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1. Introduction

The Appell polynomials A, (x) defined by

ft)e™ =" An(:r)g, (1.1)
n=0 :

where f is a formal power series in ¢, have found remarkable applications in different
branches of mathematics, theoretical physics and chemistry [3,4,11,19,20]. A special case

of Appell polynomials are Bernoulli polynomials B, (x), generated by f(t) = o in
(1.1). Also, Bernoulli numbers B,, := B,(0) are of considerable importance in number

theory, combinatorics and numerical analysis. They are represented as

t o tm
et—lznz::OBna (It < 2m),

or by the recurrence relation

i 1
E nt B, =0 forn>1 and By=1.
k=0 k
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Bernoulli numbers are directly related to several combinatorial numbers such as Stirling,
Cauchy and harmonic numbers. For example, except By we have

where

denote the second kind of Stirling numbers [5,9] with Sa(n,m) = 0 for n < m.

These polynomials have found various extensions such as poly-Bernoulli numbers, which
are somehow connected to multiple zeta values. Al-Salam [1] introduced the first g-
extension of Bernoulli numbers and polynomials and gave many of their properties. The
g-extensions of Bernoulli numbers and polynomials have now found many applications in
combinatorics statistics and various branches of applied mathematics.

In [12], F. T. Howard considers the following generalization of Bernoulli polynomials

t2e/2 & t"
—_ = A — 1.2
et_l_t nZ:% n(x)n'7 ( )
and more generally in [13], he considers
tNet /NI > tn
Y S B, (N,z)— 1.3
et_TN_l(t) nz:% TL( 7x)n!> ( )
where
N n
n=0 """

and N is any positive integer. For N = 1 and N = 2, (1.3) reduces to (1.1) and (1.2),
respectively.

The aim of this work is to introduce g-analogues of the hypergeometric Bernoulli poly-
nomials and numbers. The paper is organised as follows: Section 2 provides some pre-
liminary definitions and results useful for the reader. In Section 3, two g-analogues of
the Hypergeometric Bernoulli polynomials and numbers are introduced and several of
their properties are stated and proved. It is proved for example in Theorem 3.6 that the
g-hypergeometric Bernoulli polynomials of the first kind are the only ¢-Appell set with
zero moments. In Section 4, the ¢-hypergeometric Bernoulli polynomials with two real
parameters are introduced, Section 5 studies some multiplication formulas and Section 6
introduces g-hypergeometric Bernoulli polynomials of higher order.

2. Preliminary definitions and results
The following definitions can be found in [17]. Let n be a non-negative integer. The

so-called g-number is defined by

n

For a non-negative integer n, the g-factorial is defined by
n
[n]y! = H[kz]q for n>1, and [0],!=1.
k=0

The ¢-binomial coefficients are defined by

n] o bl
[k}q [kf]q![n—k‘]q!’ (_ _n).
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The following so-called g-Pochhammer numbers (a; q),, are defined by

n—1

(a;9)0=1, (a;q)n = H(l — aqk), (n>1).
k=0

It is not difficult to see that

nl _ (¢ Dn .
[k]qwq;q)k(q;q)nk’ O<k<mn)

For n = co we set

1253

oo
(a;0)00 = [ (1 —ag™), lgl < 1.
n=0
From the definition of (a; ¢)o, it follows that for 0 < |g| < 1, and for a nonnegative integer
n, we have
(a5 9)oo
@ Qn =~
(%D = Cag 0)on

This enables an extension of the ¢g-Pochhammer to any arbitrary complex number A by

oy (a39)s
(560 = (ag*; @)oo

where the principal value of ¢* is taken.
The following notation

, 0<q <1,

oyi=@-y@-—q) (-7 "y),

is called the g-power basis. It generalises the power and the g-pochhammer since

1oyl =(y;q)n and (z©0)! =a™

We will use the following two g-analogues of the exponential function e®:

ok
eq(z) = kzzjo mu

and

8

Eq(x) = Z E]k‘]

k=0
These two functions are related by the equation (see [15])

eq(2)Ey(~2) = 1.

q-

Remark 2.1. It is not difficult to see that [17, Eq. (1.14.1) and (1.14.2)]

e (r) = - 0<l|g <1, |z|<1
R (e T I =S
Eyz) = (—(1-9)2;9)0, 0<|q| <1

Definition 2.2 (g-addition, see [15]). Let z and y be two complex numbers and n a

nonnegative integer. We define the g-addition in the following way

n

(x @gy)" = Z [ Z} ahyn k.

k=0 q

Definition 2.3 (See [8]). The basic hypergeometric or g-hypergeometric function ,¢; is

defined by the series

ap, -+, ar
T¢S<

bl7"'7bs 7bS7q)k

k=0

 (ar e o Lhsr
g Z) = Z((bi i) ((—1)’“ (2)>
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where
(@1, ar)k = (a1;Q)k - - (ar; Q).

It is worth noting that the basic hypergeometric series fulfil the following identity also
known as the ¢-binomial theorem

a
1¢0< _

Definition 2.4. The ¢-derivative operator is defined by

flgz) — f(=)
(¢— Dz~

and D, f(0) = f(0) provided that f is differentiable at = = 0.

) — s @D (020)x ]
& ) 2. (¢ On (23@)00 0<lal <1, |zl <1. (2.1)

n=0

qu(x) = x #0,

The g-derivative fulfils the following product and quotient rules [15]

D, (f(t)g(t)) = [f(qt)Deg(t) + g(t)Dgf(2). (2.2)
SO\  glgt)Dyf(t) — fqt)Dyg(t)
D (g(t)) - : 9(t)g(aqt) T 23)

Definition 2.5 ([7, page 36], see [15]). Suppose 0 < a < b. The definite g-integral is
defined as

b o0
| @ = (1= ap Y- 0" 0",
n=0
and
b b a
| r@de = [ r@de = [ @
Definition 2.6. The ¢-Gamma function is defined by

_ @9 o s
Fy(x) = (qx;q)oo(l q) " 0<g< 1.

Remark 2.7. From Definition 2.6, the ¢-Gamma function is also represented by
Ty(z) = (1= 9)' " (g; Q)a1-
Note also that the ¢-Gamma function satisfies the functional equation
Lg(z+1) = [z]lg(x), with Ty(1) =1.
For arbitrary complex «,

al _ @5k, ok ak—(%)
{k]q_ (¢; D)k e '

Or more generally, for all complex o and 8 and 0 < |¢| < 1, we have

{a] . Py(a+1) _ (@) (@ @)
Bly" To(B+1Tg(a—5+1) (45 @)oo (q°H: )oc
Definition 2.8 ([15]). The ¢-Beta function is defined for ¢,s > 0 by

1
By(t,s) = /0 1o qx)z_ldqx. (2.4)
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It is worth noting that the ¢-Beta function and the ¢-Gamma function are related by
[15, Eq (21.17)]

By(t,s) = Flfjlejfg) (2.5)

The following Cauchy product for infinite series applies

(£4) (E2)- £ on)

n=0 \k=0

In particular, if A, = a"$' and B, = b"ix‘, then we have
[n]q! [n]q!
> anz” >, bz > L [n] z"
—_— — | = apbp—k | ——-
(S50 (S ) - S (B[] o) i

3. g-hypergeometric Bernoulli polynomials with one parameter

The classical g-Bernoulli polynomials were introduced by Al Salam in [1] by the following
generating function

teg(t) _ ot
) 1 2 PR 3

We introduce the g-hypergeometric Bernoulli polynomials by the following generating
function

tN/[N],! : > tn

eq(t) — TN_1,q(t)€q = nZ::OB”’q(N’x)[Th!’ (3.2)
where
N
n=0 [n]

and the ¢g-hypergeometric Bernoulli numbers of the first kind by
Bn,Q(N) = BnﬂI(N? O)v
and they are generated by
tN /[ L
B .
eq(t) — TN 1,4(t Z al [ Jo!
Note that when N = 1, we recover the ¢g-Bernoulli polynomials (3.1).

We also introduce the g-hypergeometric Bernoulli polynomials of the second kind by
the generating function

£ /[N),! "
42/ B g(N, 7). (3.3)
i S o) = L d BV
where )
N n
q\2/t"
Sng(t) = ;
! nzz:o [n]q!
and the ¢g-hypergeometric Bernoulli numbers of the second kind by
%W‘I(N) = %MQ(N? 0)7
and they are generated by
tN /[N] "
) ——. 3.4
Eq(t) — SN 1,4(t Zq [”]q! 34
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When N =1, (3.3) reduces to (5.2) in [2] and (3.4) becomes (4.2) in the same paper. Note
also that both (3.2) and (3.3) are g-analogues of (1.3).
It should be noted that in [18], the authors introduced the two-dimensional generalization

[m 104](

of the Bernoulli polynomials By, x,y) defined by the generating function

" ¢ [m 1a "
<eq<t> - Tm_l,q@)) Z Pr e

and studied several of their properties. Another important generalization can be found in
[21] but all these generalizations are different from ours.

3.1. The ¢-hypergeometric Bernoulli polynomials B, ,(N, z).

Proposition 3.1. The q-hypergeometric Bernoulli polynomials have the following repre-
sentation

~[n ne ~[n
BuaNa) = 30| 1| B =3 | 1] Bt @5)
k=0 q k=0 q
Proof. From definition (3.2), it follows that
> tn tN/[N],! > tn
B, ,N,z)— = eq(at 4 = eq(xt B, (N
2 PN = b e 2 PR

— (i " T '> (i Bn,q(N) A '>
n— [ ]q- n=0 [n]q

0

Proposition 3.2 (g-analog of [10, Eq. (2.13)]). The following power representation holds

n - n [’I’L — k]q'
z" = [N]q!kz:% [ . LMBk,q(N,x). (3.6)

Proof. First, observe that

eq(t) = Tn_14(t) [Nl & o  m
tN/[N]qllq oo nlq! q'nz_:o N +nl,

From (3.2), it follows that

e A eq(t) — Tn_1,4(t) & tn
2y = el = gN/&]ql!q();)B"’q(N’x)W

00 £ o0 tm

- (8 ) (S o)
oo n n n—k q! n

= [N],! Z (Z {kL[]V[—i-n—]khlBkﬂ(N’ l‘)) ;] R

n=0 \k=0 [ q°

nN[

The result follows by collecting the coefficients of t™ on both sides. O
Corollary 3.3. The following equation applies

N Y=o (3.7)

g [n — klg! [
0 ifn>0

2 [ZLMBMN) -

k=0
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Proof. Take x =0 in (3.6). O

Theorem 3.4 (g-analog of [10, Eq. (2.16)]). Let N € N*, the following equation holds for
the q-hypergeometric Bernoulli polynomials

1

1
10 ¢2)Y 1B, (N, z)dx = ——
/0 ( q )q ,Q( ) q [N]q

5n,0' (3.8)

Proof. From (3.5), we have:

n

1 1
/0(1@qx)f]vlen7q(N,x)dqx = Z[Z] th(N)/O (1eqz)) 12" d,a.

k=0 q

Using the definition of the ¢-Beta function given by (2.4) and Relation (2.5), the previous
relation gives:

1 n
/0 (1@qx)5*13n7q(N,x)dqx = Z {Z] B ¢(N)By(N,n —k+1)
q

il
o

From (3.7), it follows

Al(l@qx)g—an,q(N,x)dqm _ [N1]q!i[m [[Wk_]q!!Bk,q(N)zl(gmo.

Proposition 3.5. The following equation holds
DyByq(N,x) = [n]qBp-1,4(N, ).

Proof. First observe that

n—l
q(eq(xt)) Zan: tz n-l 1], T = teg(at).
Thus, we have
+o0 n N
t " /[N]g!
DB, (N, x)—— = teg(xt
2 DeBraMonpry =t G 0
400 tn+1
= B ) (N7x)7
nz::() il [n]q!
= By_14(N,z)———
n=1 [ _1]11‘
“+o00 tn
= B,_14(N
n;l[n]q n 17q( 71')[71](1‘

The result follows by identifying the coefficients of ¢”. O
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Theorem 3.6. The q-hypergeometric Bernoulli polynomials By, 4(N,x) are the only g-
Appell polynomial set with zero moments, satisfying

BOJZ(N7 ‘T) = 17 (39)
DyBrg(N.z) = [n]yBrra(N, ), (3.10)

1 1
/0(1@qx){]V—1Bn,q(N,x)dqx R (3.11)

Proof. 1t is already clear from equation (3.8) and Proposition 3.5 that the Bernoulli
polynomials By, 4(V, z) satisfy (3.9), (3.10) and (3.11). Conversely, assume that a family
of polynomials P, 4(IV, z) satisfies (3.9), (3.10) and (3.11). By defining the series

n

o0
t
H(z,t) = Pog(N,2)—.
n=0 [n]q
From (3.10), it follows that Dy, H(x,t) = tH(x,t). Hence H(z,t) = eq(at)h(t) where h(t)
is arbitrary unless additional constraints are given. It is now clear using the condition
(3.11) that

/VMM@N*H@wdx=:/VNM@N*<§N)uth">dx
0 ’ q 0 n,q ) q

n=0 [n]q'
— " [t N-1
- [n]q‘/o (16 q2)N 1P, o(N, )dyz
n=0 :

1

[Ny

The same integral can be computed otherwise in the following way

1 1
/ (16 g0V H(z, )dye = h(t) / (16 qz)V e, (at)dge
0 0

n

! S (2)
= h(t)/o (16 qz)N lnz:% i, dyx

oo tn

= h(t) Z — /1(1 o qx)Na"d,x
n=0 [n]q' 0 !

_ — 1" Fq(”"‘l)rq(N)

= h@); g TN +n+ 1)

0
[eS) n

= [N —1],'h(t) nz::O Nl

— N — 1],a?) _thl(t)
Hence, we get

_ tN/[N]!
0= W Tva

and so P, 4(N,x) = By 4(N, x). O

Remark 3.7. Theorem 3.6 says that the g-hypergeometric Bernoulli polynomials can be
defined by the three equations (3.9), (3.10) and (3.11).
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3.2. The ¢-hypergeometric Bernoulli polynomials B, ,(N, z).

Proposition 3.8. The g-hypergeometric Bernoulli polynomials of the second kind have
the following representation

~[n “n n—
’Bn,q(N,l‘) = Z [/{} qk(k )%kvq(N)x F
k=0 q
= 2 [H ¢ B g g ()2
k=0 q
Proof. From Definitions (3.3) and (3.4), it follows that
o] n N | o n
(3) o /[Nl () E
q 2By (N, = F,(xt = F,(xt q 2By (N
20BN = Bl g g ) 2 Bl

_ (iq(g)ﬂf” t”'> (i q(Z)%mq(N)tn‘)
n=0 [n}q n=0 [n]q

o (1 Nl k(k-n nek) t"
= 3 4B (Z [k} k=B, (N)z ) o
n=0 k=0 q q
The result follows by identifying the coefficient of t” on the both sides of the equation. [

Proposition 3.9 (Second g-analog of [10, Eq. (2.13)]). The following power representa-
tion holds

2" =[Nl Y [” Lq(g”(mg_k)_(g)m%k,q(N, g

Proof. First observe that

Ey(t) — Sn—1,4(t) [Ny} & Mt > niN "
tN/[N]q!l TN qum[n]q!—w]q%q( )[N+n]q!'

From (3.3), it follows
= ()on " _ Ey(t) — Sn—14(t) ¢

> n+N t" > n tn
_ ), (Zq< ; >M> (Z q<2>%n,q<N,x>W>

n=0 ’ n=0

n

= (¥ 3 o9 (Z K Lq< P >[N+n_qk]q!%k,q<N,x>>

k=0

n

[nlg!
The result follows by collecting the coefficients of t” on both sides. O

Corollary 3.10. The following equation applies

n

n k n+N—k)_ (n [n _ k]q! 1
kz:% { ; Lq<2>+< ¥) <2>M%k,q<m = Wt

Proposition 3.11. The following equation holds
D¢Bng(N,z) = [n]¢Bn-14(N, qz).
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Proof. Observe first that
Dy(Eq(xt)) = tEq(qat).

Thus, we have

+o0o n N
t £ /[N,
DSB8, ,N,x)— = tE t
nz:‘f) BN, ) [n]g! olaw )Eq(t) — Tn-1,4(1)
00 tn+1
= Z% n,q(N, qz)
n=0 [ ]Q'
+oo tn
= Bp—_1,4(N, qx)i
2 BuraN )
> "
= [n]¢Bn—14(N,qx)
n=1 ! / [n]q'
The result follows. OJ

4. The ¢g-hypergeometric Bernoulli polynomials with two parameters

Note that
eq(t) —Tn-14() = [N]g!
N ,;)[Nw] t*

“+o00

- St
k=0 [I(l—qN”)

B +00 ) (1= q)ktk

B Z N+1 k (Qaq)

= <q+1 Q>1_Q)>

Thus, we observe that the generating function (3.2) can be expressed in terms of the basic
hypergeometric function (see Definition 2.3)

tNe,(xt)/[N],! eq(xt) > "
- = r_ — a = Bng(N, x)n— (4.1)
q(t) = Tn—1,4(1) 20 < (]J\;El g, (1— q)t) n—=0 [n]q!

We therefore use (4.1) to define the g-hypergeometric Bernoulli polynomials in two con-
tinuous parameters M and N by

M+1€q0(xt) = Z By q(M, N, $)[;]| (4.2)
2¢1< qu—i-N’—i-l q,(1— Q)t> =0 “

Obviously, for M = 0 and N a positive integer, we have B, 4(0,N,z) = B, (N, z)
where By, (N, ) is the g-hypergeometric Bernoulli polynomials defined by (3.2). These ¢-
hypergeometric Bernoulli polynomials with two parameters are g-analogs of the Bernoulli
polynomials in two parameters introduced in [6]. Also, we introduce the g-hypergeometric
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Bernoulli numbers in two parameters By, ,(M, N) = B, (M, N,0) by the generating func-
tion
1 TL
Z By, q (M,N)z— [n],!
q, (1 - Q)t> =0 B

Proposition 4.1. The following equation holds
Dan»Q(M7 N, :L') = [n}an*Lq(Ma N, 55)
Proof. The proof is similar to the proof of Proposition 3.5. U

Proposition 4.2. The g-hypergeometric Bernoulli polynomials with two parameters sat-
isfy the following relation
n
n _
Bug M. N, (2 00 ) =3 | | Bra(LN. 2y, (4.3
k=0 q
Proof. To prove (4.3), we first of all remark that the g-exponential function satisfies (see
for example [16])
eq(wt)eq(yt) = eq((x Sq y)t).

Using this equation we have

n

n=0 q-

= eq((z g y)t) _ eq(@t)eq(yt)
qM+17 0 qM+1, 0
2¢1< qM+N+1 Q7(1—q)t> 2¢1< qM-‘r-N-‘r-l q,(l—q)t)

(o) (505

n=0
[o.¢] n n
n _ t
S (S [1] maton o) o
n=0 \k=0 q ry
This proves the proposition. O

Corollary 4.3. The q-hypergeometric Bernoulli polynomials with two parameters satisfy
the following relation

n—1
n

Bng(M,N,(z®q1)) = Bpg(N,z)=>_ [ K } Byq(N, ).
k=0 q

Proof. Take y =1 in (4.3). O

Corollary 4.4. The q-hypergeometric Bernoulli polynomials with one parameter satisfy
the following relation

BraN. (0 ®y9) = Y- | | Bra(¥,a)" .
k=0 q

Proof. Take M =0 in (4.3). O

Proposition 4.5. The q-hypergeometric Bernoulli polynomials with two parameters have
the following explicit representation
n

Buo(M,N,z) =Y {Z] By g(M, N)z" ", (4.4)
k=0 q
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Proof. The proof is similar to the proof of Proposition 3.1. U

Proposition 4.6 (g-analog of [10, Eq. (3.5)]). For real M > 0 and N > 0, the g-
hypergeometric Bernoulli polynomials with two parameters satisfy the following represen-
tation

n:Fq(M+N+1)§n:{"]FFq(M+”’”1) Bug(M,N,z).  (4.5)

T,(M+1) %~ JM+N+n—k+1)

Proof. From the definition of the g-hypergeometric Bernoulli polynomials with two pa-

rameters (4.2), we have
oo tn
q, (1_Q)t> (Z Bn,q(MvNa:E) |>
[n]q!

00
> "
n=0

=0
M+1 n " o0 tn
( MWHLMMM><ZBW“LM@MM>

n M+1 0

q )
.'L't) - ngl( qM+N+1

TLq.

Z

0 n=0
Sy = qu M N z) (M)t 1 m
= (@MHNFL q) g [0 — Klg!

B M+N+1) n] TyM+n—k+1)
Z( T,(M+1) Z|:k:|qrq(M+N+n—k+1)

n

B, 4(M, N,x)> [n—w.

The result is obtained by identifying the coeflicients of t” on the both sides of the previous
equality. O

k=0

Corollary 4.7. For real M > 0 and N > 0, the following equation applies

n I'y(M+1 .
2 |k T, + N +n—k+1) k) - ' (4.6)
=0 qla n 0 ifn>0

Proof. Take x =0 in (4.5). O

Theorem 4.8 (g-analog of [10, Eq. (3.3)]). For real M > 0 and N > 0, the following
equation holds for the q-hypergeometric Bernoulli polynomials with two parameters
! Ly (N)Ty(M)
M—-1 N—-1 q q
1 By M,N,z)de = —————=
)+ S B (M N @)y = S
Proof. From (4.4) and (4.6), if follows

1
/ (1e qx)flv_lxM_an,q(N, M, z)d,x
0

n 1
n _ n—k—
= § {k:] Bk’q(M’N)/o (1@qx)év LpMtn—hk=1g o
k=0 q

- ~[n Ly(N)Ly(M +n — k)
_Z{ ]qrq(M+N+n—k) Biq(N, M)

) Ly(M+n—k)
_FQ(N)Z{kLFq(MJrNJrn—k)Bk’q(N’M)
_ Ty(N)Ty(M)
T T, (M4 N)

0

Remark 4.9. Observe that (4.4) and (4.5) are inversions of each other. Moreover, The-
orem 4.8 reduces to the g-beta function By (M, N) for the case n = 0.
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5. Some multiplication formulas

Proposition 5.1. Let a be a non zero complex number. The following equations apply

Bug(M,N,z) = Z[H (a; Q)ka* By (M, N, az) (5.1)
k=0 q

a" By 4 (M,N, Z) = Z[Z} (a;q)kan_kkan,k(M,N,x). (5.2)
k=0 q

Proof. From (4.2) and the ¢-binomial theorem (2.1), we get

) " B eq<$t)
;Bn,q(M7 N7 l‘) [n]q' - qM+1,0
n 201 qM+N+1 7 (1 B q)t
_ eq(axt) eq(at)
M+1 eqlax
2¢1< ;MJFN’JrOl q7(1—Q)t> o
= (i Bn,q(Mv N, a‘r)tn> (i (a; q)nxntn>
0 [n]q' n=0 [n}q'
= 3 (Z [Z} (a§Q)kkank<M7N7aw)> t”'.
n=0 \k=0 q [n]q

This proves (5.1). From (4.1) and the g-binomial theorem (2.1) again, we get

> A eq(zt/a)
2¢1 qM+N+1 q, (1 _q)t
ey(at) ey(at/a)

q

M+1
g0 eq(t)
2¢1< M+N+1 q, (1 - Q)t> !

oo m 0o N
= <n§::0 By q(M, N7x)[n]q!> (%(G;Q)n <a> [n]q!>
) 1 Tn .
- n=0 <an kz:;) |: k :|q(a7 q)ka kkan_k(M’ ,:E)) [i]ql

Note that (5.1) reduces to [1, Eq (6.2)] where as (5.2) reduces to [1, (6.3)] for M =0
and N = 1.

Proposition 5.2. Let a be a non zero complex number. The following equations apply

n

Bpg(N,z) = q_(g) > [Z] q(n;k)(a S l)gkan,k,q(N, ax) (5.3)
k=0 q
B2 = ¢ O[] D 0t B Nor). 6

k=0 q
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/[N,
Eqg(t) = Sn-14(t)°
identity (which follows from the g-binomial theorem (2.1))
Bat)  (l—qatige & (@01)
Eqlazt) (1 -qart;q)ee ‘= [nlg!

Proof. Let’s define the function H(t) = Then from (3.3) and the

z"t",

it follows that

0 o B Eq(xt)
nzoq(ﬁqsn,q(N,x)[n]q! = H@Eat) = HOB(at) 0
_ (s, az) °°<a@1>3$nn>
(S mavan ) (5 e
= S (3 [7] U @e ke az) | -
3 (2|5 ] o vt masay >> o
(5.3) follows. (5.4) follows from (5.3) by substituting = by 7. O

6. Recurrence relations and ¢-difference equations

In this section we prove some recurrence relations and ¢-difference equations for the g¢-
hypergeometric Bernoulli polynomials.

tN /[N,
Lemma 6.1. If G(z,t) = 4 eq(at), then,
f ( ) eq(t) _TN—l(t) q( )
104G (w,t) = (¢Vtx + [N]g) G(a, 1) — (¢ + [N],G(0, ) G(z, qt). (6.1)
N
Proof. Applying the product and the quotient rules (2.2) and (2.3) with f(x,t) = Weq(xt)
q!

and g(t) = eq(t) — Ty—1(t), it follows that

Dy f (x,1) {(gt)Vaeq(wt) + [N]tV ey (at)}

[Nl]q!
= {qu+ [Nt]q}f(w,t)

and N
DQ:tg( ) - eq(t) - TN—Q(t) = g(t) + [N — 1]q'
Hence
N-1

Theorem 6.2. The g-hypergeometric Bernoulli polynomials By, (N, x) are solutions of
the following recurrence relation

(Il = IN]g)Bog(N,2) = [0y (¢V2 = ¢" ") Buorg(N, )

—[Ngd" Y { . } By—1g(N)Byy(N, z).
k=0 q
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Proof. Observing that

+o0 tn
G(z,t) = > Bng(N, a:)[ T
n=0 q
the left-hand side of (6.1) gives
“+oo tn
tDgG(z,t) = Z[n]quq(N, a:)[n—] (6.2)
n=0 q-
If we denote by A the right side of (6.1), then we have
tn +o0o tn+1
A = ¢t Z 2By (N Z Bp4(N — Y Bug(N,2)q"
[ [ (P —— [n]y!
v (ZB (V)" ) (ioB (N2 )
1\ & e [an! nalN D
= Z 2Bam14(N,2) ZBn S ™ By (N.)
" ol [ ol [n]q' = ! [n]!
+o00 n n . L n
—[Nlq Z (Z {k] B —k,q(N)q" "By 4(N,x)q > W
n=0 \k=0 q 7
Hence, the right side of (6.1) gives
+oo
A = 3 (Ml Ba1,4(N,7) + [N]gBng(N, 2) = [nlgq" "By 1,4(N, 7)
n=0
n n o n
“INlg | 22| | Booka(N)a" ™ Brg(N, 2)q" : (6.3)
k [n],!
k=0 q q
Considering the fact that (6.2)=(6.3), we get the proof of the Theorem. O

Theorem 6.3. The g-hypergeometric Bernoulli polynomials are solutions of the following
g-differential equation

(¢Ve = a"") DyBug(N.2) = (Inly — [NmBn,q(N z)

+Z

Proof. Using Theorem 6.2 and Proposition 3.5, we obtain the result. O

Bk (N)DE By (N, z).

7. g-hypergeometric Bernoulli polynomials of higher order

Let r be an arbitrary complex number. We define the ¢-hypergeometric Bernoulli
polynomials of order r by

eq(zt) "

T ZB (M, N, x) Tomk (7.1)
l2¢1< qM+N+1 Q7(1_q)t)]
and the ¢g-hypergeometric Bernoulli numbers of order r by the generating functions
1 — () t"
(M,N)—— (7.2)

T Z Bn,q 5 [n] E
g,(1 - Q)tﬂ = v

qM+1, 0
201 gMH+N+1
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Proposition 7.1. The q-hypergeometric Bernoulli polynomials of order r fulfil the follow-

ing representation
n

BOOLN.) =S| | B, (M. M)t

k=0 q
Proof. From (7.1) and (7.2), it follows that
Z B(T) M, N, ) : o M+1eq(act) T
[n]Q' q aO 1
2¢)1 qM+N+1 q?( _Q)t
- (fﬁ B (0, N) ) (fﬁ " )
e (! ) \i= [l
_ f: <zn: {Z] Bkaq(M,N)xk> tn'
n=0 \k=0 q [nlq
O
Let’s define the function F,(t) = ! and G, (z,t) = F,(t)eq(xt).

qM+1 0 r
|?¢1< qM+N+1 Q7(1q)t>
It is obvious that G, (x,t) generates the g-hypergeometric Bernoulli polynomials of order
r whereas F.(t) generates the ¢g-hypergeometric Bernoulli numbers of order 7.

Proposition 7.2. The following q-addition formula holds

B (MN.w@g9) = X |} | BEOLN. 0B, (M. Noy).
k=0 q

Proof. The proof follows from the equation G,s((x €4 y),t) = Gr(z,t)Gr(y, t). O

Corollary 7.3. The following equation applies

n

(x@ey)" = {k] B{)(M,N,z)B{})(M,N,y)
k=0 q

Corollary 7.4. The following equation applies

T T8 = -n-
BN, =3 [
k=0"- -9

BY (M, N)B{')(M,N,x).

For example, for s = 1, we get

r [n ]
BUIY(M,N,z) =" By_(M, N)B{)(M, N, ).
k=0"- -9

8. Conclusion and further remarks

In this paper we have introduced two kinds of ¢-hypergeometric Bernoulli polynomials
that generalized the hypergeometric Bernoulli polynomials introduced in [6], extensively
studied in [10,14] and the reference therein. Classical results are obtained from the results
of this paper by taking the limit as ¢ tends to 1. These new families of g-Bernoulli
polynomials will probably find applications in many areas of applied mathematics.

Acknowledgment. We would like to thank the anonymous reviewers whose valuable
comments and remarks helped a lot to improve the manuscript.
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