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Abstract: The main goal of this paper is to study for a fourth-order hyperbolic equation with logarithmic nonlinearity. We obtain
several results: Firstly, by using Feado-Galerkin method and a logaritmic Sobolev inequality, we proved local existence of solu-
tions. Later, we proved global existence of solutions by potential well method. Finally, we showed the decay estimates result of the
solutions.
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1 Introduction
In this paper, we study the following fourth order hyperbolic equation with logarithmic nonlinearity

utt+A2u—Au+ut:uln|u\k, zeQ, t>0
u(z,0) =ug (z), ut(z,0)=u1(z), =z€Q, (1)
u(x,t):%u(m,t)zo, x€ed, t>0

where 2 C R? is a bounded domain with smooth boundary 052, and k is a costant to be chosen later.

This type of problems has many applications in many branches physics, such as quantum mechanics, nuclear physics, supersymmetric field
theories, optics and geophysics [2—4, 6, 11].

In [5], Cazenave and Haraux studied the existence of the solution following equation

utthu+u:uln|u|k 2)

in R3. Later, Gorka [6] studied the global existence of the solution of Eq. (2) in the one dimensional case. Furthermore, existence of the
solutions were studied in [1-3].
Hiramatsu et al. [9] is introduced the following equation

utt—Au+u+ut+u|u|2=u1n|u|2. 3)

In [8], Han showed the global existence of weak solutions to the initial boundary value problem (3) in R3.

Recently, Hu et al. [14] studied exponential growth and decay estimates of the solutions for Eq. (1), without the fourth-order term (A2u),
Al-Gharabli and Messaoudi [12, 13] proved existence and decay of the solutions for Eq. (1), without the Aw term.

Motivated by the above studies, we established the local and global existence, growth and decay estimates of the solution for problem (1).

The rest of our work is organized as follows. In section 2, we gave some notations and lemmas which will be used throughout this paper. In
section 3, we established the local existence of the solutions of the problem. In section 4, we established the global existence of the solutions
of the problem. The decay estimates result were presented in section 5.

2 Preliminaries
In this section we will give some notations and lemmas which will be used throughout this paper. We denote ||.|| and ||.||,, the usual L2 (Q)

norm and LP (£2) norm, respectively. We denote by C and C; (i = 1,2, ...) varius positive constants.
We define energy function as follows

1 9 1 9 1 5 1 k2 k 2
E@t) == ~ A = — 211 s ) 4
(8) = 5 luel® + 5 1 Au]® + 5 [Vl 2jn|u| u?dr + 7 |lul 4
Q
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Lemma 1. E(t) is a nonincreasing function for t > 0 and
E (1) =~ ul® < 0. )

Proof: Multiplying the equation (1) by u; and integrating on €2, we have

Juttutdx + J AQuutdm — J Avurdr + Jututdx = Jln \u|lc uurde,

Q Q Q Q Q
1 1 1 1
7 | g el + S 1wl + 5 [ Vull* - 5 jln ol + % ) ) =~ e,
Q
B (1) = — Jlu]”.

Lemma 2. [7] (Logarithmic Sobolev Inequality). Let u be any function u € H, 6 () and a > 0 be any number. Then,

1 2
[l ude < 3l tn ful + 5 9l = (14 Ina) ul.
Q

Lemma 3. [5] (Logarithmic Gronwall Inequality).

Letc > 0, v € LY(0.T, R™) and assume that the function w : [0, 7] — [1, oc] satisfies

t
w(t) <c 1+J'y(s)w(s)1nw(s)ds ,0<t<T,

where

3 Local existence
In this section we state and prove the local existence result for problem (1). The proof is based on Faedo-Galerkin method.
Definition 4. A function u defined on [0, T)] is called a weak solution of (1) if

we C([0,7)H3 (), u € € (10,1); L7 (2))

and u satisfies
[t (z,t) w (z) do + [ Au(z,t) Aw (z) dz

Q Q
+ [Vu(z,t) Vw (z) dz + [u (z,t) w (z) dx
Q Q
= [In|u (=, 1% u(z, t) w () da,
Q
forw € H3 ().
Theorem 5. Let (ug,u1) € Hg (Q) x L% (Q), then the problem (1) has a weak solution on [0, T .

Proof: We will use the Faedo-Galerkin method to construct approximate solutions. Let {wj }50:1 be an orthogonal basis of the “separable”
space H2 (Q) which is orthonormal in L? (Q) . Let

Vin = span {w1, w2, ..., wm }

and let the projections of the initial data on the finite dimensional subspace V3, be given by

m

uo' (r) = Z ajw; (x) — up in H? (Q),
j=1
m

ul' (z) = Z bjw; (z) — g in L* (),
j=1

forj=1,2,...,m.
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We look for the approximate solutions

J=1
of the approximate problem in V;,

2

J (uifwdz + Au™Aw + Vu" Vw + ufw) do = [ In[u™* uwdz, w € Vin,
!

u™ (0) = uf’ = }%(UQUU)wm ©)
=

uf (0) = uf" = Xﬁmwﬁwr
]:

This lead to a system of ordinary differantial equations for unknown functions A’ (¢). Based on standard existence theory for ordinary
differantial equation, one can obtain functions

hj:[0,tm) = R, j=1,2

which satisfy (6) in a maximal interval [0, ¢,,,)

0 < tm < T'. Next, we show that t,, = 1" and that the local solution is uniformly bounded
independent of m and ¢. For this purpose, we replace w by uy" in (6) and integrate by parts we obtain

d m
ZET(®) = —|[ul"|* <0 M
where
1
E™(t) = (Hw 1+ faw™|* + | vu™ | + 3 H ™ Jlnlum\klum\zdw) ®)
Q
Integrating (7) with respect to ¢ from O to ¢, we obtain
E™(t) < E™(0). ©)
The last inequality and the Logarithmic Sobolev Inequality lead to
@) 2 g (I a v+ £ e P
k|1, myp2 mn2 o? m 2 mn2
=5 [3 I P o+ 5 9 = 0 e 7).
1 ko
= 3 (i e+ (15 o
+ (5 + R ma)) - &P )
mi|2 ka m
o+ e (1 5 o
k mi2
+<§+k(1+1na)> ™
k m| 2 m||2
< C+§Hu H lnHu H . (10)
where C = 2E™(0).
Choosing
et cacy/2T (11)
will make
ka?
1_§>07
k} «
and
¥+k( +lna) >0,
3
a>e 2
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This selection is possible thanks to (A). So, we have

[ + | aa™|* 4+ Va2 4 ™| < € (14 [l ]| *) (12)
We know that
t
u () = 0+ | B (o ar
0

‘We make use of the following Cauchy-Schwarz inequality

(a+b)2§2(a2+62),

we obtain
‘ 2
m 2 m M
fm @I = a0+ [ G (yar
0
¢ 2
2 ou™
< 2w @) +2|| G- (nar
0
t
< 2l ) +2 [ u* )] ar a3
0
So if we write inequality (12) instead of inequality (13), we get
™ < 2 [l @) +27C (14 ™ * m[|u™ ) (14)

If we put Cp = max{zTC, 2[lu™ (0)|\2} , (14) leads to
t
e e T R i
0
Without loss of generality, we take C'; > 1, we have
t
Ju* <201 (14 [ (034 Pt (€34 ™) dr
0

Thanks to Logarithmic Gronwall inequality, we obtain
||umH2 < 20162CIT = (5.
Hence, from inequality (12), it follows that
uf?[|* + [l au™|* 4+ | Fu™ " + " < C5 = C (14 C2InCa)
where C3 is a positive constant independent of m and ¢. If these operations (12) are applied to each term of inequality, this implies

sup HUTHZJF sup HAumH2+ sup HVumH2+ sup HumH2§403. (15)
t€(0,tm) t€(0,tm) te(0,ty,) te(0,tm)

So, the approximate solution is uniformly bounded independent of m and ¢t. Therefore, we can extend ¢, to 7. Moreover, we obtain

u™, is uniformly bounded in L (0, T; H3 (Q)) ,

9 (16)
!, is uniformly bounded in L (0, T; L (Q)) .
Hence we can infer from (15) and (16) that there exists a subsequence of (u*) (still denoted by (u)), such that
u™ = u, weakly* in L™ (0, T; H? (Q)) ,
ul™ 5 uy, weakly* in L (O,T; L2 (Q)) , )

u™ — u, weakly in L2 (0, T;H3 (9)),
u™ — ug, weakly in L? (0, T;L* ()
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Then using (17) and Aubin-Lions’ lemma, we have

u"™ — u, strongly in L? (O, T, L? (Q))
which implies
u™ =, Qx(0,7T).

. k. .
Since the map s — sln|s|” is continuous, we have the convergence

umln|um|k —>uln|u|k7 Qx(0,7T). (18)

By the Sobolev embedding theorem (H3 (€2) < L (£2)), it is clear that ‘um In \um| —uln |u] ’ is bounded in L™ (€2 x (0,7")) . Next,

taking into account the Lebesgue bounded convergence theorem, we have

u™ In ‘um’k —uln \u|k , strongly in L* (O,T; L? (Q)) .

(19)
We integrate (6) over (0, ) to obtain, Yw € Vip,
t t
len }u kuMwdedr = JulnwdxdT — Judede + J J A" Awdzdr
0Q Q 0Q
t t
+ J J Vu"'Vwdxdr + J J uy wdzdr. (20)
00 0Q
Convergences (17), (19) are sufficient to pass to the limit in (20)
t t
J wwdr = J uiwdr — J J AuAwdxdr — J J VuVwdzxdr
Q Q 0Q 0
¢ t
JjutwdxdT+JJln|u\kuwdxdT (1)
0Q 0Q

which implies that (20) is valid Vw € Hg (€2) .Using the fact that the terms in the right-hand side of (21) are absolutely continuous since

they are functions of ¢ defined by integrals over (0, ¢), hence it is differentiable for a.e. t € R™. Thus, differentiating (21), we obtain, for a.e
t € (0,T) and any w € H3 (),

Jln |u (z, t)\k u(z,t) w(z) dedr
Q

utt (z,t) w (x) do + J Au (z,t) Aw (x) dedT
Q

Qe—— O—m—

O%u

t
J Vu (z,t) Vw () dedr — J J"ut z) dxdr.
Q 0Q

If we take initial data, we note that

W™ = u, weakly in L (07 T: H2 (Q))
uw* — ug, weaklyin L2 (O,T; L? (Q))
Thus, using Lion’s Lemma [10], we have

u™ = u,C (([O,T];L2 (Q))) .

Therefore, u"* (z,0) makes sense and

" (2,0) = u(z,0), L*(Q).
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‘We have
u™ (z,0) = ug (z,0), Hg ()

hence
u(z) =ug ().
Now, multiply (1) by ¢ € C§° (0,T) and integrate over (0,7"), we obtain for Vw € Vi, and because of
("6 (1) = ufie (t) + ui"¢’ (1)

we get

T
Ju;"wdf @A) dzdt = — || Au"Awe (t)dedt — ”w Vwe (t) dedt
Q 0Q

OLq»ﬂ o N
QDe—

T
J"u we (¢ dmdt—i—JJ ’um| uwe (t) ddt.
Q 0Q
As ™ — 0o , we have for Vw € H (Q2) and ¢ € C§° (0,T)

T
AuAwe (t) dedt — J J VuVwe (t) dzdt
0Q

— J J utuxb t)dzdt =

o%q o%q
Qe

T
Jutwqﬁ t) dxdt + J J In |u|k uwa (t) dadt.
Q 0Q

This means
ug € L2[0,7), H 2 (Q),

on the other hand, because of

up € (L2 0,T),L? (Q)) :

we obtain
u € C ([o,T) JH? (Q)) .
So that
m —2
Ut (1’,0)-)’(,% (.T,O), H (Q)a
but
ug® (x,0) = ul" (z) = uy (2), r? ().

Hence

ut (z,0) = ug ().

This finishes the proof of the theorem.

4  Global existence

In this section we study global existence of problem (1). We prove a global existence result using the potential wells corresponding to the

logarithmic nonlinearity.
Now, we define the following functionals

1 2 2 k 2 k2
70 = 5 {186 + [Vul + 5 Jul? — [ ]ul*uds )

Q

1) = |Aul? + [Vl - Jln luf* u?da.

2

Then, it is obvious that

1 k 2
J(t) = 51 (u) + 7 Ilull
and
E(t) = 2 lue® + J (u)
32

(22)

(23)

(24)

(25)

© CPOST 2019



According to the Logarithmic Sobolev inequality, J(u) and I (u) are well defined. The potential well depth is defined as

0<d=inf {supJ()\u) cu € HE (), ]|Aul # o} (26)
u | A>0
and the well-known Nehari manifold
N = {u;ueﬂg (Q) /I (u) = 0, || Aul| ;éo}, 7)
0<d:&1%§vJ(u). (28)

Then, we introduce
W= {u;ueHg(Q)/I(u) >0, J (u) <d}u{0}.
Lemma 6. Foranyu € HZ (Q), |lul| # 0 and let g (\) = J (Au). Then we have
>0, 0< A< A,
TOw)=X (M) =0, A=\,

<0, D<A <

where
||AuH2 + ||Vu|\2 —[In |u\k uw2dx
Q

A" =exp
2
K floll

Proof: By the defination of .J (u) , we obtain
g = J(w)

1 . k
= 3 ||)\Au|\2+H)\Vu||2+—Jln|Au\k(Au)2dx +Z\|)\u||2
Q
A2 9 N A [k o kA2 9
= (1l 1 val) + %5 (5 = k)l = 55 [l juf® o
Q

Since ||u|| # 0, ){imog (A) =0, lim g(A) = —oo. Now, differentiating g (A) with respect to A, we have
—

A—00
g ) = | 1Aul? + [ Val® = kln A flulf® — len | (u)? da
Q

We can see clearly that

a7 () o
A I =g (N)=1(0wu).
We can derive I (Au) = 0 when
Au|? 4 [|Vul? - [In lu|® u?da
* Q
AT =exp

2
Kl

Thus, we have
>0, 0< <A,
TOw)=X (M) =0, A=)\,
<0, A<M\ <oo.

Lemma7. Letu € H3 (Q) and | = e%JFQQ%.

D)IF0 < ||lul|? < I, then I (u) > 0;
ii) If T (u) = 0 and |ju|| # 0, then |ju||® > I;
iii)The constant d in (26) satisfies

>3
BN
+
L
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Proof: Thanks to Logarithmic Sobolev Inequality to the last term of the I (u) function, we have

[ = ||Au\|2+||Vu||27J1n\u|ku2d:v,
Q
2 2 k2 2
> Al + 1 7ul — & i
ka2 2 2
O a1 k(L4 ) ),
ka? 1
> (1= 5 ) ivul s k(4 ma) - o ul?) ul? 9)

Taking any « satisfying 0 < a < 2777 in (29), we have

2 k
I(u)> <k<1+1n - 21n||u|2> lul®. (30)
i) If 0 < |lul|® <1, then I (u) > 0 from the above inequality.
i) If I (u) = 0 and ||u|| # 0O, then
2 22m
>e— =1
ul® > 2%
iii) Because of (26), we write
1
sup J () = J (\u) = 27 (X u) + 5 (02 ul? G1)
A>0 2 4
By the Lemma 7 and (30), we obtain
0=1(\u)> (k1 +Iny/ 2Ty = Eaara)?) .
- k 2

Therefore; we have

0> k(1 +1n,/2%) - glnH)\*qu,
* 2 27['
lnH)\ u|| 22—}—2111\/?)7

3l > 220 =1 (32)
Thus, by using of (26), (31) and (32) , we obtain
T 2
> 1
d> 5 ke
|

Lemma 8. Let (ug,u1) € H3 (Q) x L? (Q) andl = 622% such that 0 < E (0) < %l < dand I (ug) > 0. Then any solution of (1), u € W.
Proof: Let T' be maximal existence time of weak solution of u. From (25) and (9), we have
1 2 1 2
5 lue]]* + J (u) < 3 Jlur||® + J (ug) < d,Vt € [0,T). (33)
Then we claim that u(t) € W forall t € [0, T). If it is false, then there is a tg € [0, T") such that u (tg) € W, so we have
(a) either I (u (tp)) = 0 and ||Awu (tg)|| # 0, or (b) J (u (o)) = d.

By (33), (b) is impossible, thus we have I (u(t9)) =0 and ||Awu (¢9)|| # 0. However, at least one J (u (tg)) > d exists if 0 < d =
in]fv J (u) . Because of this contradiction, u(t) € W is found for V¢ € [0, 7). O
ue

5 Decay of solution

In this section, we will prove decay of solutions to problem (1).
For this purpose, we use the Lyapunov functional

Lt)y=E()+e J uudx + g Jqum (34)
Q Q

where € is a positive constant. We will show the L (¢) and E (t) are equivalent:
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Lemma 9. For € > 0 small enough, the relation

B1L(t) < E(t) < B2 L (1)

holds for two positive constants 31 and (2.

We can choose € small enough such that L ~ E.

Theorem 10. Let ug € W, uy € L? (Q)

. Assume further 0 < E (0) < ol < d, where

l—2—7r62
Tk

=3
3

Q
Nl
]

and 0 < a <

then there exist two positive constants c1 and cg such that

0< E(t) <cre @' t>0.

Proof: By taking the time derivative of the L (t) and using Eq. (1), we obtain

L' (t)

Adding and subtracting e F (t) into (36)

L't =

By the Logarithmic Sobolev inequality and embedding theorems and choosing ¢, is smallest enough positive constant, we have

L't <

E () + sj (uttu + u%) dr + ¢ J uurdr
Q

2

Q

where 3 is a positive constant, we get

(5 + %5 - 1) lluel® + € <§ - 1) |Aul? + & (g

e (1 - g) Jln jul*u? + 2ep ul® — B 1),
Q

(e 58— 1)l + (§ = 1) Noul?

v (£-1) 19ul® + Ees - 252 1

B e (L w2 5 a? 2 I 2
te|ll-73 §||UH n [|u| +%HVU|| — (1 +Ina)llul”),

2

~eBE (1) + (e + 28 —1) Jul?

2
+e (g 71) . (14@7) IVul® + & (ﬂljfp +§f

ek {(1 - g) . (%lnHuHQ —a +lna)):| 2.

Noting that since § = min {2 L} ,and € > 0O sufficiently small so that

) 24-kep

we get

5+%671<0,

ek {(1 - g) (% In flull? = (1+ lna))} 2.

Using (4), (5), (22) and assumption in the

© CPOST 2019

Theorem 10, we have

L'(t) < —eBE(t)—e¢ (1 - g) (1 - k%) IVull? — e (1 - g

(= D) el = & (Il + [Val?) + & [ nful* o2,

- 1) |Vull?

) A2

4

ﬁ’“p) | Au)?

(35)

(36)

(37

(38)
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Inful?® < 1

=

&
~
=
SN—

IN
=

[Nl TSN TN TN
o) o
= =
=
< ~—

IN
=3
N3

|
=

IN
=
ST N T N 7 N 7 N N

Ty
o]
mw

~—

Taking « satistying

we guarantee

1
51n|\u||2 —(1+1Ina)<0.

Consequently, inequlatiy (38) becomes

L' (t) < —eBE(t).

By (35), we have

L' (t) < —eBBaL(t) (39)

setting ca = €632 > 0 and integrating (39) between (0, t) gives the following estimate

L(t) <cre 2

Consequently, by using (35) once again. This completes the proof. O

6
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