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1. Introduction

Erich Salkowski (1881-1943), a German mathematician. In 1909, he defined curve families with non-constant T and constant curvature K
[1]. Later J. Monterde constructed a method for closed curves and the properties of anti-Salkowski curve used in [2]. For authors worked
on the anti-Salkowski curve also can be seen in [3]-[7]. When the Frenet vectors of any curve are taken as the position vector, then the
regular curves generated by these vectors are called Smarandache curves [8]. Smarandache curves in Euclidean 3-space are defined and
some features of these curves are given in [9]. For some authors worked on the Smarandache curve also may be seen in [10, 11]. In 1990, the
geodesic curve of a spherical curve is calculated by J. Koenderink with the Sabban frame of the spherical indicatrix curves in [12]. Then the
Smarandache curves obtained from Sabban frame are defined and geodesic curvatures of these curves are given in [13].

In this study, Smarandache curves are defined according to the Sabban frames belonging to the spherical indicatrix curves of each of the
T,N,B Frenet vectors of the anti-Salkowski curve. The geodesic curvatures of these curves are then calculated.

2. Preliminaries

In the Euclidean 3-space E3, the Frenet frame of any curve o is given by {T,N,B}. For an arbitrary curve ¢ € E3, with the first and second
curvatures, K and 7 respectively, the Frenet apparatus are given by [14]

T'=kN, N =—-xT+1tB, B =—1N.

Accordingly, the spherical indicatrix curves of Frenet vectors are (7'), (N) and (B) respectively. These equations of curves are given by [14]

Let y: 1 — S? be a unit speed spherical curve. We denote s as the arc-length parameter of y. Let us denote by [14]

V) =7(s), 1(s)=7(s), d(s)=vls)At(s).

We call #(s) a unit tangent vector of y. {y,t,d} frame is called the Sabban frame of y on $2. Then we have the following spherical Frenet
formulae of y:

Y=t t'=—y+iked, d=—ket 2.1
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where is called the geodesic curvature of K, on 52 and

kg = (t',d), (2.2)
[12, 13].
Definition 2.1. (anti-Salkowski curve) [2]. For any m € R with m # ZF\% , 0, let us define the space curve

Buls) = (W"_l)m (n(l — 4n® +3cos(2ns)) cos(s) + (2n2 + 1) sin(s) sin(2ns)> 7
m (n(l — 422 4 3cos(2ns)) sin(s) — (2n2 + 1) cos(s) sin(2ns), i (2ns + sin(2ns))>>
where  n= " The Frenet apparatus are
k= tn(s), t=1 o)) =
7(s) = —(cos(s)sin(ns) ~ nsin(s)cos(ns) sin(s)sin(ns) +ncos(s) cos(ns), & cos(ns) ).
Nis) = (=),
B(s) = (—cos(s)cos(ns)—nsin(s)sin(ns)—sin(s)cos(ns)—l—ncos(s)sin(ns),%sin(ns)).

The shape of this curve is given in Figure (2.1)

.

T

Figure 2.1: anti-Salkowski Curve ,m =1 1 1 L and s = [-5,5]
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Let (o), (8) and () be spherical indicatrix curves of tangent, principal normal and binormal vectors belonging to anti-Salkowski curve,
respectively. Using the equations (2.1) and (2.2), Sabban apparatus belonging to these curves is given by

T = T, Tr=N, TAT =B,
T = Tr, Tj=- ! (T ATT) (T/\T)’:f;T
T tan(ns) s r tan(ns) |’
1 1
K] = —= : 2.3
§ Kk tan(ns) 2.3)
T (s) = (cos(s) sin(ns) — nsin(s) cos(ns), sin(s) sin(ns) + ncos(s) cos(ns), z cos(ns)), 2.4
m
Tr(s) =n (sin(s)’icos(s) 7 1) 7
m m
(T ATr)(s) = —(cos(s) cos(ns) + nsin(s) sin(ns), sin(s) cos(ns) — ncos(s) sin(ns), z sin(ns)).
m
N = N, _ —tan(ns)T + B  NATy = T +tan(ns)B 7
tanZ (ns) + 1 tanZ (ns) + 1
t ! —t '
N = Ty, T[\/]: &N+NATN7 (T/\TT)’: ﬂ N,
tanZ (ns) + 1 tan? (ns) + 1
KN -/ —tan(ns)’ 25)

N Vian2(ns)+1°
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N = (n si;(s) _ nC(:;(s) ).
In(s) = m ( —cos(s) cos(ns) —nsin(s) sin(ns) — tan(ns) (— cos(s) sin(ns) + nsin(s) cos(ns)),
— tan(ns)(— sin(s) sin(ns) — ncos(s) cos(ns)) — sin(s) cos(ns) + ncos(s) sin(ns), %” sin(ns)), 2.6)
(NATy)(s) = m (1an(ns)(— cos(s) cos(ns) — nsin(s) sin(ns)) — cos(s) sin(ns) + nsin(s) cos(ns), — sin(s) in(ns)

+tan(ns)(— sin(s) cos(ns) +ncos(s) sin(ns)) — ncos(s) cos(ns), % tan(ns) sin(ns) — % cos(ns)) .

B = B, Tg=-N, BATz=T,
B = Ty, By=-B-+ttan(ns)(BATp),
(BATg) = tan(ns)Tp, K2 =k =tan(ns). 2.7
B(s) = - <Cos(s) cos(ns) +nsin(s) sin(ns), sin(s) cos(ns) — ncos(s) sin(ns), % sin(ns)),
L) = - (nsi:l(s) 7 7nc(’);(s) 7n> ’ 2.8)

(BATp)(s)

- (cos(s) sin(ns) — nsin(s) cos(ns), sin(s) sin(ns) + ncos(s) cos(ns), — % cos(ns)) .

3. Smarandache curves according to the Sabban frame belonging to spherical indicatrix curve of
the anti-Salkowski curve

Definition 3.1. Letr oo = o(s) be a curve and {T, Ty, T ATy} be Sabban frame of this curve. Then T Tr-Smarandache curve is given by

1
o(s) = —(T+Tr). 3.1
1(s) ﬁ( T) G.D
According to equation (2.4) we can parameterize the o (s)-Smarandache curve as in the following form
1
o(s) = 7 ( — cos(s) sin(ns) +nsin(s) cos(ns) + % sin(s), — sin(s) sin(ns) — ncos(s) cos(ns) — % cos(s), — % cos(ns) + n) .

The shape of this curve is given in Figure (3.1)

Figure 3.1: TTr-Smarandache Curve , m = %7 é, é, % and s =[-5,5]

Theorem 3.2. The geodesic curvature Kg " according to o (s)-Smarandache curve is

tan* (ns
Ko = S e 2an(n)),
(2tan(ns)+1)2
where the coefficients X1, X2 and X3 are
| 1 1

!
o= _z_tan2(ns)—i_tan(ns)(tan(ns))7
B 1 1, 3 |
L= - * tan(ns) tan(ns)’  tan?(ns) tan*(ns)’
2 2, |
X3 =

tan(ns) * tan(ns) + tan3 (ns)
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Proof. If we take the derivative of (3.1) and from the equation (2.3) we get
ds* 1

—(7T+TT+#(T/\TT)), 3.2)

(TT)O“'E - V2 tan(ns)

if we take the norm of (3.2) we have

ds* _ \/2tan?(ns) +1
ds tan(ns)vV2

We obtain the tangent of o (s)-Smarandahce curve as in

1

(Tr)ey, = ————=(—tan(ns)T +tan(ns)Tr+ (T ATr)). (3.3)
2tan2(ns) + 1
The derivative of (3.2) is
1
Ty = ————T+xTr+x(TATr)).
(Tr)g, 2tan2(ns)+l(X1 x2Tr + x3(T ATr))
From equations (3.1) and (3.3) we have
1
(TATr)oy = ————(T—Tr+2tan(ns)(T ATr)).

2tan2(ns) + 1
So the geodesic curvature from the equation (2.3) is
tan” (ns
Kga‘ = 7()§ (x1 — x2+2tan(ns)x3) .
(2tan(ns)+1)2

O

Definition 3.3. Let oo = o/(s) be a curve and {T,Tr,T \NTr} be Sabban frame of this curve. Then T (T N\ Tr)-Smarandache curve is given by

1
() = —=(T+(TANTr)). 34
2(s) ﬂ( (T NTr)) (3.4)
According to equation (2.4) we can parameterize the 0 (s)-Smarandache curve as in the following form
1
on(s) = 7 ( — cos(s)(cos(ns) — sin(ns)) + nsin(s) (cos(ns) + sin(ns)),

sin(s)(cos(ns) — sin(ns)) — ncos(s)(cos(ns) + sin(ns)), f% (cos(ns) + sin(ns))) .

The shape of this curve is given in Figure (3.2)
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Figure 3.2: T(T ATr)-Smarandache Curve ,m = £, 1, 1 L and s =[-5,5]

Theorem 3.4. The geodesic curvature Kg 2 according to 0 (s)-Smarandache curve is given by

tan(ns) + 1

K2 =
§ tan(ns)

Proof. 1If we take the derivative of (3.4) and from the equation (2.3) we get,

(S = (= sT) G5)
e gs = 20T tan(ns) 1 ‘
ds* —1
if we take the norm of (3.5), Rl M we have, We obtain the tangent of o (s)-Smarandahce curve as in
d tan(ns)v/2

(Tr)a, =Tr. (3.6)
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The derivative in the (3.6) is

ds* V2
Tr)y, - = ——(—t T+ (T ATr)).
( T)Otz dS tan(ns)fl( an(ns) +( T))
From equations (3.4) and (3.6) we have
1
TAT = —(=T+(T NT7)).
(T ATr)e, ﬁ( (T ATr))
So the geodesic curvature from the equation (2.3) is
K% tan(ns) + 1 _
§ tan(ns)
O
Definition 3.5. Let o = o(s) be a curve and {T,Tr,T NTr} be Sabban frame of this curve. Then Tr (T N Tr)-Smarandache curve is given
by
1
o(s) = —=(Tr+(TATr)). 3.7
3(5) \/5( r+ (T ATr)) 3.7
According to equation (2.4) we can parameterize the 04(s)-Smarandache curve as in the following form
o(s) = L (cos(s) cos(ns) + nsin(s) sin(ns) + n sin(s), sin(s) cos(ns) —ncos(s) sin(ns) — n cos(s),— n sin(ns) + n>
’ V2 m ’ m Tom .

The shape of this curve is given in Figure (3.3)

Figure 3.3: Tr (T A Tr)-Smarandache Curve , m = %, é, %, Tlﬁ and s = [-5..5]

Theorem 3.6. The geodesic curvature Kg * according to a3 (s)-Smarandache curve is given by

t 4
K& Ls)i (24 — tan(ns) x5 + tan(ns) xg) ,
(1+2tan?(ns))>2
where the coefficients X4, X5 and X are
S22y L2
X = tan(ns) ‘tan(ns)”  tan(ns)  tan3(ns)’
1 3 2
= —1- r_ _
s (tan(ns) ) tan2(ns)  tan*(ns)’
1 1, 2
X = ~ tan?(ns) + (tan(ns)) tan®(ns)

Proof. If we take the derivative of (3.7) and from the equation (2.3) we get

ds* 1 1
(Tr)as - i ﬁ(_T_ an(ns) Tr + an(ns) (T ATr)), (3.8)
ds*  +/tan®(ns)+2

if take the norm of (3.8) we have, —

ds  tan(ns)v2

. We obtain the tangent of o3 (s)-Smarandahce curve as in

1
(Tr)ay, = —F———=(—tan(ns)T —Tr+ (T ATr)). 3.9
tan2 (ns) 42
The derivative of (3.9) is
tan* nsﬂ
(Tr)e, = #(X4T+ZSTT+X6(T/\TT))~

(tan2(ns) +2)2
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From equations (3.7) and (3.9) we have

1

T NTy = — (2T —tan(ns)Ty +tan(ns)(T ATr)).
(T ATr)ay g 2 )+ an(ns) (A7)
So the geodesic curvature from the equation (2.3) is
tan*(ns
KE = —()i (2x4 — tan(ns) xs + tan(ns) X ) -
(1+2tan?(ns))2
O
Definition 3.7. Let o = o(s) be a curve and {T,Tr,T ATy} be Sabban frame of this curve. Then T Ty (T A Tr)-Smarandache curve is given
by
1
ou(s) = —=(T+Tr+(TATr)). 3.10
4(s) \/5( T+ (T ATr)) (3.10)
According to equation (2.4) we can parameterize the o (s)-Smarandache curve as in the following form
1
ou(s) = 7 (cos(s) (cos(ns) — sin(ns)) + nsin(s)(cos(ns) + sin(ns)) + n sin(s),
m

sin(s)(cos(ns) — sin(ns)) —ncos(s)(cos(ns) + sin(ns)) — % cos(s), — % (cos(ns) +sin(ns)) + n) .

The shape of this curve is given in Figure (3.4)

Figure 3.4: TTy (T A Tr)-Smarandache Curve , m = %, é, é, % and s = [-5,5]

Theorem 3.8. The geodesic curvature Kg“ according to oy (s)-Smarandache curve is given as

o tant(ns) (2~ tan(ns))z; — (1+ tan(ns) 7 + Qtan(ns) - o)
# (4+/2(tan? (ns) — tan(ns) + 1)2)% 7

where the coefficients X, X7 and Xg are

B o, 2 1, 4 4 2
1= 7(tan(ns)) + tan(ns) (tan(ns)) ~ 7 tan(ns)  tan?(ns) T (ns)’
_ 1 / 1 1 , 4 2 2 2
X = 7(tan(ns)) ~ tan(ns) (tan(ns)) 7 tan?(ns) + tan(ns) *an (ns)  tan*(ns)’
o 1, 2 4 2, 4 2
= tan(ns) (tan(ns)) + tan(ns)  tan®(ns) + (tan(ns) tan3(ns) tan*(ns)’

Proof. 1f we take the derivative of (3.10) and from the equation (2.3) we get,

ds*
(Tr)ay - =

1
ds ﬁ

(-T+(1- )TT+t (T NTT)), (3.11)

1
an(ns)

tan(ns)

if we take the norm of (3.11) we have,

ds* _ \/2(tan?(ns) — tan(ns) + 1)
ds tan(ns)v/3 '

We obtain the tangent of 0y (s)-Smarandahce curve as in

_ (—tan(ns)T + (tan(ns) — 1)Tr + (T A Tr))
(e = V/2(tan?(ns) — tan(ns) + 1) ' G2

The derivative of (3.12) is

tan®(ns)v/3(x7T + xsTr + Xo(T ATr))
4(tan?(ns) — tan(ns) + 1)2

(Tr)e, =
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From equations (3.10) and (3.12) we have

_ (—tan(ns)+2)T — (tan(ns) + 1) Tr + (2tan(ns) — 1)(T A Tr)
TN Tr)ay = /6(tan2 (ns) — tan(ns) + 1) ‘

So the geodesic curvature from the equation (2.3) is

K% tan*(ns) (2 —tan(ns)) 7 — (1 +tan(ns)) xg + (2tan(ns) — 1) x9)
¢ .

(4+/2(tan? (ns) — tan(ns) + 1)2) H

O

Definition 3.9. Let 6 = 6(s) be a curve and {N,Ty,N N Ty} be Sabban frame of this curve. Then NTy-Smarandache curve is given by
1
o1(s) = —=(N+Ty).
() = S(N+T)
According to equation (2.6) we can parameterize the 61 (s)-Smarandache curve as in the following form

Si(s) = %(—

tan(ns)

nsin(s)
tan2(ns) + 1

(—cos(s) sin(ns) + nsin(s) cos(ns)) + —cos(s) cos(ns) — nsin(s) sin(ns),

—sin(s) cos(ns) 4+ ncos(s) sin(ns) — neos(s) _ __tan(ns) (—sin(s) sin(ns) — ncos(s) cos(ns)),
m tan?(ns) + 1

ntan(ns)

m+/tan2(ns) + 1

cos(ns) +n>.

The shape of this curve is given in Figure (3.5)

.
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Theorem 3.10. The geodesic curvature Kg‘ according to 8\ (s)-Smarandache curve is given by

(1 + tan2 (}’ZS)) (— tan(ns)/xlo + tan(ns)’xn + 2\/WX12>
(/T an (ns) — (tan(ns) ) ’

R
Kg =

where the coefficients X0, X11 and )13 are
., —tan(ns) —tan(ns)’ —tan(ns)’ |,
Vtan2(ns) + 1 Vian2(ns)+1 /tan?(ns)+ 1"

X ) — tan(ns)’ —tan(ns) (— tan(ns) |, — tan(ns)’ )

11 = —<4£— - —N—)
VitanZ(ns)+ 1 +/tan2(ns) + 1 Vtan2(ns) + 1 V/tanZ(ns) + 1

—2tan(ns)’ —tan(ns) —tan(ns)’ 4

V/tan2(ns) + 1 /tan2(ns) + 1 Vian2(ns)+1°

Xio =

X2 =

Proof. 1If we take the derivative of equation (3.13) and from the equation (2.5) we have

(T) ds* i( N+ To+ —tan(ns)’
Mo gy~ V2 N tan? (ns) + 1

(NATw)), (3.13)

if we take the norm of equation (3.13) we get

ds* _ \/2(1+tan2(ns)) — (tan(ns)’)?
ds V24/1+ tan? (ns) '
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We obtain the tangent of &, (s)-Smarandahce curve as in

_ —\/tan2(ns) + 1 N+ +/tan%(ns) + 1 Ty —tan(ns)' (N A Ty)
s, = V2(1 + tan?(ns)) — (tan(ns)')2 ' G149

The derivative of (3.13) is

T, = (tan?(ns) + 1)v2(x10N + 211 T + X12(N A Tyy))
L (2(tan?(ns) + 1) — (tan(ns)")2)2

From equations (3.13) and (3.14) we have

(14 tan?(ns))*(—tan(ns) (N — Ty) + 2+/1 + tan2 (ns) (N A Ty))

(NATy)s, = V2(2(1+tan?(ns)) — (tan(ns)’)?)

So the geodesic curvature from the equation (2.5) is

(14 tan?(ns)) ( tan(ns)’ x10 -+ tan(ns)’ x11 + 2+/tan?(ns) X12>

Ky =

g 3

(24/1 + tan?(ns) — (tan(ns)")2)?
O
Definition 3.11. Let 8 = 8(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then N(N A Ty)-Smarandache curve is given

by
1

s) = —=(N+NATy)). 3.15
d:(s) ﬁ( (NATy)) (3.15)

According to equation (2.6) we can parameterize the 0, (s)-Smarandache curve as in the following form

1 t i
&his) = — (ﬂ( cos(s) cos(ns) —nsin(s) sin(ns)) — cos(s) sin(ns) 4 nsin(s) cos(ns) + nsin(s) ,
V2 \\/tan2(ns) + m
tan(ns) . . . ncos(s)
+—————(—sin(s)cos(ns) +ncos(s) sin(ns)) — sin(s) sin(ns) — ncos(s) cos(ns) - ———=,
V/tan?(ns) + 1 m
ntan(ns) n
_ sm(ns) — —cos(ns) + n)
my/tan? (ns) + m
The shape of this curve is given in Figure (3.6)
Figure 3.6: N(N A Ty)-Smarandache Curve , m = %, %, %., 11? and s = [-5,5]
Theorem 3.12. The geodesic curvature K;?Z according to 8(s)-Smarandache curve is given by
2 _ i
ng _ 4/ tan(ns)” + 1 — tan(ns)
tan(ns)? + 1
Proof. If we take the derivative of equation (3.15) and from the equation (2.5) we get
ds* 1 —tan(ns)’
Vs o = ——(Ty— ———l _Ty), (3.16)
(T)s, ds \/i( tan2(ns) + 1 )

if we take the norm of equation (3.16) we have

ds*  +/tan(ns)? + 1+ tan(ns)’

ds V2y/tan(ns)> +1
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We obtain the tangent of &; (s)-Smarandahce curve as in
(TN)(;Z = 1y. (3.17)
The derivative of (3.17) is

V2(=+/tan?(ns) + IN —tan(ns) (N A Ty))

(Tv)s, =
2 /
tan(ns)” + 1+ tan(ns)
From equations (3.15) and (3.17) we have
1
NAT, = —(—N+(NATy)).
(NATN)s, ﬁ( (NNATy))

So the geodesic curvature from the equation (2.5) is

tan(ns)* 4 1 — tan(ns)’

& _
K =

tan(ns)* 4 1
O

Definition 3.13. Let § = 6(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then Ty(N A Ty)-Smarandache curve
(03(s)-Smarandache curve) is given by

1
s) = —=(In+(NATy)). 3.18
83(s) ﬂ( N+ (NAT)) (3.18)
According to equation (2.6) we can parameterize the 63(s)-Smarandache curve as in the following form
8(s) = L ( —cos(s) cos(ns) — nsin(s) sin(ns) — cos(s) sin(ns) + _tanlns) (—cos(s) cos(ns) —nsin(s) sin(ns))
V2 tan2(ns) + 1

__ tan(ns) (—cos(s) sin(ns) + nsin(s) cos(ns)) + nsin(s) cos(ns), —sin(s) sin(ns) — ncos(s) cos(ns)
tan2(ns) + 1

tan(ns)

W (—sin(s) cos(ns) 4+ ncos(s) sin(ns))

—sin(s) cos(ns) +ncos(s) sin(ns) +

__ tanlws) (—sin(s) sin(ns) — ncos(s) cos(ns)), ntan(ns)

tan2(ns) + 1 my/tan?(ns) + 1

(cos(ns) +sin(ns)) — % cos(ns)>

The shape of this curve is given in Figure (3.7)

Figure 3.7: Ty(N A TN)-Smarandache Curve , m = %, % %, % and s = [-5,5]

Theorem 3.14. The geodesic curvature Kg‘ according to 8(s)-Smarandache curve is given by

o (1) + A (2tanns) s — ytanns)’ + 160~ 215))

g = (1 + tan?(ns) + (—tan(ns)’)z)%

I

where the coefficients )13, X14 and )15 are

X —tan(ns)’ —tan(ns) |, —tan(ns)’ —tan(ns)’ 3
B Vtan2(ns) + 1 +/tan2(ns) + 1 V/tanZ(ns) + 1 VianZ(ns)+1"
Y = 1 (—— tan(ns)’ |, —3tan(ns)’ ., —2tan(ns) 4
tanZ (ns) + 1 tanZ (ns) + 1 tanZ (ns) + 1
P —tan(ns) ., —2tan(ns) |, —2tan(ns) 4

N \/tan2(ns) + 1 \/tan2(ns) + 1 N Vian2(ns)+1°
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Proof. If we take the derivative of equation (3.18) and from the equation (2.5) we get

(T) ds* l(fo —tan(ns)’ T —tan(ns)’

R — NATY)), 3.19
5 ds V2 tan2(ns) + 1 N tanz(ns)+1( w)) G149

if we take the norm of equation (3.19) we have

ds* _ \/1+tan?(ns) +2(—tan(ns)’)?
ds V2+/tan2(ns) + 1 '

We obtain the tangent of 03 (s)-Smarandahce curve as in

_ —y/tan?(ns) + IN +tan(ns)' Ty — tan(ns)' (N A Ty)
s, = V/1+tan2(ns) + 2(— tan(ns)’)? ' 320

The derivative of (3.20) is

V2(tan?(ns) +1)2
(1 + tan?(ns) +2(—tan(ns)’)?)

(Tv)s, = 5 (X13N + 14Ty + 215(N ATy ).

From equations (3.18) and (3.20) we have

(—2tan(ns)'N — /1 +tan2(ns)Ty + /1 +tan2(ns)(N A Ty)) .

V/2(1 + tan2(ns) +2(— tan(ns)’)2)

(N A T]\/)@3 =
So the geodesic curvature from the equation (2.5) is

oo (tan(ns) + D (—2ean(as) )13 — tan(ns)> +1(214 — x15))
¢ (14 tan2(ns) + (—tan(ns))2)3 '

O

Definition 3.15. Let § = 8(s) be a curve and {N,Ty,N ATy} be Sabban frame of this curve. Then NTy(N A Ty)-Smarandache curve
(84(s)-Smarandache curve) is given by

8(s) = \%(N+TN+(NATN)). 321)
According to equation (2.6) we can parameterize the 8y(s)-Smarandache curve as in the following form
&u(s) = % (= cos(s) cos(ns) — nsin(s) sin(ns) — cos(s) sin(ns) + %(,COS@ cos(ns) — nsin(s)sin(ns)) + nsi’:;(s)
B \/% (—cos(s) sin(ns) +nsin(s) cos(ns)) + nsin(s) cos(ns), —sin(s) sin(ns)
+¢% (—sin(s) cos(ns) +ncos(s) sin(ns)) — ncos(s) cos(ns) — sin(s) cos(ns) +ncos(s) sin(ns)
- \/% (—sin(s) sin(ns) — ncos(s) cos(ns)) — nc:(s) ; m\/% (cos(ns) +sin(ns)) — % cos(ns) + n) )

The shape of this curve is given in Figure (3.8)

Figure 3.8: TTy(T A Ty)-Smarandache Curve , m = % é, é, % and s = [-5,5]
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Theorem 3.16. The geodesic curvature Kg“ according to 84(s)-Smarandache curve is given by

((-2tan(osy — o+ )~ rantos 1 tantus)) )

(4v/2(1 +tan2(ns) + /1 + tan? (ns) tan(ns)’ + (— tan(ns)’)2)2)3

&
K =

(24/tan(ns)? + 1+ tan(ns) ) x13
(4v/2(1 +tan2(ns) + /1 + tan2(ns) tan(ns)’ + (—tan(ns)’)2)2)3

I

where the coefficients X6, X17 and X3 are

tan(ns) |,  —2tan(ns) —tan(ns) —4tan(ns)’ 4tan(ns)’ |, —2tan(ns) |5
X6 = -
tan2 (ns) + 1 Vtan2(ns) + 1 +/tan?(ns) + 1 Vitan2(ns) +1 y/tan?(ns) + 1 tan2 (ns) + 1
v = - —tan(ns)” |, —tan(ns)’ —tan(ns)’ |, 4tan(ns)’ 5 2tan(ns))  2tan(ns)’ 3
/tan2(ns) + 1 Vtan2(ns) + 1 /tan(ns) + 1 V/tan2(ns) + 1 Vitan2(ns)+1  y/tan?(ns) + 1
2tan(ns) 4
tan?(ns)+1
—tan(ns)’ —tan(ns)’ —2tan(ns)’ —tan(ns)’ —tan(ns)’ —tan(ns)’
Vtan2(ns) + 1 +/tan?(ns) + 1 V/tan2(ns) + 1 /tan2(ns) + 1 V/tan2(ns) + 1 V/tan2(ns) + 1

—tan(ns)’ 4
tan2(ns)+1°

Proof. If we take the derivative of equation (3.21) and from the equation (2.5) we have

ds* 1 —tan(ns)’ —tan(ns)’
T T ) R 5

— NATy)), 3.22
ds V3 tan?(ns) + 1 N tanz(ns)—i-l( M) 6-22)

if we take the norm of equation (3.22) we get

ds* \/2(1+tan2(ns) +tan(ns)'y/tan?(ns) + 1+ (—tan(ns)')?)
ds V3y/tanZ(ns) + 1 .

We obtain the tangent of d4(s)-Smarandahce curve as in

—+/tan(ns) + IN + (y/tan?(ns) + 1 +tan(ns)’) Ty — tan(ns)' (N A Ty)
\/2(1 + tan? (ns) + tan(ns)’y/tan2 (ns) + 1 + (— tan(ns)’)?)

, (3.23)

(Tn)s,

The derivative of (3.23) is

V316N + x17Tv + 218(N A T))
4(1 +tan?(ns) + tan(ns)' \/tan2 (ns) + 1 4 (— tan(ns)')2)2

(Tw)s,
From equations (3.21) and (3.23) we have

(—(y/tan?(ns) + 1 +2tan(ns) )N — (y/tan2(ns) + 1 — tan(ns)') Ty)

(N/\ 7‘]\])54 =
\/6(1 +tan? (ns) + tan(ns)’\/tan? (ns) + 1 + (— tan(ns)’)?)

(2+/tan?(ns) 4+ 1+ tan(ns)') (N A Ty) ‘
\/6(1 -+ tan? (ns) + tan(ns)’\/tan? (ns) + 1 + (— tan(ns)’)?)

+

So the geodesic curvature from the equation (2.5) is

((—Ztan(ns)’— tan(ns) + 1) x16 — 217( tan(ns)2+1—tan(ns)’))

(4v/2(1 + tan2(ns) + /1 + tan® (ns) tan(ns)’ + (— tan(ns)’)2)2)3

G4
K =

. (24/tan(ns)? + 1+ tan(ns) ) x13
(4v/2(1 4 tan2 (ns) + /1 + tan?(ns) tan(ns)’ + (—tan(ns)’)z)Z)% ‘
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Definition 3.17. Let { = {(s) be a curve and {B,Tg,B N Tg} be Sabban frame of this curve. Then BTp-Smarandache curve (& (s)-
Smarandache curve) is given by

Gi(s) = %(B#—TB). (3.24)

According to equation (2.8) we can parameterize the i (s)-Smarandache curve as in the following form

Gi(s) =

\% ( — cos(s) cos(ns) —nsin(s) sin(ns) + % sin(s), —sin(s) cos(ns) — ncos(s) sin(ns) — % cos(s), % sin(ns) + n) .

The shape of this curve is given in Figure (3.9)

1
»578° 16

o

=

o

I

Il

|

wn

L

Figure 3.9: BT3(B A Tg)-Smarandache Curve , m = %

Theorem 3.18. The geodesic curvature K(gl according to &) (s)-Smarandache curve is

1
KgCl = —————— (x19tan(ns) — xaotan(ns) +2x21)
(2-+ (tan(ns))2)}
where the coefficients X19, X20 and X1 are
Ko = —2—tan®(ns)+tan(ns)tan(ns)’,
%0 = —2—tan(ns)tan(ns) — 3tan®(ns) — tan*(ns),
X1 = 2tan(ns)+2tan(ns) 4 tan> (ns).

Proof. If we take the derivative of equation (3.24) and from the equation (2.7) we get

ds* 1
sl = 7

ds* 1
= — /24 tan2(ns).
i V3 + tan?(ns)

(—B+Tp +tan(ns)(BATg)), (3.25)

if we take the norm of equation (3.25) we have

We obtain the tangent of {; (s)-Smarandahce curve as in

1

T = —————(—B+1Ty+tan(ns)(BATg)). (3.26)
(Tw)g e (B T () (BAT)
The derivative of (3.26) is
ds* V2
). - = — B T BATg)).
(Ts)g, 7 an(m))? (X19B+ x20T + x21(B A Tg))
From equations (3.24) and (3.26) we have
1
BAT; = ——————(tan(ns)N —tan(ns)Tg+2(BATp)).
(BAT3)q, 4+2tan2(ns)( (ns) (ns)Tp+2(BNTp))
So the geodesic curvature from the equation (2.7) is
K§ = % (19 tan(ns) — x20 tan(ns) +2x21) -
(2+ (tan(ns))?)2
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Definition 3.19. Ler § = {(s) be a curve and {B,Tg,B \Tg} be Sabban frame of this curve. Then B(B A\ Tg)-Smarandache curve (& (s)-
Smarandache curve) is given by

1
G) = 5B+ (BATY). (3.27)
According to equation (2.8) we can parameterize the £ (s)-Smarandache curve as in the following form
L) = % ( —cos(s)(cos(ns) — sin(ns)) — nsin(s)(cos(ns) + sin(ns)), — sin(s) (cos(ns) — sin(ns)) + ncos(s)(cos(ns) + sin(ns)),
n .
P (cos(ns) + sm(ns))> .

The shape of this curve is given in Figure (3.10)

Figure 3.10: B(B A T)-Smarandache Curve , m =

144, 4% and s =[-5,5]

Theorem 3.20. The geodesic curvature Kgéz according to & (s)-Smarandache curve is

ng = 1+tan(ns).

Proof. If we take the derivative of equation (3.27) and from the equation (2.7) we get

ds* 1
(T)¢, - el \/E(TB —tan(ns)Tp), (3.28)
if we take the norm in equation (3.28), % = l_t?}("s). We obtain the tangent of {;(s)-Smarandahce curve as in
(T), = Ts (3.29)
The derivative of (3.29) is
, ds*
(TB)CZ . g = _B+tan(ns)(B/\TB)
From eqnarrays (3.27) and (3.29) we have
1
BAT; = —(=B+(BATp)).
(BATB)g, ﬁ( (BATg))

So the geodesic curvature from the equation (2.7) is

Kgg2 = 1+tan(ns).
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(3.30)

(T + (BN Tp)).

1
Gs) = ﬁ

Definition 3.21. Ler { = {(s) be a curve and {B,Tg,B A Tg} be Sabban frame of this curve. Then Tg(B A Tg)-Smarandache curve

(83 (s)-Smarandache curve) is given by

According to equation (2.8) we can parameterize the {3(s)-Smarandache curve as in the following form
(cos(s) sin(ns) — nsin(s) cos(ns) + — sin(s), sin(s) sin(ns) + ncos(s) cos(ns) — — cos(s), — cos(ns) + n) .

1

s) = —
C3( ) \/Q
The shape of this curve is given in Figure (3.11)
s e

and s = [-5,5]

11 1

1
358216

Figure 3.11: T3(B A Tg)-Smarandache Curve , m =

The geodesic curvature Kg§3 according to §3(s)-Smarandache curve is
1
(2tan(ns)x22 — X23 + X24) ,

Theorem 3.22.
K$ = .
(1+2(tan(ns))2)2
2tan(ns) tan(ns)’ + tan(ns) + 2 tan’ (ns)

—1—tan(ns)’ — 3tan®(ns) — 2tan* (ns)

where the coefficients X2, X3, X24 are
X22
X3 =
Xoa = —tan*(ns)+2tan(ns) — 2tan*(ns)
Proof. If we take the derivative of equation (3.30) and from the equation (2.7) we get
ds* 1
(Ts)¢, - = 7 (—B —tan(ns)Tp + tan(ns)(BATg)), (3.31)
ds* 1
= —/1+2tan2(ns).
75V (ns)
. (3.32)

if we take the norm of eqnarray (3.31) we have
ds
—B —tan(ns)Ty +tan(ns)(B A Tp))

We obtain the tangent of {3(s)-Smarandahce curve as in
1
1 +2tan2(ns)

(Ts)¢,
The derivative of (3.32) is
ds* V2
e as = T 2wt 2P AT 204 (BA )
From equations (3.30) and (3.32) we have
1
(BATB)e, = T i) (2tan(ns)B—Tg + (BATp)).

1
(2tan(ns) X2 — X23 + X24) -

So the geodesic curvature from the equation (2.7) is
(1+2(tan(ns))?)2
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Definition 3.23. Let §{ = {(s) be a curve and {B,Tg,B\Tg} be Sabban frame of this curve. Then BTg(B A Tg)-Smarandache curve
(84(s)-Smarandache curve) is given by

Lis) = %(B+TB+ (BATS)). (3.33)

According to equation (2.8) we can parameterize the §4(s)-Smarandache curve as in the following form

Gu(s) = \}’3‘ ( —cos(s)(cos(ns) — sin(ns)) — nsin(s)(cos(ns) + sin(ns)) + % sin(s), — sin(s)(cos(ns) — sin(ns)) + ncos(s)(cos(ns)

+sin(ns)) — %cos(s), %(cos(ns) +sin(ns)) + n) .

The shape of this curve is given in Figure (3.12)

Figure 3.12: BT;(B A Tj)-Smarandache Curve , m = 1, %7 4 & and s =[-5,5]

Theorem 3.24. The geodesic curvature Kg“ according to §4(s)-Smarandache curve is

(x25(2tan(ns) — 1) + x26(—1 — tan(ns)) + x27(2 — tan(ns)))

kg :
(4v/2(1 —tan(ns) + tan2(ns))2) 2

)

where the coefficients X»s, X6, X27 are

%5 = —tan(ns) +2tan(ns)tan(ns)’ — 2 +4tan(ns) — 4tan® (ns)
+2tan’ (ns),

X6 = —tan(ns) —tan(ns)tan(ns)’ —2 — 4tan®(ns) + 2tan(ns)
+2tan?(ns) — 2tan* (ns),

%27 = tan(ns)tan(ns)' +2tan(ns) — 4tan’ (ns) 4 2tan(ns)’ + 4 tan® (ns)
—2tan*(ns).

Proof. If we take the derivative of equation (3.33) and from the equation (2.7) we have

(Ta):, - % _ %(—BJF (1 — tan(ns)) Ty -+ tan(ns) (B A Ti)), (3.34)

if we take the norm of equation (3.34)

ds* 1
ds V3
We obtain the tangent of {4(s)-Smarandahce curve as in

1
(Tg)g, = V/2(1 —tan(ns) + tan2(ns)) (—B+ (1 —tan(ns))Tp +tan(ns)(BATp)). (3.35)

\/2(1 — tan(ns) + tan?(ns)).

The derivative of (3.35) is

, dst V3
Tp)g, - = 4(17tan(m)+tan2(m))2(X253+7626TB+X27(B/\T3))-

From equations (3.33) and (3.35) we have

((=1+2tan(ns))B+ (1 —tan(ns)) Ty + (2 — tan(ns) (BATp))

(B/\TB)C4 = \/6(1 7tan(ns)+tan2(ns))

So the geodesic curvature from the equation (2.7) is

(x25(2tan(ns) — 1) + x26(—1 — tan(ns)) + x27(2 — tan(ns))) .
(4v/2(1 —tan(ns) + tan(ns)z)z)%

K$ =
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