Conference Proceedings of Science and Technology, 2(1), 2019, 18-19 CP\?SI-

Conference Proceeding of 2th International Conference on Mathematical Advences and
Applications (ICOMAA-2019).

ISSN: 2651-544X

Stability of an Iterative Algorithm

Faik Giirsoy'*

! Department of Mathematics, Faculty of Science and Arts, Adiyaman University, Adiyaman, Turkey, ORCID:0000-0002-7118-9088
* Corresponding Author E-mail: faikgursoyO2@hotmail.com

http://dergipark.gov.tr/cpost

Abstract: We prove that iterative algorithm (1.7) of [7] is weak w?—stable w.r.t. an operator 7' in the class of weak contraction
mappings.
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1 Introduction

Let C' be a nonempty closed convex subset of a Banach space X and 7" : C — C' a mapping. An element x in C' is said to be a fixed point of
TitTx = x.

Definition 1. ([1]) Let (M, d) be a metric space. A mapping T : M — M is said to be weak-contraction if there exist § € [0,1) and L > 0
such that

d(Tz, Ty) < dd(z,y) + Ld (y,Tx), forall z,y € M.

Theorem 1. ([1]) Let (M, d) be a complete metric space and T : M — M a weak-contraction for which there exist 6 € [0,1) and L1 > 0
such that

d(Tz,Ty) < dd(x,y) + L1d (z,Tx), forall z,y € M. (1)
Then, T has a unique fixed point.

Definition 2. (/2]) Let {zn},> 1 and {yn},— | be sequences in C. We say that these sequences are equivalent if limn o0 ||n — ynl| = 0.

Definition 3. (/3]) Let {zn}, ; be an iterative sequence produced by operator T’

x1 €C,
Tny1 = f (T7$n), neN,
where f is a function. Assume that {zn}, | converges to a p* = Tp". If for any equivalent sequence {yn} . 1 C C of {zn}p1,
li — (T = li =p"
Jm lyngr = f(Toyn)[ = 0= lim yn =p7,
then the iterative sequence {xn}zozl is said to be weak w?—stable w.r.t. T.

Over the past few decades, many research papers are devoted to the study of stability of various well-known iterative algorithms for different
classes of operators, see, e.g. [3—6] and references therein.
Recently, Karakaya et al. [7] introduced a three-step iterative algorithm as follows:

r1 € C,
Tn+l = Ty’ﬂ’ (2)
Yn = (1 - an) zn + anT'zn,
zn =Txn,n €N,

where {an }oo 4 is a real sequence in [0, 1].
Karakaya et al. [7] showed that iterative algorithm (2) strongly converges to the fixed points of weak-contraction mappings. More precisely,
they proved the following result.

Theorem 2. ([7]) Let C' be a nonempty closed convex subset of a Banach space X and T : C' — C' a weak-contraction satisfying condition
o0
(1). Let {zn},> , be an iterative sequence generated by (2) with real sequence {coun},- 1 C [0, 1] satisfying > an = oo. Then, {zn}nq

n=1
converges to a unique fixed point p*of T.
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2  Main result
Here, we prove that iterative sequence generated by (2) is weak w? —stable w.r.t. a weak-contraction mapping 7' satisfying condition (1).

Theorem 3. Let C be a nonempty closed convex subset of a Banach space X and T : C — C with p* = T'p* a weak-contraction satisfying

(&)
condition (1). Let {xn}oo, be an iterative sequence generated by (2) with real sequence {an}oo; C [0,1] satisfying Y. an = oo. Let
n=1
{rn}noq be an equivalent sequence of {xn}or 1 and en = ||rpt1 — Tsnll, sn = (1 — an) pn + anT'pn, pn = Ty for alln € N. Suppose
that limyp s 00 €n = 0. Then, the sequence {xn }oo 1 is weak w* —stable w.r.t. T.

Proof: From (1) and (2), we have

Hrn+1 *p*H = rnt1 — zngall + ”anrl *p*H
< lrngr = Tsnll + [[Tsn — zpall + ||mn+1 —p*H
< en+|[Tsn — Tynll + Hl’nJrl —p*H
< en+6llsn —ynll + Lllyn — Tynll + ||Znt1 — p7||
< en+0|(1—an)(pn — 2n) + an (Tpn — Tzn)|| + L ”yn —P*H
+L " = Tyn| + [[zn+1 —»7]|
< en+6{(1 —an)llpn — znll + an [ Tpn — Tznll}
+ (@40 Llyn —p" || + [lznt1 — "]
< en+8{(1 —an)||Trn — Tzn| + an |Tpn — Tznl|}
+(1+8)L||(1 = an) zn + anTzn — 0" || + ||2nt1 — 7|
< en+6{(1 —an) |Trn — Tan| + an|[Tpn — Tzn|}
+(1+8) L1 —an(1=8)]||za —p"[| + [[#n+1 — ||
< en+ 81— an(1-8)] rn— zal
+6L {1 —an+ (1= o)+ and + and® + ond (1+ 5)} [|lzn — 2%
(1+8) L[ = an (1= 0)]6 |zn = p"[| + |[#nt1 = P 3)
Since sequences {zn}p., and {rn}.., are equivalent, therefore we have limp oo ||rn — zn|| =0. By Theorem 2, we have
limp—oo ||Tn — p*|| = 0. Now taking limit on both sides of (3) and then using the assumption limp—o0€n =0 leads to
limp—o0 [|[rn+1 — p*|| = 0. Thus {z,, }°2  is weak w? —stable w.r.t. T O
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