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Abstract

The Tutte polynomial of a graph is a polynomial in two variables defined for every simple
graph contains information about how the graph is connected. We prove some formulas
for computing Tutte polynomial of bicyclic and tricyclic graph and finally classify tricyclic
graph with respect to Tutte polynomial.
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1. Introduction

Let G be a simple graph. The vertex v is reachable from another vertex u if there is
a path in G connecting u and v. In this case we write vau. A single vertex is a path of
length zero and so « is reflexive. Moreover, we can easily prove that « is symmetric and
transitive. So « is an equivalence relation on V' (G). The equivalence classes of « is called
the connected components of G. A unicycle graph has only one cycle. An induced cycle
means a cycle which is not contained another cycle as subgraph. A bicyclic graph and
tricyclic graph mean, a graph contains two or three induced cycles, respectively. A bridge
is an edge whose removal will cause the number of connected components to increase and
a loop is an edge whose endpoints are the same vertex.
The Tutte polynomial of a graph G, T(G;z,y) defined by Tutte and Whitney is a poly-
nomial in two variables defined for every simple graph contains information about how
the graph is connected [1,2,6,8-11]. To define this concept, we need some notations. The
edge contraction G/uv of the graph G is a graph is obtained by merging the vertices u
and v and removing the edge uv. We write G — uv for the graph where the edge wv is
merely removed, see Figure 1. Then the Tutte polynomial of graph G is defined by the
recurrence relation between graph G, G — uv and G/uv as follows:
(i) If e is neither a loop nor a bridge edge, then T(G;z,y) = T(G — e;x,y) +
T(G/e;x,y),
(ii) If e is a bridge edge, then T'(G;z,y) = 2T (G — e; z,vy),
(iii) If e is a loop edge, then T'(G;z,y) = yT(G — e; x,y).
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Figure 1. The Graph G, G-uv and G/uv.

If G contained 7 bridges and j loops and G’ is obtained by deleting of all bridges and loops
of graph G, then T(G;x,y) = 2'y?T(G'; z,y). If G contains i bridges and j loops and no
other edges, then T'(G;z,y) = 2'y/. In particular, T(G;x,y) = 1 if G contains no edges.
The importance of the Tutte polynomial T'(G;x,y) comes from the algebraic graph
theory as a generalization of counting problems dependent to graph coloring. It is also
the source of several central computational problems in theoretical computer science. We
note T(G; z,y) = T(G) briefly. In this paper we study on the Tutte polynomial of bicyclic
and tricyclic graphs. In [3-5,7]. We classify bicyclic and tricyclic graph with respect to
their Tutte polynomials. All over of this paper we assume that all graphs are simple.

2. Main results

In this section, at first we mention to the Tutte polynomial of special graph such as tree
and cycle. Then by using these results continue our argument for all class of bicyclic and
tricyclic graphs.

Lemma 2.1. Let T, be a tree with n vertices. Then T(T,) = 2™~

Proof. The proof is straightforward by definition of Tutte polynomial. O
n p—

Lemma 2.2. Let C), be a cycle on i vertices. Then T(Cy,) = e 1x +y.
a’: p—

Proof. Let e be an edge of cycle C),. By definition of Tutte polynomial, we have

T(Cy,) =T(Cy,) —e+T(Cyn/e)
=T(P,) +T(Cp-1)
=z ! + T<Pn—1) + T(Cn_g)

:x"_1+x”_2+---+x4+T(Cg)
=" a2t St a4y

" —x

:a:—l + .
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Remark 2.3. We note that in this paper C; means a loop, then T'(C7) = y. Also Cy means
a graph with two vertices and double edge between these vertices and it is easy to see that
Cy — e is a single edge and Cy/e is a loop. Hence T'(C2) =T(Cy —e) + T(Ca/e) =z + y.

Theorem 2.4. Let G be a connected graph with t disjoint cycles of size ni,na, -+ ,ng.
Then the Tutte polynomial of G is
t n;
G) r -
I1(5 -

=1

where b(G) is the number of bridges of G.

Proof. We begin by deleting the bridges of the graph G. Suppose B = {e1, €2, , ey}
is the set of all bridges of G. Then we have:

T(G) = 2T(G — {e1}) = 2°T(G — {e1,e2}) = --- = 2"DT(G — {ey, €2, - -- s eh(G) 1)
Since all the cycles of the graph G — {e1,e2, -+ , ey} are disjoint, then by a well-known
result we can conclude that T(G — {e1, €2, - ey }) = [li <xx2_—1x + y) and then
T(G) = MO [T, (1‘ —7 + y), which completes the proof. O

x [R—

Example 2.5. Let G be a graph with three disjoint cycles, Cy,, C,, and C;. All cases of
position of cycles are shown in Figure 2. Then the Tutte polynomial of G is obtained as,

T(G) = XA T(C,,)T(CL)T(C)).
()
O—0O—0

CO—=0O

Figure 2. Different positions of cycles in the class of tricyclic graph with disjoint
cycles.

Theorem 2.6. Let G be a graph with two induced cycles, Cp, and Cy, with a common
path P;. Then, the Tutte polynomial of G is obtained as follows:

@'til — X

T(G) = 2@ (T(Cm_t+1)T(C’n_t )+ ==

T(Cm+n—2t+2)> .

Proof. By Theorem 2.4., one can see that if H is a graph, constructed by deleting
bridges of G then T(G) = 2" T(H). The graph H is a graph constructed by two
induced cycles, C,, and Cp,, such that they have a path P; in common, see Figure 3.
Let P, : viejvoes - -vi_1€4_1v; be common path between C,, and C,. Then we have
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Vi
Figure 3. Graph H with two induced cycles, C), and C,.

T(H) = T(H/e1) + T(H — e1). Since H — e is a unicycle graph, then T(H — ;) =
' "2 H(Cpyin_2t12). By continuing this process, we have
T(H)=T(H/ei/e2) + T(H/e1 —e2) + T(H — e1)
ZT(H/€1/62/63> + T(H/el/eg — 63) + T(H/€1 — 62) + T(H — 61)

=T(H/erfea/ - [er1) + T(H[er/ez/ - [er—2 — e11)
+T(H/ei/ea) - [er—3 —er—a2)+ - +T(H/er —e2) + T(H — e7)
=T(Cr—t+1)T(Cn—t1) + T(Crnyn—2t12)
+ 2T (Crgn—2t42) + - + 22T (Crgn—ot42)
-t -1

=T(Cr—t4+1)T(Cp—t41) + 1

T(Crmgn—2t+2)-

Since T(G) = 2@ T(H), then

t—1 _ 1
7T(Cm+n—2t+2)) 5

r—1

7(G) = 2" (T(Cm—t+1)T(Cn—t+1) +
and the proof is completed. ]

Notation. Let G be a graph which instructed with two induced cycles, C,, and C,,
such that they have a path P, in common. We denote this graph by G = G(C,, Cp, ;).
By this notation, in Theorem 2.6, we have T(G) = 2@ T(G(Cyn, Cn, Pr)).

Corollary 2.7. Let G be a tricyclic graph with two non-disjoint cycles Cy,, C,, with a path
P, in common, and a disjoint cycle Cy, all cases of position of cycles are shown in Figure
4. The strict formula for Tutte polynomial of G is T(G) = 2" T(G(Chn, Cn, P))T(C).

Theorem 2.8. Let G be a graph with three induced cycles, Cy,, Cy and Cj, such that Cp,
and C,, have a path Ps in common, C,, and C; have a path P, in common and C; and Cy,
have a path P; in common. Then, the Tutte polynomial of G is obtained as follows:

T(G) =2 (T(CmfsftJrZ)T(G(Cl—t—&-la Crn—s+1, Pr))

-1

+ ﬁT(G(Cn75+1a Cm+l—2t—s+Sa Pt))
57— 1

+ ﬁT(G(Cz, Crntn—25+2, Pr+t—1)))-
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Cn

Figure 4. All positions of cycles of tricyclic graphs with two non-disjoint cycles
and one disjoint cycle.

Proof. By well known result in Theorem 2.4., if G has b(G) bridge and H obtained by
deleting bridges of G, then T(G) = 2@ T(H). See H in Figure 5.
Let Ps : vieqvges - - - vs_1€5_1vs be common path between C,, and C,,. Then
T(H) :T(H/el/eg) + T(H/61 — 62) + T(H — 61)
:T(H/el/eg/eg) +T(H/61/€2 — 63) —|—T(H/61 — 62) —{—T(H — 61)

=T(H/ei/ea] - Jes—1) +T(H/e1/ez/ - [es—a — es_1)
+T(H/er/ex] - [es—3 — es—2)

+T(H/61/€2 — 63) +T(H/61 — 62) +T(H— 61).
For each 1 <1¢ < s — 2, we have

T(H/ei/es] - [ei — eir1) = 2° " *T(G(Cl, Crnpn—ast2, Prie—1))-

Moreover T(H —e;) = 2°2T(G(Cy, Cyn—2s42, Prit—1)) and set K = H/ey/ea/ -+ /es 1.
Hence
s—2

T(H) = T<K) + Z x87i72T(G(Cl) Cm+n—28+27 PT-I—t—l))-
=0
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Figure 5. The Graph H.

On the other hands if P; : wyejweebwi_1€;_qw; be common path between Cy, and Cy ,
then

T(K) =T(K/ei/ey/ -~ [ei ) + T(K/er/ey/ -+ [e; o — €} 1)
+T(K/et/ey] - [ei 53— €;s)

+T(K/el/e; - e3) + T(K /ey — e5) + T(K —¢f).

We have T(K/e;/ey/ - /e — el 1) = 27 2T (G(Cpst1, Cnti—2t—s+3, Pr)) and
T(K —é)) =2 2T(G(Cp_ss1, Crnsi—2t—s13, Pr)) for each 1 < i <t — 2.

Set L =K/e\/ey/---/e,_1, then T(L) = T(Crp—s—1+2)T(G(Ci—t41, Cri—s+1, Pr)).
By the above argument, we conclude that

s—2

T(G) =" (T(Ks2y) + 3 a* > T(G(Cl Cmn-asi2: Prii-))
=0
t—2 )
:xb(G) (T(L7 &€, y) + Z xtili2T(G(Cn—s+lu Cm+l—2t—s+3u Pt))
=0

s—2
+ ) 2" TPT(G(C, Crgn—2s42 Pr+t—1))>
i=0

:xb(G) <T<Cm—s—t+2)T(G(Cl7t+1; Cn—s—l—l; PT))

-1

+ ﬁT(G(Cn—s—&-la Crnti—2t—s+3, P1))
-1

+ ﬁT(G(Clv Cm+n—25+27 Pr+t—1)) .

0

Theorem 2.9. Let G be a graph with three induced cycles, C,,, C,, and Cj, such that C,,
and Cy, have a path Ps in common, C,, and C; have a path P, in common, see Figure 6.
Then, the Tutte polynomial of G is obtained as follows:

m—s+1 _ 1
(@) = " (T(Co)T(G(Crmsir, Oty ) + ———1—T(G(Cois C1, P,)).
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‘ .

Figure 6. All positions of cycles of tricyclic graphs with conditions of Theorem 2.9.

where

Proof. By similar reason of Theorem 2.8., one can see that T(G) = 2@ T(H), without
loosing generality assume that H is a graph like Figure 7(a).

Suppose that Cy, : v1,v92, -, Um—st2 = Us,Us—1, - ,u] =vy and for 1 <i<m—s+1,
put e; = v;V;41.

Figure 7. (a) The graph H, (b) The graph K.

Since T(H) = T(H —e1)+T(H/e1), then by deleting each e; = v;v;41, remaining graph
is a subgraph of H contains two induced cycle C,, and C; with a common path P.. By
using Theorem 4, we can obtain Tutte polynomial of H as follows:

T(G)=T(H —e1) +T(H/e1)
=T(H/e1/ea) + T(H/e1 —e2) + T(H — e1)

=T(H/ei1/ea/e3) + T(H/e1/ea —e3) +T(H/ex —ea) + T(H — e1)

=T'(H/e1/ez/ - [em—st1) + T(H/er/ez/ - [em—s — €m—st1)
+ T(H/€1/62/ T /em—s—l - em—s)

+T(H/€1/62 — 63) +T(H/61 — 62) —I—T(H— 61).

For each 1 < i < m — s, T(H/e1/es/e3/ -+ /e;i — eir1) = 2™ 57T(G(Cp, Cy, P,)) and
T(H/ey) = 2™ *T(G(Cy,C1, P)). Set K =T (H/ei/ea/ -+ /em—s+1), see Figure 7(b).
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On the other hand, T(K) = T(Cs—1)T(G(Cp—s+1,C1, P;)). Hence, by above argument,
one can see that:

T(H) =T(Cs-1)T(G(Cp-s41,C1, Pr)) + Z 2™ 5T (G(C, C, Pr)) + 2™ ST(G(Cy, Gy, Py))
i=1

$m—s+1 -1

=T(Cs-1)T(G(Cp—s+1,C1, P,)) + T(G(Cy,C1, Py))

z—1
and this completes the proof. O

Theorem 2.10. Let G be a graph with three induced cycles, Cy,, C,, and Cj, such that C|
and C, have a path P; in common and the path Ps is common between three cycles Cpy,,
Cy and Cy, Figure 8. Then, the Tutte polynomial of G is obtained as follows:

xm—s—i—l -1

T(G) = "D (T(Coo)T(G(Crmsir, Cisir, Prosin)) + T(G(Cn C1, 1Y) )

r—1

Figure 8. All positions of cycles of tricyclic graphs with conditions of Theorem 2.10.

Proof. By similar way of Theorem 2.8 and 2.9, T(G) = 2" T(H). Without loosing of
generality H is shown in Figure 9(a).

Suppose that Cy, : v1,v2, -+, Un—st2 = Us,Us—1, - ,u] =vy and for 1 <i<m—s+1,
put e; = vjv;4+1 -

Figure 9. (a) The Graph H, (b) The Graph K.

Since T(H) = T(H —e1)+T(H/e1), then by deleting each e; = v;v;41, remaining graph
is a subgraph of H contains two induced cycle C,, and C; with a common path P.. By
using Theorem 2.6., we can obtain Tutte polynomial of H as follows:

T(H)=T(H/ei/ez/e3/ " [em—s+1) +EST(H/€1/€2/63/-"/6¢ —ei+1) + T(H —e1).
=1

For each 1 < i < m — s, T(H/ei/ez/es/ - [ei — eir1) = a™57T(G(Cy, Cy, P,)) and
T(H/e1) = 2™ *T(G(Cy,Cy, P)). Set K =T(H/ei/ea/ - /em—s+1), see Figure 9(b). It
is easy to see that, T(K) = T(Cs—1)T(G(Cr—s+1, Cl—s+1, Pi—s+1))-
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Hence, by above argument, one can see that:
T(H) =T(Cs-1)T(G(Cn—s11,Ci-st1, P—st1)) + Y ™ *'T(G(Cy, C, P))
i=0

xmfs+1 -1

:T(Csfl)T(G(Cnf.sH»la Cl—8+17 Ptferl)) + T(G(Cna Cla Pt))

rz—1
This completes the proof. O

3. Conclusion remarks

In this paper some strict formulas of bicyclic and tricyclic graphs are obtained. We
also characterize different classes of bicyclic and tricyclic graph by Tutte polynomial. We
classify bicyclic graphs in to two different classes and tricyclic graphs in five different
classes with respect to Tutte polynomial and collect all results in Figures 10-13.

Different positions of cycles in the first class of bicyclic graph The position of cycles in the second class of bicyclic graph
% : : : : Cm Cn
Tutte Polynomial Tutte Polynomial
b(G &) 5 =
T(G) = 29 T(C,)T(Cy) T(G) = 2 (T(Con-es) T (Coti) + (@7 = DT (Couynzes2) /(@ 1))

(o

(@)

Figure 10. (a) First class of bicyclic graph with the same Tutte polynomial,
(b) Second class of bicyclic graph with respect to Tutte polynomial.

Different positions of cycles in the first class of Tricyclic graph Different positions of cycles in the second class of tricyclic graph

QO 000 | | ~Toye

80 oo 6
9 ﬂ

oo 8>O (2 =

Tutte polynomial

B
il
© ©

T(G) = 2" T(C,)T(C)T(C))

() = " (T(G(Cry Crs FNT(CN)

@ (o)

Figure 11. (a) First class of tricyclic graph with the same Tutte polynomial, (b)
Second class of tricyclic graph with the same Tutte polynomial.
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jibeleestonlolicraesipiiaiiicle assioligevelicloraph Different positions of cycles in the forth class of tricyclic graph

c. QEDIAD

Tutte Polynomial Tutte Polynomial
T(G) = " (T(Cor-s-1:)T(G(C-t:1Cr-s:1, 7))
+@' ™! = DT(G(Cu-sit, Const-i-ss3 P /(@ = 1) 7(6) = O (T(CITC o) + (77" ~DTG(C Gy B/ (2= 1)

+@* = DT(G(Ch Cnin-es2, Pet-1)/(@ = 1)

@

Figure 12. (a) Third class of tricyclic graph with respect to Tutte polynomial,
(b) Forth class of tricyclic graph with respect to Tutte polynomial.

Different positions of cycles in the fifth class of tricyclic graph

)

BYa:
I

Tutte Polynomial

T(G) = %9 (T(C, )T(G(Corsvrt, Crosets Prosir))

+H@" = DT(G(C, G B))/ (@ — 1))

Figure 13. Fifth class of tricyclic graph with respect to Tutte polynomial.
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