1) =2,

G(0,1,2) =G(0,2,1) = G(1,0,2)
=G(1,2,0)=G(2,0,1) =G (2,1,0) =

is a non-symmetric G-metric on X because G(0,0,1) #
G(0,1,1). [ |

Definition 13 (Berinde and Borcut [11]) Let (X, <) be a
partially ordered set and F: X3 — X . The mapping F is
said to have the mixed monotone property if, for any
X,y,Z €X,

X1, % €X, X1 %, = F(xq,y,2) < F(xp,y,2),
yu.Y2 €EX, y1 <y, = Fxy,2) 2Fxy2,2), ()
21,2, €X, 2, <2, = F(x,y,21) < FXy,25).

Definition 14 (see [11]) Let F:X3® - X. An element
(%,y,z) is called a tripled fixed point of F if

Fxy,z) =% F(y,xy) =y, Fzy,x) =z (6)

Definition 15 (see [13]) Let (X, G) be a G-metric space.
A mapping F: X3 - X is said to be continuous if for any
three G-convergent sequences {x,},{yn} and {z,}
converging to X,y, and z, respectively, {F(Xp, Vn, Zn)} is
G-convergent to F(x,y,2z).

Theorem 16 (Hassen et al. [13]) Let (X, <) be partially
ordered set and suppose there is a G-metric G on X such
that (X, G) is a G-complete. Suppose also F: X3 - X be a
continuous mapping having the mixed monotone
property on X. Assume that there exists ¢ € @ such that
forx,y,z,a,b,c,u,v,w € X, withx>a=>u,y<b<v,
and z > ¢ > w, one has

G(F(x,y,2),F(a,b,c), F(u,v,w))
< @(max{G(x,a,u), G(y,b,v),G(z,c,w)}) (7)

If there exist X, Yo, 29 € Xsuch that

X < F(X0,¥0,20), Yo = F(¥o,X0,Y0),
o < F(2,¥0,%0) ®)

Then F has a tripled fixed point in X, that is, there exist
X,y,Z € Xsuch that

F(x,y,2) =% F@y,xy) =y,F(zy,x) =z [

Theorem 17 (see [13]) Let (X, <) be partially ordered set
and suppose there is a G-metric G on X such that (X, G)
is a G-complete. Suppose also F:X3 — Xbe a mapping
having the mixed monotone property on X. Assume that
there exists ¢ € & such that for x,y,z,a,b,c,u,v,w €
X, withx>a>u,y<b<v, andz > c > w, one has
(7). If there exist X, Yo, Zg € X such that

X0 < F(X0,¥0,20), Yo = F(yo, X0, Yo,
Zo < F(2¢,¥0,%0)
Assume also that X has the following properties:

a) if a non-decreasing sequence x, — X in X, then
Xp <X Vn.

b) if a non-increasing sequence y, =y in X, then
Yn=Yy, Vn

Then F has a tripled fixed point in X, that is, there exist
X,V,Z € X such that

F(x,v,z) =% F(y,x,y) =y, Flzy,x) =2z. =
3. MAIN RESULTS

We start this section with some examples which shows
the weakness of Theorem 16 and 17 (Theorem 2.1 and
2.4 in [13]).

Example 18(a) Take X = [%,64] endowed with the
complete G-metric:

Gxyz)=|x—yl+ly—z|+|z—x|,Vxy,z€eX

and F: X3 - X defined by

1

F(x,y,z) = 8(%)6, vVxy,z€X.

The mapping F is continuous and has the mixed
monotone property. Also, there exist xo = 1 =zy and
Vo = 64 such that

1

F(Xo,Vo 7o) = F(1,64,1) =8 (6_14)_ —4>1= x,
F(yO, X0, yO) = F(64’, 1, 64’) = 8(64’)g =16< 64 = Yo,
1
F(z0,y0,%0) = F(1,64,1) =8(2) =4>1= 2,
and then, the condition (8) holds. Takingx =w =a =
c=z=1, y=b=v=64—,u=l

2’

G(F(x,y,2),F(a,b,c), F(u,v,w))
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(GRIGRIE)
5 1\>
:Ggi%,Si%,g EZ
\ (64’) (64-) 64 /

~ G(4,4,3.77549) = 11.77549

and
max{G(x,a,u), G(y,b,v),G(z,c,w)}

= max{G (1,1,3), G(64,64,64),G(1,1,1)}
1 1
=max{|1-3|+[>-1]|.00} = 1.
It is clear that here is no ¢ € @ (no k € [0,1)) for which
the inequality (2.1) (inequalities (2.14) and (2.16)) of
Theorem 2.1 (Corollary 2.2 and 2.3) holds of [13].

Notice, however, that (8,8,8) is the unique tripled fixed
point of F. [ ]

Example 18(b) Take X = [1,64] endowed with the
complete G-metric:

Gxy,z) = |x—yl+ly—zl+|z—x|,Vxyz€X

and F:X3 - X defined by

F(x,y,z) =8 3\/% Vxy,z€X

The mapping F is continuous and has the mixed
monotone property. Moreover, taking Xo = yo = z¢ = 8,
the condition (8) holds. Takingu=1,a=x=2, v=
2,y=b=z=c=w=1,

G(F(x,y,2),F(a,b,c),F(u,v,w))

:8QQﬁ—Gf Gf—@ﬁDz%%s

2

+

and
max{G(x,a,u), G(y,b,v), G(z,c,w)} = 2.

It is clear that here is no ¢ € @ (no k € [0,1)) for which
the inequality (2.1) (inequalities (2.14) and (2.16)) of
Theorem 2.1 (Corollary 2.2 and 2.3) holds of [13].
Notice, however, that (8,8,8) is the unique tripled fixed
point of F. [ ]

Now, motivated by the work in [31-32], we give the
following definition.

Definition 19 Let (X, G) be a G-metric space. A mapping
T: X = X is said to be an ICS mapping if T is injective,
continuous, and has the property: for every sequence
{x,} in X, if {Tx,} is convergent then, {x,} is also
convergent.

Before starting to introduce our main results, let us
consider the set of functions.

® = {¢p: R* - R* | § is nondecreasing, d(t) < t
and lim,_+ ¢(r) <t,V t>0} (9)

Note that ¢(t) <t and limg_+d(r) <t imply
limy_, 4 ®X(t) = 0 for each t > 0, where ¢¥ denotes the
k-times repeated composition of ¢ with itself.
Our first main result is given by the following:
Theorem 20 Let (X, <) be partially ordered set and
suppose there is a G-metric G on X such that (X,G) is a
G-complete. Suppose also that T:X —» X is an ICS
mapping and F: X3 — X be a continuous mapping having
the mixed monotone property on X. Assume that there
exists ¢ € @ such that forx,y,z,a,b,c,u,v,w € X with
x=>a=uy<b<v,andz > c=>w,one has
G(TF(X, y,z), TF(a,b, c), TF(u, v, w))
< ¢p(max{G(Tx, Ta, Tu), G(Ty, Tb, Tv), }

G(Tz, Tc, Tw)})
(10)

If there exist Xg,Vq,Zo € X be as in (8). Then F has a
tripled fixed point in X.

Proof: Suppose X, o, Zg € Xare such that
Xo < F(Xo,¥0,20), Yo = F(yo, X0, Y0),
zo < F(20,y0,%0)
Define
X1 = F(X0,¥0,20), ¥1 = F(¥0,%0,Y0),
21 = F(20,yo, X0)-
Then xy < X3,¥1 < Yo, and zy < Z;. Again, define
Xz = F(x1,¥1,21), 2 = F(y1, %1, ¥1),
z; = F(zq,y1,%1).
Since F has the mixed monotone property on X, we have
Xo<X1 < X3, V2<Y1<VYq, Zg <7 < Z,.

Repeating this process, we can construct the sequences
{xn}, {yn}, and {z,} in X such that

Xn+1 = FXn Y0 Zn)s Yne1r = F(¥n Xn, Yn),
Int+1 = F(an anXn)rV nz= 0. (1 1)
We claim that;
Xn < Xn+1,  Yn+1 < Yn»  Zn = Zn+1- (12)
Indeed, we will use the mathematical induction to prove
(12). The inequalities in (12) hold for n = 1, 2 because,
we have Xg <X; < Xp, V2 SV1 <Y¥p, and 7y <z, <

z,. Now, suppose that the inequalities in (12) hold
for n = m. In that case,

Xm S Xm+1r Ym+1 SYmr Zm = Zm+1 (13)
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If we consider (11) and mixed monotone property of
F together with (13), we have

Xm+1 = F(Xm, Ym, Zm)
< F(m+1, Yms Zm)
< F(Xme1, Yma1, Zm)
< F(Xm+1, ym+1rzm+1) = Xm+2>

Ym+1 = F(ym:xmrym)
= F(Ym+1 Xm) Ym)
=2 F(Ym+1 Xma1, Ym)
= F(ym+1:xm+1rym+1) = Ym+2> (14)

Zm+1 = F(Zm, Y, Xm)
< F(Zm+1 Y Xm)
< F(Zm+1 Ym+1 Xm)
< F(zm+1rym+1lxm+1) = Zm+2-

Thus, (12) is satisfied for all n > 1. If for some positive
integer n, we have (xn+1ryn+1lzn+1) = (xnrynrzn):
then x, = F(Xn, Yn, Zn), Yn = F(n, X, W), and 7, =
F(Zp, Y, X)), that is, (xp, Y, Zn) is a tripled fixed point
of F. Thus, we will assume that (X;11, Vni1) Zne1)
(X, Y 2Zn), YV nE€N ; that is, we assume that
either X, 41 # X, OF Y1 #F YnpOf Zpyq # Z,. Since T is
injective, for anyn € N,

0 < max{G(Txpq1, Txn, Txy),

G(TYns1, TV Ty,
G(Tzn+1r Tznr Tzn)} (15)

Due to (10) and (11), for any n € N, we have

G(Txny1, Txn, Txn) = G(TF (Xn, Y, Zn),
TF(Xp-1, Yn-1,Zn-1),
TF(xn—ll Yn-1 Zn—l))

< p(max{G(Tx,, Txp_1,Txp_1),
G(TYn, TYn-1,TYn-1),
G(T2y, T2p—1,TZn—1))}

G(TYn+1: Tyn, Tyn) = G(TF()’n, Xn, yn):
TF(}’n—1, Xn—1 yn—l)
TF(Yn-1, xn—lryn—l))

S ¢(max{G (T}’n: Tyn—ll T)’n—1),
G(Txp, TXn—1, Txn_1)}}

< p(max{G(Txy, Txp_1,TXp_1),
G(TYn, TYn-1,TYn-1),
G(Tzp, Tzp_1,TZy—1)})

G(Tzp41, T2y, Tzy) = G(TF (2, Y, Xn),
TF(Zp—1, Yn-1,Xn-1),
TF(Zn—lr yn—llxn—l))

< ¢pmax{G(Tzp, Tzn_1, TZp_1),
G(TYn, TYn-1, TYn-1),

G(Txp, TXp—1, TXn-1)})

(16)

Having in mind that ¢(t) < t for all t > 0, sofrom (16),
we obtain that

0 < max{G(Txp41, Txpn, Txy),

G(TYns1, TV TYn),
G(Tzp11, T2y, T2y)}

< p(max{G(Tx,, Txp_1,Txp_1),
G(Tyn, Tyn—lJ Tyn—l)'
G(T2y, T2n_1,T2p—1)})

< max{G(Tx,, Txp_1, TXpn_1),

G(TYn, TYn-1,TYn-1)
G(TZn, TZn—erzn—l)} (17)
Set

Ap=max{G(Txps1, TXn Tx), G(TYni1, TVn, Tyn),
G(Tzp41,TZy, T2y)}

(18)

It follows that A, < A,_;. Thus, {A,} is a non-increasing
sequence of positive real numbers. Hence, there exists
y = 0 such that

limpy o b =Y (19)

We shall claim thaty = 0. On the contrary, suppose
thaty > 0. Letting n = 400 in (17), we obtain that

0<y=limp 104y
= 1M oo Max{G(Txp 41, Txp, Txy),

G(Tyn+1r Tynl Tyn):
G(TZn+1: TZn: Tzn)}

< limy_ 400 Pmax{G(Txy, Txp_q, TXpn_1),
G(T}’n: Tyn—ll T)’n—1),
G(Tznr TZn_1, TZn—l)})

= limp 100 $(Bn-1)

= limy, oy ¢(Bp-1) <y* (20)

which is a contradiction. Therefore, we conclude that
y = 0, that is,

limys o Ay = 0. @1

In what follows, we shall show that {Tx,}, {Ty,}, and
{Tz,} are G-Cauchy sequences. Suppose, to the contrary,
that at least of {Tx,} or {Ty,} or {Tz,} is not a G-
Cauchy sequence, consequently,

lim‘n,m%+oo G(Txnr Txmr Txm) * 01
or limy mtoo G(TYn, TYim, Tym) # 0,
or Limyy s vco G(TZp, Tz, T2Z) % 0. (22)

This means there exists an € > 0 for which we can find
subsequences{Txnk}, {Txmk} of {Tx,}, {Tynk}, {Tymk}
of {Ty, }and {Tznk}, {szk} of {Tz,}with n, >m, >k
such that

max{G(Txpn,, Txmy TXm,),

G(Tynk: Tyka TYmk)r
G(Tzy,, T2y, T2, )} = €. (23)
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Further, corresponding to my, we can choose n; in such
a way that it is the smallest integer with n, > m;, >
k satisfying (23). Then

max{G (Txnk_l, Txm, Txmk),

G(Tynk—ll TYmk, T}’mk),
G(Tzny-1,TZmy T2Zm, )} < €. (24)

By rectangle inequality and (24), we have

G (T Ty TXny ) < G (T, Ty TXy—1)
+G(Txpy—1, Txny—1, Txn,,)
< &+ G(Txny-1, TXny—1, TXn, )
(25)

Letting k — 400 in (25) and using (21), we obtain

limy_ 400 G(Txmk, Txom,, Txnk)
< UMy yoo G(TXmy, TXmy Thny—1) < €. (26)

Similarly,

limkﬁ.q.oo G(TYmkr Tymkr Ty‘ﬂk)
< lim;H+oo G(TymkrTymkrTynk—l) <e,

limg 400 G(szk, TZp,, Tan)
< limpsioo G(TZmys TZmys TZny—1) < €.
@7
Again, by (24), we have

& < G(Txmy, T, TXn,,)

< G(Txmy, Txmy Tmy—1)
+G(Txmk_1, Txmk_l,Txnk)

< G(Txmk, Txpm,, Txmk_l)
+G(Txmy—1, Tomy—1, TXny—1)
+G(Txpy—1, Txny—1, Txn,,)

< G(Txmk, Txpm,, Txmk_l)
+G(Txmk_1, Txmy—1, Txmk)
+G (T Ty Typ—1)
+G(Txpy—1, Txny—1, Txn,,)

< G(Txmk, Txpm,, Txmk_l)
+G(Txmk_1, Txmy-1, Txmk)
+&+ G(Txn -1, Txn -1, Txn,)  (28)

Letting k — 400 in (28) and using (21), we get

e <limp,io G(Txmk,Txmk,Txnk)
< iMoo G(TXmy—1, TXmy—1, TXny—1) < €. (29)

Similarly, we have

& < limysico G(TYimy TV TVn,)
< limka+oo G(T}’mk—1, Tymk—erynk—l) <g,

e <limy,io G(szk'Tka'Tan)
< iMoo G(TZimy-1, TZmy—1, T2y1) < . (30)

Set
T = max{G (Txnk, Txm, Txmk),

G(T Y TYmpo TVm ),
G(Tznk, Tzpm,, szk)}

Using (23) and (29)-(30), we have
&= limka+oo Tk (31)
Now, using inequality (10), we obtain

G(Txnkr Txmk' Txmk) = G(TF(xnk_l' ynk—l' an_l)'
TF(ka—lr Ymyp-1 ka—l)’
TF(ka—l. Ymye-1s ka—l))

< ¢>(max{G(Txnk_1, Txm, -1 Txmk_l),
G(Tynk—l: TYmk—l: TYmk—l)r
G(Tznk—l’ Tka—l’ Tka—l)})

G(TYnkr Tym T}’mk) = G(TF(y-nk—ll Xng—1s Ynk—l)'
TF(:mG—lr xmk—ll }’mk—1),
TF()’mk—lr xmk—l: Ymk—l))

< ¢(max{G(Tynk_1, Tyme-1 T}’mk—1),
G(Txnk—ll Txmk—lr Txmk—l)}

< ¢(max{G(Tynk—1J TYmk—l: TYmk—l)r
G(Txnk_l, Txmk_l, Txmk_l),
G(Tznk_l, Tka_l, szk_l)})

G(TanJ Tz, Tka) = G(TF(an—l’ Xny—1s ynk—l)'
TF(ka_]_, Xmg—1r Ymk—l)’
TF(ka_1r xmk—lr ymk—l))

< ¢(max{G(Tan_1, TZm,—1, szk_l)'
G(Txny—1, Tmy—1, TXmy—1),

G(Tynk—lr T}’mk-1: Tymk—l)})
(32)

From (32), we deduce that

max{G(Txp,, Txm, TXm,)s
G(Tynk' Tymk' Tymk)’
G(Tznk, Tz, szk)}
< ¢p(max{G(Txp,—1, TXmy -1, TXmy—1),
G(TYnk—lr TYmy-1, T}’mk—l):
G(Tznk_1, TZmy -1, szk—l)})

That is,
7 < P(r—1) (33)

Letting k = 400 in (33) and having in mind (31), we get
that

0<e=Ilimg 10Tk
< limka+oo ¢(Tk—1)
= limrk_1—>£+ P(re-g) < e,

which is a contradiction. Thus, {Tx,},{Ty,}, and {Tz,}
are G-Cauchy sequences in(X,G). Since (X,G) is a G-
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complete, {Tx,},{Ty,} and {Tz,} are convergent
sequences.

Since T is an ICS mapping, there exist x,y,z € X such
that {x,.} , {3}, and {z,} converge to x,y, and z,
respectively; that is,

limy_yo0Xp =X,
ll:mn—>+oo Yn=1Y,
limy s Yn =Y. (34)

Finally, we show that (x,y,z) € X3 is a tripled fixed
point of F. Since F is continuous and (xy, yy, z,) —
(x,y,2), we have

Xnt1 = F(xnr yn:Zn) - F(x, Y, z),
Yne1 = F Oy X, Yn) = F(y,x, ),
Zn+1 = F(an xn:yn) - F(Zr X.y)-

By the uniqueness of limit, we get that x = F(x,y,z),
Yy = F(yfxry)r and z = F(Z,X,y)- So (x,y,Z) is a
tripled fixed point of F. This completes the proof. [ ]

Corollary 21 Let (X, <) be partially ordered set and
suppose there is a G-metric G on X such that (X,G) is a
G-complete. Suppose also that T:X — X is an ICS
mapping and F: X3 — X be a continuous mapping having
the mixed monotone property on X. Assume that there
exists ¢ € & such that for x,y,z,a,b,c,u,v,we X,
withx >2a>u,y<b <wv,andz = c = w, one has

G(TF(x,y,2z),TF(a,b,c), TF(u,v,w))
G(Tx,Ta,Tw)+G(Ty,Th,Tv)+G(Tz,Tc,Tw)

<o : ) 09

If there exist xq, o, Zo € X be as in (8). Then F has a
tripled fixed point in X.

Proof: It suffices to remark that

G(Tx,Ta,Tu)+G(Ty,Th,Tv)+G(Tz,Tc,Tw)

3
< max{TF(x,y,z),TF(a,b,c), TF(u,v,w)}

Then, we apply Theorem 20 because that ¢p is non-
decreasing. [ ]

For each k € [0,1), setting ¢p(t) = kt in Theorem 20, we
obtain the following Corollary.

Corollary 22 Let (X,<) be partially ordered set and
suppose there is a G-metric G on X such that (X,G) is a
G-complete. Suppose also that T:X — X is an ICS
mapping and F: X3 — X be a continuous mapping having
the mixed monotone property on X. Assume that there
exists k € [0,1) such that forx,y,z,a,b,c,u,v,w € X
withx >a>u,y <b <v,and z > c = w, one has

G(TF(x,y,2),TF(a,b,c), TF(u,v,w))
< k max{G(Tx,Ta, Tu),
G(Ty,Tb, Tv),
G(Tz, Tc,Tw)} (36)

If there exist xg, Vg, 2o € X be as in (8). Then F has a
tripled fixed point in X. [ ]

Corollary 23 Let (X, <) be partially ordered set and
suppose there is a G-metric G on X such that (X,G) is a
G-complete. Suppose also that T:X — X is an ICS
mapping and F: X3 — X be a continuous mapping having
the mixed monotone property on X. Assume that there
exists k € [0,1) such that forx,y,z,a,b,c,u,v,w € X
with x 2 a>u,y <b <v,andz > ¢ > w, one has

G(TF(x,y,2z),TF(a,b,c), TF(u,v,w))
< g (G(Tx,Ta, Tw) + G(Ty, Th, Tv)

+G(Tz,Tc, TW))
(37)

If there exist xg, Vg, 2o € X be as in (8). Then F has a
tripled fixed point in X.

Proof: Note that
G(Tx,Ta,Tu) + G(Ty,Tb,Tv) + G(Tz,Tc,Tw)

< 3max{G(Tx,Ta, Tu),
G(Ty,Th,Tv),
G(Tz,Tc,Tw)}  (38)

Then, the proof follows from Corollary 22. [ ]

Remark 24 Taking T = I, , the identity on X, in
Theorem 20; we get main result (Theorem 2.1) of Hassen
et al. [13]. Therefore, Corollary 22 and 23 are
generalization of Corollary 2.2 and 2.3 of Hassen et al.
[13], respectively. [ ]

In the following theorem, we omit the continuity
hypothesis of F. We need the following definition.

Definition 25 Let (X, <) be a partially ordered set and
(X, G) be a G-metric. We say that (X, G, <) is regular if
the following conditions hold in X:

¢) if a non-decreasing sequence x, — x in X, then
Xp <Xx, Vn.

d) if a non-increasing sequence y, — ¥ in X, then
Yn=Yy, Vn.

Theorem 26 Let (X,<)be partially ordered set and
suppose there is a G-metric G on X such that (X, G) is a
G-complete. Suppose also that T:X — X is an ICS
mapping and F: X3 - X be a mapping having the mixed
monotone property on X . Assume that there exists
¢ € ®such that forx,y,z,a,b,c,u,v,w € X, withx >
a=>u,y<b<wv,and z > ¢ = w, one has (10). If there
exist xg, Yo, Zo € X be as in (8). Assume also (X, G, <) is
regular. Then F has a tripled fixed point in X.

Proof: Following proof of Theorem 20 step by step, we
can construct three sequences {x,},{y,,}, and {z,,} in X
such that xn41 = FQt, Vs Z) 5 Va1 = FQ X, W) »
and Zn+1 = F(an Yns xn) with Xn < Xn+1r Yn+1 = Yn»
and z, < z,,,. Then, {Tx,},{Ty,}, and {Tz,} are G-
Cauchy sequences in (X,G). Since (X,G) is a G-
complete, {Tx,},{Ty,} and {Tz,} are convergent
sequences. Since T is an ICS mapping, there exist
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x,v,z € X such that {x,}, {3}, and {z,} converge to
x,y, and z, respectively. Since T is continuous, we have

limyi0o Txy =Tx ,
limy oo Ty =Ty,
limysi00 Tz, = Tz. (39)

We remain to show that F has a tripled fixed
point (x,y, z) in X. To this aim, suppose that assumption
“(X, G, <) is regular” holds. Since {x,,} and {z,,} are non-
decreasing with x,, - x and z,, — z and also {y,,} is non-
increasing with y, - y. We have x, <x , y, =y
and z, <z, Vn. If for some n=0, (z, Y Xn) =
(x,y,2); that is, x, = x, y, =y and z, =z, then x =
Xn SXn41 SX=Xp, Y=Y 2 V41 2Y = Vo and
Z =2y < Zpyq < Z = z,.This means that x, = x4 =
F(tn Y Zn)y Yn = Yna1 = Fmxp,yn)  and 7, =
Zne1 = F(Zn, Y, %) 5 that s, (X, Vi, z,) EX3 is a
tripled fixed point of F. Now, assume that,Vn >0,
(Zno Yoo X0) # (x,y,2). Thus,Vn = 0,

max{G(Tx,Tx,Tx,),
G(Tx,Tx,Txy),
G(Tx,Tx, Tx,)} > 0. (40)

From (10), we have

G(TF(x,y,2),TF(x,y,2), Txpn11)
= G(TF(x,y,2),TF(x,y,2), TF (Xn, Y, zn))
< p(max{G(Tx, Tx, Tx,), G(Ty, Ty, Ty,),
G(Tz,Tz,Tz,)})

G(Tyn+1,TF(y, x:}’). TF(}’: x:)’))
= G(TF Y, Xn, ), TF (3, %, ), TF (y,%,y))
< p(max{G(Ty,, Ty, Ty),G(Tx,, Tx,Tx)})
< p(max{G(Ty,, Ty, Ty),G(Tx,, Tx, Tx),
G(Tz,Tz,Tz,)})

G(TF(2,,x),TF(2,9,%), TZn41)
= G(TF(z,7,x),TF(2,y,%),TF (Zn, Yn, X))
< ¢p(max{G(Tz Tz,Tz,),G(Ty, Ty, Ty,),
G(Tx,Tx,Tx,)}) (41)

Letting n — 400 in (41), using (40) in the fact that
¢(t) < tfor all t € (0,+) and (39), the right-hand of
all inequalities in (41) tends to 0, so we get that

G(TF(x,y,2),TF(x,y,2),Tx) = 0,

G(Ty, TF(y,x,y),TF(y,x,y)) = 0,
G(TF(z,y,x),TF(z,v,x),Tz) = 0.

This means that TF(x,y,z) =Tx, TF(y,x,y) =Ty,
andTF(z,y,x) = Tz. Since T is injective, it follows that

F(x,y,2) =x, F(y,x,y) =y,F(z,y,x) = z.

Thus, we proved that F has a tripled fixed point in X.
This completes the proof. [ ]

Remark 27 Results similar to Corollary 21, 22 and 23
omitting the continuity hypotheses of F and involving
hypotheses (X,G,<) is regular corresponding to
Theorem 26 can also be derived. Due to repetition, the
details are avoided. [ ]

4. UNIQUENESS OF A TRIPLE FIXED POINT

Now, we shall prove the uniqueness of a triple fixed
point. For a product X3 = X X X X X of a partial ordered
set (X, <), we define a partial ordering in the following
way: for all (x,, z), (u,v,w) € X3,

(x,y,2) < (w,v,w)
o x<uy=2vz<w (42

We say that (x,y, z) and (u,v, w) are comparable if

(x,y,2) < (w,v,w)
Or wv,w) < (x,9,2). (43)

Also, we say that (x,y, z) is equal to (u, v, w) if and only
ifx =u,y =vandz = w.

Theorem 28 In addition to hypotheses of Theorem 28,
suppose that for all (x,v,z), (u,v,w) € X3, there exists
(a, b, c) € X3 such that

(F(a,b,¢),F(b,a,b),F(c,b,a))

is comparable to
(F(x,,2), F(y,x,¥),F(z,,%),)

and (F(w,v,w),F(v,u,v), F(w,v,1)).
Then F has a unique triple fixed point (x, y, z).
Proof: Due to Theorem 20, the set of tripled fixed points
of F is not empty. Suppose (x,y,z) and (u,v,w), are
triple fixed points of the mapping F : X3 - X such
that(x,y,z) # (u,v,w); thatis,

F(x,y,z2) =x, Flu,v,w) =u,

Fy,x,y) =y, Fwuv) =v, (44)

F(z,y,x) =z, Fw,v,u) =w.

We shall show that (x,y,z) and (u, v,w) are equal. By
assumption, there exists (a, b, c) € X3 such that

(F(a,b,c),F(b,a,b),F(c,b,a))
is comparable to

(F(x,y,2), F(y,x,¥),F(z,y,x))
and
(Fw,v,w), F(v,u,v), F(w,v,u)).

Put ay =a,by =b,co =c and choose aq,b;,c; €EX
such that

a; = F(ao, by, ¢p), by = F(by, ag, by), c1 = F(co, by, ap).

Thus, we can define three sequences {a,}, {b, },and {c,,}
as

an = F(an—lr bn_1, Cn—l):
b, = F(bn—lr an-1, bn—l)r
cn = F(cn-1,bn-1,an-1). (45)
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for any n = 1. Further set xo = x, yo =y, zg = Zz and
Uy =1U, Vg =v, Wy =w. and on the same way define
the sequences {x,}, {3}, and {z,} and {u,},{v,}, and
{w,,}. Then, it is easy that

xp =F(x,y,2), u,=Fvw),
Yo =F,xy), vy=Fuw), (46)
Zn = F(Z,y, x), w, = F(w,v,u).
Since
(F(x,y,2),F(y,%,9),F(z,y,%))
= (x1,¥1,21) = (%, ¥,2)

is comparable to

(F(a,b,c),F(b,a,b),F(c,b,a))
=(a, b1, ¢1), V1.

That is, x < a4,y = by, z < ¢q,V n. Recursively, we get
that:

x < ay, y = by, z < cp, v n.
By (10), (44) and (45), we get;

G(Tx,Tx, Tap,q1)
= G(TF(x, v,z),TF(x,y,2z), TF(ay, by, cn))
< p(max{G(Tx,Tx,Ta,),G(Ty, Ty, Thy,),
G(Tz,TzTc,)}) (46)

Similarly, we have;

G(Ty1 Ty1 Tbn+ 1)
= G(TF(}/, X, }’), TF()’; X, }’), TF(bnr an, bn))
< ¢p(max{G(Ty, Ty, Th,),G(Tx,Tx,Ta,)})
< ¢p(max{G(Tx,Tx,Tay),G(Ty, Ty, Thy),
G(Tz,TzTc,)}) (47)

G(Tz,Tz,Tcpyq)
= G(TF(Z, v,x),TF(z,v,x), TF(cy, by, an))
< ¢p(max{G(Tx,Tx,Ta,),G(Ty, Ty, Thy,),
G(Tz,Tz,Tc,)})

It follows from (46) and (47) that

max{G(Tx,Tx,Tan41),G(Ty, Ty, Thyy1),
G(Tz, Tz Tcpir)}

< ¢p(max{G(Tx,Tx,Tay),G(Ty, Ty, Thy),
G(Tz,TzTc,)}) (48)

Therefore, for eachn > 1,
max{G(Tx,Tx,Ta,),G(Ty, Ty, Th,),G(Tz,Tz,Tc,)}

< ¢"(max{G(Tx,Tx,Tay), G(Ty, Ty, Thy),
G(Tz,Tz,Tco)}) (49)

It is known that ¢(t) < t and lim,_.+ ¢(r) < t imply
limy,_,, ¢™(t) = 0 for each t > 0. Thus, from (49), we
have

limy, o max{G(Tx,Tx,Tay,),G(Ty, Ty, Thy),
G(Tz,Tz,Tc,)} = 0. (50)

This yields that
lim,_ G(Tx,Tx,Ta,) =0,
lim,_. G(Ty, Ty, Th,) = 0,
limy e G(Ty, Ty, Tcy) =0, 51

Analogously, we show that

lim,_o G(Tu,Tu,Ta,) =0,
lim,,o G(Tv,Tv,Th,) = 0,
limy, o G(Tw, Tw, Tc,,) = 0. (52)

Combining (51) to (52) yields that (Tx,Ty,Tz) and
(Tu, Tv, Tw) are equal. The fact T is injective gives us
xy.2)=@vw). m

Similarly, we can prove the following statement:

Theorem 29 In addition to hypotheses of Theorem 26,
suppose that for all (x,y,z), (u,v,w) € X3, there exists
(a, b, c) € X3 such that

(F(a,b,c),F(b,a,b),F(c,b,a))
is comparable to

(F(x,y,2),F(y,x,9),F(z,y,x))
and
(Fw,v,w), F(v,u,v), F(w,v,u)).

Then F has a unique triple fixed point (x, y, z). [ ]
5. EXAMPLES

In this section, we state some examples showing that our
results are effective.

Example 30 As in Example 18 (a), define T: X — X be
defined by Tx = In(x) + 1,V x € X. Obviously, T is an
ICS mapping. Define ¢p: R* - R* be defined by ¢(t) =
t/5,¥t>0, then ¢ € ®. Taking x,y,za,b,c,u,v,w €
X,withx >a>uy <b<v,and z > ¢ = w, we have

G(TF(x, v,z),TF(a,b,c), TF(u,v, W))
o r(s(2) )or (2 ) (o)
G (ln (8 (%)) +1,In (8 (%)) +1,

(
n (8 (%f) i (s @
n <8 (@f) Cin (s (5
n <8 @ﬂ in (s (=

i{lln(x) —In(a)| + |In(a) — ln(u)l}
12 +|n(uw) — In(x)|

+

+

<
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+1{Iln(y) — In(b)| + |In(b) — ln(v)l}
6 +|In(v) — In(y)|

+i{lln(z) — ()| + |In(c) — ln(w)l}
12 +Inw) = In(2)]

=£Gwn@+1mw@+1mﬂm+1)
+§aan@)+1an)+1Jn@)+1)
+éG(ln(z) +1,In(c) + 1, In(w) + 1)

= % G(Tx,Ta, Tu) + § G(Tz Tc,Tw)
+ é G(Tw, Th, Tv)

<1 (G (Tx,Ta,Tu) + G(Tz,Tc, TW))
~6 +G(Tw,Th,Tv)

< -max{G(Tx,Ta,Tu),G(Tz,Tc,Tw),G(Tw,Th,Tv)}

N~

= ¢p(max{G(Tx,Ta,Tu),G(Ty, Th,Tv),G(Tz,Tc,Tw)})

This is the contractive condition (10). Evidently, for
every (x,y,2), (u.v.w) € X3, there always exists a point
(a, b, c) € X3 that is comparable to (x,y, z)and (u.v.w).
So Theorem 20 can be applied to this example to
conclude that F has a unique triple fixed point (8,8,8),
since also the hypotheses of Theorem 28 hold. [ ]

Example 31 As in Example 18 (b), define T: X - X
byTx =In(x) + 1, Vx € X. Obviously, T is an ICS

mapping. Set ¢(t) = ? € ®. Taking x,y,z,a,b,c,u,v,
weX,withx>a>uy<b<v,andz=>c=>w,

G(TF(x,y,2),TF(a,b,c), TF(u,v,w))
~o(r(@) (e )
o(n(s )+ 1in(o )+ (s ) 1)
=illnG) - Gl #lmin ) =n |

= H{lin() — In(y) — In(a) + In(b)|
+|in(a) — In(b) — In(w) + In(v)|
+|In(w) — In(v) — In(x) + In()|}

< 2{lin(x) — In(@)| + lin(y) — In(b))|
+|n(a) — In(w)| + |In(b) — In(v)|
+|In(w) = In(x)| + |In(v) = In(y)[}
1

= E{Iln(x) —In(a)| + |In(a) — In(u)|

+|In(w) — ()| + |in(y) — In(b)|
+lin(b) — In(W)| + |In(v) — In(y)[}

_ G(Tx,Ta,Tu)+G(Ty,Th,Tv)
3
< g max{G(Tx,Ta,Tu),G(Ty, Th, Tv)}

< g max{G(Tx,Ta,Tu),G(Ty, Th, Tv)G(Tz,Tc, Tw)}

= ¢p(max{G(Tx,Ta,Tu),G(Ty,Tb,Tv),G(Tz,Tc,Tw)})

This is the contractive condition (10). Evidently, for
every (x,,2), (u.v.w) € X3, there always exists a point
(a,b,c) € X3 that is comparable to (x,y,2)
and (u.v.w). So Theorem 20 can be applied to this
example to conclude that F has a unique triple fixed
point (8,8,8), since also the hypotheses of Theorem 28
hold. ]

Now, we give a simple example which shows that if T is
not an ICS mapping then the conclusion of Theorem 20
and 26 fail.

Example 32 Let X =R and define G: XXX XX -
R*byVx,y,z€X.

G(x,y,2z) = max{|lx —yl|,|x —z|,ly — z|}

Let < be usual order. Then, (X,G) is a G-complete G-
metric space. Let F: X3 — X be given by

F(x,y,z) =2x—y+1, Vx,y,z€X.

It is clear that F is continuous and has the mixed
monotone property. Moreover, taking xy=12z9=1
and y, = 0, we have

F( X0, Yo, Zo) = F(l,O,l) =3>1= X0,
F( Yo, X0, yO) = F(0,1,0) =-1<0= Yo,
F( Zo, Yo, Xo) = F(l,O,l) =3>1= Zy,

it is condition (8). Let T:X = X be define by Tx =
1,vx € X. Then T is not an ICS mapping. It is obvious
that the condition (10) holds for any ¢ € ®. However, F
has no tripled fixed point. [ ]

Example 33 As in Example 2.5 of [13], let T: X - X be
given by Tx =x, Vx € X. Obviously, T is an ICS
mapping. The mapping F:X3 - X has unique tripled
fixed point (0,0,0). [

Example 34 As in Example 2.6 of [13], let T: X — X be
given by Tx =%, Vx € X. Obviously, T is an ICS
mapping. The mapping F:X3 — X has unique tripled

fixed point ( [ ]

111
6’6’6/
5. CONCLUSION

In this paper, we established some tripled fixed point
theorems for mappings having mixed monotone property
under nonlinear type contractions depended on another
function T: X — X (where T is an ICS mapping) in the
framework of a G-metric space X enclosed with partial
order. Our results are generalized, improved and
extended some well-known results in the literature. These
results are extensions of results in [13] to the case triple
fixed points depending on another function. Inequality
(10) does not reduce to any metric inequality with the
metric dg, [this metric is given by (2)]. Hence our
theorems do not reduce to fixed point problems in the
corresponding metric space (X,dg). Also, in all Theorem
20 (Theorem 26) is genuinely different to Theorem 2.1
(Theorem 3.4) of Hassen et al. [13]. If mapping T: X — X
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is not an ICS mapping then the conclusion of main
results (Theorems 20 and 26) fail (see Example 31).
Also, presented examples are showing that our results are
real generalization of known ones in triple fixed point
theory. Our results may be the motivation to other
authors for extending and improving these results to be
suitable tools for their applications. [ ]
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