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1. Introduction and Basic Definitions

The concept of the hypergroup introduced by the French Mathematician Marty at the 8th Congress
of Scandinavian Mathematicians [1]. The concept of a semihypergroup is a generalization of the
concept of a semigroup. Algebraic hyperstructures are a standard generalization of classical algebraic
structures. In a classical algebraic structure, the composition of two elements is an element, while in
an algebraic hyperstructure, the composition of two elements is a set. Many authors studied different
aspects of semihypergroups, for instance, Davvaz [2], De Salvo et al. [3], Fasino and Freni [4], Gutan [5].
The monograph on application of hyperstructures to various area of study has been written by Corsini
and Leoreanu [6]. Heideri and Davvaz studied ordered hyperstructures [7]. For semihypergroups,
we refer [2,8,9]. Hila et al. studied quasi-hyperideals of ordered semihypergroups [10]. Corsini also
studied hypergroup theory [11], [12]. Changphas and Davvaz [13] studied properties of hyperideals in
ordered semihypergroups. Most recently, Basar et al. [14-16] investigated different types of hyperideals
in ordered hypersemigroups, ordered LA-I'-semigroups and LA-I'-semihypergroups.

Let H be a nonempty set, then the mapping o : H x H — H is called hyperoperation or join
operation on H, where P*(H) = P(H) \ {0} is the set of all nonempty subsets of H. Let A and B be
two nonempty sets. Then, a hypergroupoid (.S, o) is called a semihypergroups if for every z,y,z € S,

zo(yoz)=(zoy)oz

U wou= U ve

ueyoz vexoy

ie.,
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A semihypergroup (S, 0) together with a partial order ” <
group operation such that for all z,y,z € S, we have

on S that is compatible with semihyper-

r<y=zox<zoy

and
roz<yoz

is called an ordered semihypergroup. For subsets A, B of an ordered semihypergroup S, the product
set A o B of the pair (A, B) relative to S is defined as below:

AoB={aob:ac Abe B}

and for A C S, the product set A o A relative to S is defined as A2 = Ao A. For M C S, (M] = {s €
S| s < m for some m € M}. Also, we write (s] instead of ({s}] for s € S. Let A C S. Then for a
non-negative integer m, the power of A is defined by A™ = Ao Ao Ao A---, where A occurs m times.
Note that the power vanishes if m = 0. So, A0S = S = S o0 A%, In what follows we denote ordered
semihypergroup (S, <) by S unless otherwise specified.

Suppose S is an ordered semihypergroup and I is a nonempty subset of S. Then, I is called an
ordered right (resp. left) hyperideal of S if

(i) ToSCI(resp. Sol C1I)
(i) ae ,bb<aforbe S=bel

Definition 1.1. Suppose B is a sub-semihypergroup (resp. nonempty subset) of an ordered semihy-
pergroup S. Then B is called an (resp. generalized) (m,n)-hyperideal of S if (i) B™ o S o B" C B,
and (ii) forbe B,se€ S,s<b=se€ B.

Note that in the above Definition 1.1, if we set m = n = 1, then B is called a (generalized) bi-hyperideal
of S.

Definition 1.2. Suppose (5,0, <) is an ordered semihypergroup and m,n are nonnegative integers.
Then S is called (m,n)-regular if for any s € S, there exists z € S such that s < s o x o s™.
Equivalently: (S,0,<) is (m,n)-regular if s € (s 0 S o s"| for all s € S.

2. Preliminary
We begin with the following;:

Lemma 2.1. Suppose (S, 0, <) is an ordered semihypergroup and s € S. Let m,n be non-negative
integers. Then, the intersection of all ordered (generalized) (m,n)-hyperideals of S containing s, de-
noted by [s]m n, is an ordered (generalized) (m,n)-hyperideal of S containing s.

Proof. Let {4; :i € I} be the set of all ordered (generalized) (m,n)-hyperideals of S containing
s. Obviously, (;c; A; is a sub-semihypergroup of S containing s. Let j € I. As, (,c; 4; C A;, we
have

(A)™oSo([A)" € AT oSoA}
el el
C A

Therefore, ((;c; Ai)™ oS o (Nier Ai)™ € Nier Ai as [;er Ai is a sub-semihypergroup of S containing
s. Let a € (;c; A; and b € S so that b < a. Therefore, b € (,c; A;. Hence, (,c; A; is an ordered
(generalized) (m,n)-hyperideal of S containing s.

el el

Theorem 2.2. Suppose (S,0,<) is an ordered semihypergroup and s € S. Then, we have the
following;:

(i) [8lmn = (U™ s Us™ o S o s for any positive integers m, n
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(ii) [s]mo = (U, s' Us™ o S] for any positive integer m
(iii) [s]o, = (U, s' U s"] for any positive integer n
Proof. (i) (U™ s'Us™o Sos" # 0. Let a,b € (1" s°Us™o0 S 05" be such that a < z and
b <y for some z,y € (UernSZUS oSos". Ifx,y€ s™oSos" orxGUmj;nS’ y€s™oSos"or
x€smoSos" yeUm+"s,then

xoyCs"oSos"

and therefore,
m-+n

xoy C U s'Us™o S os"
=1
It follows that aob C (1" s°Us™o Sos". Let z,y € J/""s’. Then, x = s?,y = 57 for some
1<p,g<m+n.
Now two cases arise: If 1 <p+ ¢ < m +n, then z oy C [JI]" s'.
Ifm+n<p+gq, then xoy C s™oSos™ So,zoy C (Um+" s°Us™ o S os". This implies that
(UWan 58U s™ o S 05" is a sub-semihypergroup of S. Moreover, we have

m+n m+n m—+n

(U sUs™o08]moS = (U siUsmoS]m_lo(U s'Us™oS]oS
i=1 i=1 i=1

m+n m+n

- (U siUsmoS]mflo(U s'0SUs™oS 0]
‘ i=1
m+n

C (U s'Us™o 8™ o (s0S]

m+n m+n
= (U siUsmoS]m*QO(U s'Us™oS]o(so]
i=1 i=1
m+n m+n
- (U siUsmoS]m*QO(U s'Us™oSo(s09]
i=1 i=1
m+n
- (U s'Us™o S 20 (50 8]
i=1
C (s™o Y]
In a similar fashion, we have
m+n
O(U s'Us™oSos"" C(Sos"]
i=1
Therefore,
m+n m-+n
(U siUsmoSosn]moSo(U sUsmoSos"" C (s™oSos"
i=1 i=1
m-+n
- (U s'Us™o S os"
i=1

So, (U™ s'Us™oSos™] is an (m, n)-hyperideal of S containing s; hence, [s]y., € (4" s'Us™oSos™].

For the reverse inclusion, suppose a € (U;nj;" {Us™o S os" is such that a < t for some t €
(UM s'us™o Sos™. If t = s for some 1 < j < m +n, then ¢ € 8], therefore, a € [s],. If
tes™oSos" by

™o Sos" - ([S]m,n)m oSo ([S m,n)n - [S]m7”

then ¢ € [s]yn; hence, a € [s]m,. This implies that (J"1"s' U s™ 0 S 0 s"] C [s]mn. Hence,
[S]m,n = (U;f{n s'Us™oSo Sn]-
(ii) and (iii) can be proved in a similar fashion.
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Lemma 2.3. Suppose (5,0, <) is an ordered semihypergroup and s € S. Suppose m,n are positive
integers. Then, we have the following:

(@) ([slmo)™ 0 S C (s 0 8]

(i) So (slon) C (So5"]

(iii) ([slnn)™ 0 S © ([sln)™ € (5™ 0 5 0 57]
Proof. (i)Using Theorem 2.2, we have

m-+n

(slmo)™ 08 = (| s'Usmosmos
=1

m+n m+n

= (U siUsmoS]mflo(U s'Us™oS]oS
i=1 i=1
m+n' m+n'

- (U SZUsmoS]mflo(U s'oSUs™oSo0S]
i=1 i=1
m+nA

- (U s'Us™o S o (s0S]
i=1

C (s"oS]

Hence, ([s]m,0)™ oS C (s™ o S]. (ii) can be proved similarly as (i).
(iii) Applying Theorem 2.2, we have

m-+n
([8lmn)™ o0 S = (U s'Us™oSo0s"mo8

i=1
m+n' m+n'

= (U slUsmoSos"]mflo(U s'Us™oSos" oS
i=1 i=1
m+n' m+n'

- (U slUsmoSos"]mflo(U s'oSUs™oSos"0S|
i=1 i=1
m+nA

= (U sUs™oSos" ™ Lo(so9]
i=1

— ("o

Therefore, ([s]m,n)" 05 C (s 0 S]. In a similar way, S o ([s]m)" C (S o s"]. Therefore,

([slmn)™ 0 S o ([s]m,n)"

N

N 1NN
/\/m\/-\/-\
3

[¢]
[
[¢]
V)
S

Hence, (iii) holds.

Theorem 2.4. Suppose (5,0, <) is an ordered semihypergroup and m,n are positive integers. Let
R (m,0) and L g,y be the set of all ordered (m, 0)-hyperideals and the set of all ordered (0, n)-hyperideals
of S, respectively. Then:

(i) S is (m,0)-regular if and only if for all R € Ry, ), R = (R™ 0 5]
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(ii) S is (0,n)-regular if and only if for all L € L), L = (S o L"]
Proof. (i) Suppose S is (m,0)-regular. Then,
Vse S,se(s™ol]. (1)

Suppose R € Ry, 0). As, R"0S C Rand R = (R], we have (R0 S] C R. If s € R, by (1), we obtain
s € (s™oS] C (R™o 8], therefore, R C (R™ o S]. So, (R™ o S| = R.
Conversely, suppose

VR € R(m,O)’ R= (Rm o S] (2)
Suppose s € S. Therefore, [s]m,0 € R(m,0)- By (2), we obtain

[sTm.o = (([8Jm.0)™ © 5]

Applying Lemma 2.3, we obtain
[s]m,0 € (s™ 0 5]

Therefore, s € (s™ o S]. Hence, S is (m,0)-regular.
(ii) It can be proved analogously.

Theorem 2.5. Suppose (5,0, <) is an ordered semihypergroup and m,n are non-negative integers.
Suppose A, ) is the set of all ordered (m,n)-hyperideals of S. Then,

Sis (m,n) — regular <= VA € Ay ), A= (A" 0 S0 A" (3)

Proof. Consider the following four conditions:
Case(i): m =0 and n = 0. Then (3) implies
S is (0, 0)-regular <= VA € A(g ), A = S because A = {S} and S is (0, 0)-regular.
Case (ii): m = 0 and n # 0. Therefore, (3) implies
S is (0, n)-regular<= VA € A(g ), A = (5 o A"]. This follows by Theorem 2.4(ii).
Case (iii): m # 0 and n = 0. This can be proved applying Theorem 2.4(i).

(

)E
Case (iv): m # 0 and n # 0. Suppose S is (m, n)-regular. Therefore,

Vse S,se(s™oSos" (4)

Let A € Ay As Ao So A" C A and A = (A], we obtain (A™ o So A" C A. Suppose s € A.
Applying (4), s € (s™o0Sos"] C (A™o0So0A"]. Therefore, A C (A™oSo0A"|. Hence, A = (A0S0 A"].
Conversely, suppose A = (A™ oS0 A"] for all A € A(,, ). Suppose s € S. As [s]un € A(m,n), we have

[8]im,n = (([8Jm,n)™ © S 0 ([8]m,n)"]

Applying Lemma 2.3(iii), we obtain [s]y,, C (s oS o s"], therefore, s € (s™ o S o s™]. Hence, S is
(m,n)-regular.

Theorem 2.6. Suppose (5,0,<) is an ordered semihypergroup and m,n are nonnegative integers.
Suppose R, 0) and L ) is the set of all (m, 0)-hyperideals and (0,n)-hyperideals of S, respectively.
Then,

S is (m,n)—regular ordered semihypergroup <= VR € R (m,0)VL € Lo n)s

RNL=(R"oLNRoL"

Proof. Consider the following four cases:

Case (i): m = 0 and n = 0. Therefore, (5) implies

S is (0, 0)-regular <= VR € R9,0)VL € Ly0), RN L = (L N R] because R(p0) = L(0,0) = {5} and S
is (0, 0)-regular.

Case (ii): m = 0 and n # 0. Therefore, (5) implies S is (0,n)-regular <= VR € R,)VL €
Lony,RNL = (LNRoL". Suppose S is (0,n)-regular. Suppose R € R and L € L ,). By
Theorem 2.4(ii), L = (S o L"]. As R € R(o,p), we have R = S, therefore, RN L = L. Therefore,

(LNRoL"=(LNSoL"|=((SoL"NSoL"=(SoLl"|=L=RNL



Journal of New Theory 29 (2019) 42-48 / On Some Hyperideals in Ordered Semihypergroups 47

Conversely, suppose
VR € R(O,O)VL S E(O,n), RNL=(LNRolL". (6)

If R € R, then R=S. If L € L), So L™ C L and L = (L]. Therefore, (6) implies
VL € Loy, L =(SoL"]

Applying Theorem 2.4(ii), S is (0, n)-regular.

Case (iii): m # 0 and n = 0. This can be proved as before.

Case (iv): m # 0 and n # 0. Suppose that S is (m,n)-regular. Suppose R € Ry, 0y and L € Lg ).
To prove that RN L C (R™ o LN (R o L"], suppose s € RN L. We have

s€(sMoSos"] C(s"™oL]C(R™ol]

and
s€(smoSos" | C(Ros"| C(RolL"

Hence, RNL C (R™o LN (RoL"]. As
(R™o L] C (R™oS]C (R =R

and

(RoL"| C(SoL"C(L]=L

This implies that (R™ o L] N (Ro L") C RN L, therefore, RNL = (R™o L] N (Ro L"].
Conversely, suppose
VR € R(mp)VL € E(O,n)a RNL=(R"oLNRolL" (7)

Suppose R = [s]m0 and L = S. Applying (7), we obtain [s]m0 € (([s]m,0)™ o S]. Applying Lemma
2.3, we obtain

[s]m.0 € (s™ © 5] (8)

In a similar fashion, we obtain

[sJon € (S0 s"] (9)
As R™ C R and L™ C L, by (7), we have

VR € Rimo)VL € Lon), RNL C (RoL]
As (5™ 0 8] € Rm,0) and (S 0 s"] € L), we obtain
(s" oSN (Sos" C((s"o0S]o(Sos"]]C(s™o0So0s"]
Applying (8) and (9), we obtain
[8]m,0 N [s]o,n C (s™ 0 S 0s"]

Hence, S is (m,n)-regular.

3. Conclusion

In this article, we investigated ordered hyperideals in ordered semihypergroups. Also, we studied
(m,n)-regular ordered semihypergroups in terms of ordered (m,n)-hyperideals. Moreover, we charac-
terized ordered semihypergroups by some results based on ideal theory.
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