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fractional derivative is a well behaved, applicable and understandable definition of arbitrary
order derivation. Also this derivative obeys the basic properties that Newtonian concept
satisfies. In this study authors obtained the exact solution for KDV equation where the
fractional derivative is in conformable sense. New solutions are obtained in terms of the
generalized version of the trigonometric functions.

1. Introduction

Fractional differential equations (FDEs) are generalized form of the integer order differential equations. In the last decades, researchers have
worked hard for obtaining analytic solutions of nonlinear FDEs. Nonlinear FDEs are often used to describe many problems arising in many
fields such as physics, chemistry, engineering, heat transfer, applied mathematics, control theory et all. [1]-[4]. So, many authors presented
very strong methods to solve FDEs. For instance Kurt et. al. [5] studied the solutions of time fractional Whitham-Broer-Kaup Equation by
using homotopy analysis method where the fractional terms are described in Caputo sense. Tasbozan et. al. [6] employed the finite element
method for attaining the approximate solutions of diffusion equation where the derivatives are in Riemann-Liouville sense. Celik et. al. [7]
utilized Crank-Nicolson scheme to get the the numerical solutions of fractional diffusion equation. As it is seen from the given references, all
the obtained results are numerical solutions for the considered nonlinear equations. Because, the analytical methods can not be applied to the
nonlinear equations which involves Caputo, Riemann-Liouville and Riesz fractional derivative definitions. On the contrary, conformable
fractional detivative definition gives us chance to get the exact solutions of nonlinear FDEs by using new wave transformation [8] and
the chain rule [9]. For example Eslami and Rezazadeh [10] used the first integral method to obtain analytic solutions of time fractional
Wu-Zhang system. Aminikhah et. al. [11] obtained analytic solutions of fractional regularized long-wave equations using sub-equation
method. Osman et al. [12] employed the unified method to get the analytic solutions of conformable time fractional Schrodinger equation
with perturbation terms. For further details please see the references [13]-[34]. In this paper, we handle the Korteweg-de Vries equation with
a source that provides a sixth order differential equation.

D8u+20D,uDtu+40D2uD3u+120D,u* D2u + DD u + 8D uD D} u 4 4D} uD?u = 0. (1.1)

2. Conformable fractional calculus
R. Khalil et. al. [32] presented the definition of conformable fractional derivative as follows.
Definition 2.1. u' order ”conformable fractional derivative” of function g which is defined as g : [0,00) — R can be dedicated as
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forallt >0, o € (0,1). Assuming thatg is |- differentiable over some (0,a) where a > 0 and lir(r)l+ W (¢) exists, then g (0) = lir(r]l+ g™ ().
= 1—!

The other fractional derivative definitions such as Caputo, Riemann-Liouville, Griinwald-Letnikov and etc. do not satisfy basic principles

which are provided by Newtonian type derivative. For instance

. Assume that A is a constant and & € R. Then D} (1) # 0 for Riemann-Liouville derivative.

. The Riemann-Liouville and Caputo derivatives do not provide the derivative of the product of two functions.

. Di (f8) # fDa (8)+8Da (f).-

. The Riemann-Liouville and Caputo derivatives do not do not provide the derivative of the quotient of two functions

L(f ¢Di (f)—[fDi(g)

L S O R

This new definition satisfies the properties which are given in the following theorem.
Theorem 2.2. Let it € (0,1) and f,g be u— differentiable at point t > 0. Then

Ty(af +bg) =aTy(f) +bTy(g), foralla,b e R
. Tu(t?) = ptP™H forall p € R.
Ty (A) = 0 for all constant function f(t) = A.
Tu(fg) = fTu(g) +8Tu(f)-
1, (£) = M0,
8 8
. If f is differentiable, then Ty, (f)(t) = t' 7 %.

SN U AW~

3. The new sub-equation method

Consider that the general form of nonlinear fractional partial differential equation can be expressed as

tu du du ,du I*u
H(M,W,aﬂ,{a,ll a,ﬁ,)—o (31)

Using the wave transform & = kx+ wt where k and w are constants and chain rule [9] in Eq. (3.1), the independent variables and can be
changed into single variable. So Eq. (3.1) can be rewritten as

P(u,u' (§),u" (), ...). (3.2)

Consider that u(&) can be written as a polynomial in (&)
u&)=Y a;0’(%), (33)
j=0

where a; (0 < j < n) are constant coefficients to be determined after and Q(&) provides first order linear ODE of the form

Q'(&)=1n(a) (a+BQ(E) +0Q (&), A#0.1, (34)

where o, 3,0 are constants. Moreover , Eq. has the following traveling wave solutions.
Family 1.If B> —4ac < 0 and 6 # 0, then we have

B \/f (B2 —4a0)

\/f (B2 —4ao) :

0@ = L4V, : ,

0:(E) = £,¢(B;4M)cou Wﬁi““"k ,

03(8) = —£;+_(ﬁ;4ac)(tam( —(ﬁ2—4ac)§)i\/ﬁsecA( — (B2 —4ao) ))
0:(E) = £y+(ﬁ;4a(’)(co%( - (B2 —400) ) & vgesea (/- (B2~ 400t ) )
o) = B VP [ (V) 3 (E ),
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Family 2.Suppose that B2 — 406 > 0 and 6 # 0,

06(E) = BVﬁz_““"tanlu( ﬁ2_4a05>,

20 20 2
0:(8) = _212 \/ﬁZ 4°‘°coth («/ ;40«5&)7
ot - EL (oo (208 s (5.
0@) =~ PR (oo, (b2 —sact ) < igescn (/B2 - dat ) ).
0ue) = -L - vF_deo <tanhA (@5) +cothy (W;“"“’&)) .

Family 3.Consider that ¢o > 0 and § =0,

0u(®) =\ um (vaw).
026) = -/ %eou (vast),
0n(E) = /% (am (2vaoE) = ypisees (2v/e2)).
0u(e) = % (coouy (v@DE) + ypeses (VD).

0u®) 1 (i (YE7E) o (Y57))

Family 4.Regard that o < 0 and § =0,

Qi6(§) = —\/—%tanhA(x/—aci),
01(8) = —/~ Seothy (V=a0E),

08(8) = 1/~ (~tanhy (2v=00E) Fiy/pgsechy (2v-a¢))
010(8) = /—% (—cothy (2v/=aa&) + \/paeschy (2v/—acf)),

020(8) *%\/g(tanhA(\/_;Wé)ﬂLCOthA(\/_;%5))-

Family 5. When § =0 and 0 = «,

01(8) = tany (af),

On(§) = —coty(ab),

03(8) = tany (2a&) +/pgsecy (2a.8),
02(8) = —coty (2aE) £ \/pgescy (2a&),
05(8) = % <tanA (%5) —coty (%5)) .

Family 6. If B =0 and 6 = —«, chosen

0x(&) = —tanhy (a&),

027(&) = —cothy (a&),

023(&) = —tanhy 2o&)£iy/pgsechy 2al),
0x(8) = fcothA (2a&) £/pgeschy (2a&),
03(&) = —3 (tanhA < ) +cothy (55» .

Family 7.While 82 = 4ao,
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ou(e) - oG
Family 8.When beta = k , o0 = mk(m # 0) and 0 =0,
0n() = AC—m,
Family 9.When =0 =0,
03(8) = afLln(A).
Family 10.When § = a =0,
-1
034(8) GELn(A)’
Family 11.When @ =0 and 8 # 0,
B
0s5(8) = =G coma(BE) — suha (BE) T )’
qB
06(8) = G (o (BE) — sinha(BE) +0)"
0n(E) — - B (sinhg (B&) +coshy (BE))
ST 6 (sinhy (BE) +cosha (BE) + )

Family 12.When 8 =k ,6 = mk(m # 0),p =g and a =0,

pAKS

038(8) = A

Remark 3.1. The generalized version of the trigonometric functions and the generalized types of the hypergeometric functions are declared
as [33]

& _gAa—¢ ¢ -
sinhA(ﬁ):%7 coshA(é):%,
pAS —gA—¢ PAS +gA—¢
hy(€)= P2 "4 " thy (&) = 222192
2 2
sechy (§) = PAE 1 g€ cschy(8) = PAE—gA &
) Aié _ A*ié Alf + A*ié
sina(8) = =5 cosa(§) = S —,
i 2
_ pAE —qA _pAE 4 gAiE
tanA(&)*"Wv COtA(é)*lW7
seca(8) = ——— csca(8) = —
T pA 4 gaiE T pAE —gaiE

where p, g > 0 are constants and £ is an independent variable. In addition, by considering the balance between the highest order derivative
linear term and nonlinear terms appearing in ODE (3.2), the positive integer n can be defined. Replacing Eq. (3.3) into ODE (3.2), using Eq.
(3.4), and equalizing the coefficients of all the powers of Q(&) to zero, we will obtain an equation system in terms of k,w and a; (0 < j < n).
From this obtained system the values for k,w and a; can be found with the aid of a computer software. Replacing the obtained values of k,w

and a; into Eq.(3.3), we may acquire all possible solutions of Eq. (3.1).

4. Analytic results for time fractional KdV6 equation with conformable derivative

Using the wave transformation and applying chain rule [9]
u(x,1) = u(§),

Eq. (1.1) is transferred to

u
f'.j:kx-i-wt—. 4.1
u

Koul) (&) + kP w® (&) +6kPw(u' (€))% +206°u” (&) u (&) +40Ku” (&) (&) + 12%wal (€)u" (&) =0
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where the prime symbolizes the known derivative of function u(&) with respect to &. Integrating the above equation once and making some
algebraic calculations led to

KU (&) +KPwil () + 362w (') + 551" 1+ 2086 (u”)* + 1262 wurd’ = 0. 42)
Considering the homogeneous balance between u”u’ and u®) in Eq. (4.2) we obtain n+5 = 3(n+ 1); then n = 1;s0 we can write Eq. (3.3) as

u(&)=ap+a Q(&). (4.3)

Subrogating Eq. (4.3) with (3.4) into Eq. (4.2) and gathering all the same power of Q(&) together, the left hand side of Eq. (4.2) turns into a
polynomial of Q(&). Equalizing the each coefficient of the same power of Q(&) to zero led to an equation system. Solving the obtained
system due to unknowns variables ag, a; and w, the solutions can be concluded as
3(R2
—4
— M7 [ (4.4)
o3Ln(A) oln(A)

Putting the solution set (4.4) with (4.1) into (4.3) and solutions of Eq. (1.1), can be expressed as
Case LIf B2 —4ac < 0 ando # 0, then we have

0@ = ara |- L TR0 (V) )

@) = arva (LD (o (5 aa0)e) 2 e (=B awo)t) ) )

W@ = wra ﬁw(( B a0)e) v (- (52 aaa)e)) ).
where £ = s S

Case 2.Suppose that B2 —4ac >0 and 6 # 0,
2400 4ao
ug(§) = apo+a (BB %o tanhy ( >

B B22;4aocothA< —4oco >)

ur(§) = aota < p

ug(&) = ap+a <2€$+ 7%;40!6 (ftanhA ( B2 740665) +i,/pgsechy ( B2 40(65))) ,
ug(é) = ap+ta (2[374»[322:74060- (7C0thA ( ﬁ274a65> ﬂ:\/ﬁCSChA ( ﬁ24a66))> s
up(§) = ao+a <_2€7 — w <tanhA (W&) + cothy <W§>))

a* (B2 —4a0)’
o‘Ln( )x+ o3uln(A) .
Case 3.Consider that o > 0 and 8 =0,

where £ =

@) = aotan (| Sy (vace)).

@) = ar-an ([ eons (vaot) ).

@) = ot (12 (an (2v/GE) = pisees (2v/aE)) ).
i@ = avran (/% (-cons (2v@5E) £ v (205%)) ).
i) - e (o (25) o (29)
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3(B>~4ac)’
GLn( ))H'a1 oSHLn(Agy .

Case 4.Regard that o < 0 and 8 =0,

where £ =

ue() =
w7(8) =
wg() =
wo(§) =

un(§) =

a’(B*—4ac)’
where € = an( )x+ ST HInA) tH

Case 5.When f =0and 0 = «,

u1(8) = ap +atany (af),

a’(B? 4ar.r)
where £ = can( HEt loﬁan(A) tH,

Case 6.If =0 and 6 = —a,, chosen

where § = — oLn(A) o3uln(A)
Case 11.When @ =0 and 8 # 0,

where £ = —

oLn@) X T T 63uLn(A)

a__y a13(B2*4aU)2tu.

a4 a*(B*—4ac)’ e

ap—aj <\/€tanhA mé))

ag —aj (Heoth/a mﬁ))

a0t a <\/§ (—tanhy (2v/~@G&) +iy/pgsechy (N%%)))
ao+ap (H( cothy (2v—0aG&) £ \/pgeschy (2\/%5)))
0—ai <%\/j(tanhA( )+cothA (\/?5)))

un(§) = ap—apcoty (ag),

un(€) = ap+a (tang (20&) + /pgsecy (20&)),

ua(&) = ap+a (—coty (2a&)+ /pgescy (20&)),

us(&) = aota (%(ta“f‘@ )_COtA( ))

(§) = ap—atanhy (af),

(§) = ap—ajcothy (af),

28(8) = ap+ai(—tanhy (208) +iy/pgsechy (2a8)),
(§) = ap+ai(—cothy (2a&) £ /pgeschy (2a8)),
(€)

gy %1 (tanhA (%f) + cothy (%5))

uz1(§) = ao— pal[-s
0 (coshg (BE) —sinhy (BE) +p)’
un(§) = ao— qal[.}
; 0 (coshp (BE) —sinhg (BE) +4q)’
_ a1B(sinha(BE) +cosha(BE))
uz(§) = ao

o (sinhy (BE) +cosha (BE) +q)

Case 12.When 8 =k ,0 =mk(m #0),p = g anda =0,

5. Conclusion

pa]Aké

u34(§) = ao+ PRy

In this manuscript the new sub-equation method successfully applied to time fractional KdV6 equation. Analytic solutions of the nonlinear
KdV6 equation are successfully obtained. Also wave transform and chain rule are used, so the nonlinear conformable FDE changes into
differential equation with integer order derivative. As it can be from the obtained results new sub-equation method is a reliable, efficient and
applicable tool for obtaining the exact solutions of fractional partial differential equations in conformable sense.
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