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Abstract

In this paper we study the geometry of some paracomplex structures on tangent fiber bundle TM equipped with
a Mus-Sasaki metrics.
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1. Introduction

The geometry of the tangent bundle TM equipped with Sasaki metric has been studied by many authors Sasaki [13], K.
Yano and S. Ishihara [16], P. Dombrowski [5] , A. Salimov, A. Gezer and N. Cengiz [2] [6] [11] [9] [12] etc... The rigidity
of Sasaki metric has incited some geometers to construct and study other metrics on 7M. J. Cheeger and D. Gromoll has
introduced the notion of Cheeger-Gromoll metric [3], this metric has been studied also by many authors (see [1] [4] [7] [10] [14]).

In this paper, we introduce the Mus-Sasaki metric on the tangent bundle 7M as a new natural metric non-rigid on TM
and we investigate the geometry of some paracomplex structures on tangent fiber bundle 7M. First we construct some almost
paracomplex Norden structures on TM (see 15, Theorem 19 and Theorem 20) and we characterize the para-Kéhler-Norden
structures on TM (see Theorem 17 and Theorem 22), also we construct an almost product connection and we give the necessary
and sufficient conditions for the almost product connection to be symmetric (see Theorem 27).

2. Preliminaries

2.1 Horizontal and Vertical Lifts on 7M.

Let (M, g) be an m-dimensional Riemannian manifold and (TM, 7t,M) be its tangent bundle. A local chart (U,x');—1._, on

M induces a local chart (7' (U),x',y")i=1.., on TM. Denote by I“f‘j the Christoffel symbols of g and by V the Levi-Civita
connection of g.

We have two complementary distributions on 7'M, the vertical distribution ¥ and the horizontal distribution .77, defined by:

V(x,u) = Ker(dn(x.u)) = {

ia i ik 0 ;
{a ﬁ“x,u)*a “JFiiaiyk‘(W); a ER},

aiTﬂ|(x,u); d € R}7
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where (x,u) € TM, such that T\ ,, TM = H{y .,y © V(x.)-
LetX =X i% be a local vector field on M. The vertical and the horizontal lifts of X are defined by

el

\% _ i

X' = X—ayi, (H
. $ .9 .0

H _ xi ¥ _xif” _irk 2

X Xaxi X{axi yr’/ayk}' )

For consequences, we have the following remark:

Remark 1.

L(2)H =2 and (L) = 2.

2. (6i ai)l 1..n Is a local adapted frame in TTM.

3. ifu= u : € T.M then its vertical and horizontal lifts are defined by:

:d
\4 i
u = MWe%x7u>.
= ui{i—yjl"k } € A
oxi z/a ok (x,u)

4. ifw= Wi% —|—Wj% € T(xu)TM, then w = wh +w", where the horizontal and vertical parts of w are defined by

el

. d 0
h i 1 ]l"k
= ox!

Waz l/ak ) e'%0()614)

w' o= (W win/T ({wt —I—wu’l“k}a k) € Vww)-

) -

5. [xH Y], =X, Y] — (Re(X,Y)u),
6. X7, YV],=(VxY)},

7. XV, ¥V, =0.

For more detail see [16].

2.2 Complex Structure
Definition 2. Let M>" be a manifold of dimension 2m. An almost product structure is a morphism J : TM — TM such that

P2 =lIdry, (J# Fldry).
(M>™.J) is called almost product manifold (see [8] and [16]).
Definition 3. An almost paracomplex manifold is an almost product manifold (M*",J) such that
dim(Ker(J —Idry)) = dim(Ker(J +1dry)).

Definition 4. An almost paracomplex Norden manifold (M*",J,g) is an almost paracomplex manifold (M*",J) equipped with

a Riemannian metric g, such that
g(UX,Y) =g(X,JY)

or
g(UX,JY) = g(X,Y)

forall XY e T(TM).
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Definition 5. A para-Kdhler-Norden (or paraholomorphic Norden) is an almost paracomplex Norden manifold (M*",J, g),
such that J is parallel, i.e:
VJ =0,

where V is the Levi-Civita connection of g.

Definition 6. An almost para-Hermitian manifold (M*™,J,h) is an almost paracomplex manifold (M ,J) equipped with a
pseudo-metric h, such that
h(JX,Y) = —h(X,JY)

or
h(JX,JY) = —h(X,Y)

SforallX Y e T(TM).
Definition 7. Let (M>",J,h) be an almost para-Hermitian manifold. The 2-form Q defined by
Q(X,Y)=h(X,JY) 3)

is called a 2-para-Kihler form. An almost para-Kdihler manifold (M*™,J,h) is an almost paracomplex manifold (M*",J)
equipped with a pseudo-metric h, such that
dQ=0.

Lemma 8. Let (Mzm,J,g) be an almost paracomplex Norden manifold. If ¢; denote the Tachibana operator, defined by

(¢'9)(X.Y.Z) = (IX)(g(Y.Z))—X(g(JY,2))
+8((Ly /)X, Z) +g((Y,LzJ)X) 4
then
V/i=0&¢'g=0.
(see [15]).

3. Mus-Sasaki Metric and Complex Structures

Definition 9. Ler (M,g) be a Riemannian manifold and f : M x R —]0,+occ[. On the tangent bundle TM, we define a
Mus-Sasaki metric noted gﬁv by

1. g?(XH,YH)(XM) = gx(X7Y)
S(vH vV _
2. gf(X 7Y )(x,u) =0
3. gfc(xvjyv)(w) = f(x,r)gx(X,Y)
where X,Y € T(TM), (x,u) € TM and r = g(u,u). f is called twisting function ( see [17], [18]).
1

Note that, if f = 1 then gfc is the Sasaki metric [16]. If f(x,r) = e) then g = ot(x) g}i is the rescaled metric.

Lemma 10. Let (M,g) be a Riemannian manifold, then for all x € M and u = '’ % € T:M, we have the followings:
1o X" (g(u,u)) (ruy =0
2. XM (g(Y,u)) (x) = 8(VxY,u),
3 XV (g1, 1) () = 28(X, 1)
4. XV (g(Y,u) () = 8(X, Y )s

(see[l7], [18]).
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Proof. Locally,if U : x € M — U, = u'-2; € TM be a local vector field constant on each fiber T,M, then we obtain:

a i

; d s i d s
L. XH(g(uau))(x,u) = [Xlﬁgstyyt_rfjx y]ﬁgstyyl}(x,u)

= XU, U)x—2(THX"y g0y") (xu)
= (X(g(U’U)x Zg(U’VXU))x

|
e

0 d
2. XH(g(Yvu))(,nu) - [X lgSIYS ! FkXy kg\tYy](xu)
dx dy

(g<Y7U) (FkX y gskY )(x,u)
(X(g(Yv U)x - (Y7 VXU))x

g(VxY,U))sy.
; 0 s i
3. Xv(g(u7u))(x,u) = [Xlaiyigstyky[](x,u) =2X gitut = zg(Xau)x
4. Xv(g(Y’ ”))(,nu) - [Xlaiyigstysyt](x.u) = XlgSiYS = g(X7Y)X'

Lemma 11. Let (M,g) be a Riemannian manifold, F : (s,t) € R* — F(s,t) €]0, 4o, o : M —]0, 4-0[ and B : R —]0, +oo[ be
smooth functions. If f(x,r) = F(a(x),B(r)), then we have the following

1L Xv(f)(x,u) = 2ﬁ/(r)gx(xvu)%(a(x)aﬁ(r))r
2. XH(f)(x,u) = gx(gradMoc,X)%—f(a(x),ﬁ(r)),
where (x,u) € TM and r = g, (u,u) .

In the following, we consider f(x,r) = F(a(x),B(r)), where F : (s,t) € R? — F(s,t) €]0,4oo[, o : M —]0,+o0[ and
B : R —]0, 4oo[ are smooth functions.

Theorem 12. Let (M,g) be a Riemannian manifold. If f(x,r) = F(a(x),B(r)) and V (resp V) denote the Levi-Civita
connection of (M, g) (resp (TM, gfc) then we have:

1. (%XHYH)[; = (VXY)ZI_%(RX(X7Y)M)V7
f(x,r)
2

2. (Vyu¥"), (Re(u,Y)X)H

e lgradu @, X) 0 (o), )Y

(VXY)V +

*37te

s @ort, = LB RN eeradua,n) S (@) BOIX,

s @)y = BT . pon [erox) + a0 - axr o)
6 D (), ) grad e

Sor all vector fields X,Y € T(TM) and p = (x,u) € TM, where R denote the curvature tensor of (M, g).

The proof of Theorem 12 follows directly from Kozul formula, Lemma 10 and Lemma 11 (see [17]).

Lemma 13. The morphism J| : TTM — TTM such that:

H _ _vH
{JI(X) =—X 5)

a(xV) =xV

Sor any vector field X € T(TM) is an almost paracomplex structure.
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Proof. LetZ € T(, ,)TM, form 1 we have Z = XH +YV and

B2z = BxH+Ry)Y=x"4yv" =2
Ker(J1 -I—IdTM) = {Z S T(X’M)TM, NIz = —Z} = %x,u)’
Ker(1 —Idry) = {Ze€ TwTM, NhZ= Z} = AI/(x.u)-

Lemma 14. If gft is the Mus-Sasaki metric on TM, then for any vector fields X.Ye [(TTM), we have
gff(Jl)?j) = g}gf(jfv,fly),
ie. g‘} is pure with respect to J.

From Lemma 14, we obtain the following theorem:

Theorem 15. Let (M,g) be a Riemannian manifold. If J; denote the almost paracomplex structure defined by (5), then
(TM,J, 7gfp) is an almost paracomplex Norden manifold.

Theorem 16. Let (M,g) be a Riemannian manifold and J be the almost paracomplex structure defined by (5). For all
X,Y,ZeT(TM), x e M and u € TM , we have

1 (¢Mgp)(x™yH,ZH) = 0.
2. (¢Mg )(XH YH ZV)_—2gS((R(X,Y)u)V,ZV).

3. (9heh) (XM, YV, zM) = —2¢3 ((R(X,Z)u)V,Y").

4. (97gh) (X" ¥V, 2V) = ~2X (a1)

5 (91gS) (XY, ¥ Z1) =0
6. (971g8)(X¥, ¥, 2) =0
7. (975X, ¥,2V) =0
8 (971g8)(XV,¥",2) =0

Proof. Using the definition of Tachibana operator ¢’ (formula (4)), for J/ = J; we obtain
L(¢7gH) (XY 2M) = (xM)gi(rH, 2 — XM gS (v H, 21
+&} ((Lyn)X™, Z) + g3 (Y7 (LyuT)X™)
= —XMgS(y, )+ XS (v, 71
+8} (LynIX" —J(Lynx™),Z")
(¥ Lyuix® —J(Lux™))
= —gy (", x"),z") - g (", x"),z7)
s
f(

—gi (" 12" x")) — g} (", J[2" x"])

I
o

2.(0'gH(x" ¥1.2%) = ux")gr(r",2") —x"gjr™ 2")
+&3 (Lyu X", Z2V) + g5 (Y7 (L )X

= —gy (" x",z2") - §(JY” x",z")

g (Y, 12", x1) — g3 (", (2", x"])

= —2g5([YH xM].2Y)
= —ngc((R(X,Y)M)VvZV)'
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4.(0'eH(x" YV, 2% = (xMgH(rY,z") - x g (rY,Z")
+&3 (Lyy DX, ZY) + g3 (Y, (L )X ™)
= _2XH(fg(Y7Z)) _zng‘([YVaXH]vZV) —Zgi(YV’ [ZVaXH])

= fz{x(a)‘;—fg(xZHfXg(Y,Z)}+2g§-((VxY)V72V)

+285(rY,(Vx2)")
dInF
;S gy (Y".z2")+ fXg(v,2)}

+2fg(VxY,Z) +2fg(Y,VxZ)

= 2{X(a)

From Theorem 16 we deduce the following result:

Theorem 17. Let (M,g) be a Riemannian manifold and J; be the almost paracomplex structure defined by (5). Then
(TM,Jy, gsf) is para-Kdhler-Norden manifold if and only if M is flat and & is constant.

Proof. LetX,Y,ZeI'(TM) , k,h,l € {H,V} ,u € T:M and x € M. We have:

R(X,Y)u =0
0y (X" 5 2) =0 & § RXZu =0
dInF
X(@) "3 (@), B(r) =0
s
R =0
= dInF
X(0) =00r = —(a(x),B() =0
{ R =0
<
o = constant
|
Theorem 18. Ler (M, g) be a Riemannian manifold. If J denote the structure defined by
Jxt) =xH"
{ JXV) =—xv ©)

then J is an almost paracomplex structure and (TM ,JA, g?) is para-Kdhler-Norden manifold if and only if M is flat and « is
constant.

Theorem 19. Let (M,g) be a Riemannian manifold. If J denote the structure defined by

J(xH)y =xVv
{ JxV)y =xH

(N
then J is an almost paracomplex structure and (TM, J, gf,) is an almost paracomplex Norden manifold if and only if f = 1.
Using the definition of Mus-Sasaki metric gfc ( Definition 9) and the formulae (6) and (7), we deduce the following theorem:
Theorem 20. Let (M,g) be a Riemannian manifold. If J denote the structure defined by (7), then the pseudo-metric
HY(X,Y) = g}(JX,Y)+g}(X,JY)
satisfies the following

Hi(x"y™) =H}(X",YV)=0

HF(X® YY) =Hj(XV.Y") = (1+f)g(X,Y) (8)
HI(JX*Y") = —HF(X*JY"), Vhke{V,H}
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and (TM., ], H;) is an almost para-Hermitian manifold.

Theorem 21. Let (TM ,f, Hy) be an almost para-Hermitian manifold defined in Theorem 20. Then the para-Kdhler form

satisfies the following:

1.
2.
3.

9.

10.

QX7 Yyt =(xV,Y")=

QxV. Yy =(1+

dQ(xH vyt zH) =

aQ(xt yH 7V =
aQ(xt yV, zH =
aQ(xV, Yyt zHy =
aQ(xV,y" zVy =
aQ(x® yV.zV) =

aQxV,yV,zu0) =

aoxv.,yv,z")

Ne(X,
0.
oF

JoF
ds

oF
ds

2B/

JF
Zﬁ’g

28/

=0.

[X(c
—[Z(a
il
(g
s

Q(X,Y)=HJ(X,JY)

0.
Y)=-Qx1y").

5 (@s(z.x) —x(@)s(r.2)].

)8(Y.Z) — Z(a)g(X,Y)].
)g(X.Y) Y (a)g(Z,X)].
(Z.u)g(X,Y) —g(X,u)g(Y,Z)].
(Y.u)g(Z,X) —g(Z,u)g(X,Y)].

(Xvu)g(Y’Z) —g(Y,u)g(Z,X)].

Proof. The proof follows from Definition 9, Lemma 11, Theorem 20 and the next identity:
XQY,Z)+YQZ,X)+ZQX,Y)

—-Q([X,Y],Z2) = Q([Y,Z],X) — Q([Z,X],Y).
For X,Y,Z ¢ T(TM), we have

dQ(X,Y,Z) =

1.dQ(x® yH" z1)

2.4Q(x v 7"

xHqyH z1)

Q

Q(x",y",z"%) —o(r",z"],x") - @
(( (X, Y)u)" ZH)+Q(( (¥, Z)u)", X™)
+Q((R(Z,X)u)" Y™

+yHoz? x™) + ZPo(x" vH)

([z", x",y™)

(1+ /) [g(R(X,Y)u,Z) + g(R(Y,Z)u, X ) + g(R(Z,X )u,Y )]
—(1+ f)g(R(X,Y)Z+R(Y,Z)X +R(Z,X)Y,u)

0.

xHoy? 2V +yvHQzV x")+ 2V Q(x® yH)
([XH YH] ZV) _'Q‘([YHszLXH) _'Q'([ZV’XHLYH)

X"
—-Q([x, ] Z")-Q((Vy2)" x")+Q((Vx2)",Y")
(

(14 £)gY,2)| +Y"[(1+ f)g(z.X

)]

Xa) Fewz)- (1+ 1) [8(VxY,Z) +g(Y,VxZ)]

+Y(a)

ai
8sg

+(1+1)g(X,Y],Z2) — (1 + f)g(VyZ,X) +

IF
ds

Y (2)8(Z,X) =X (a)s(Y,Z)].

Vol. 2, No. 2, 1-11, 2020
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3.dQ(x" YV, z1)

4.4Q(x",YH 71

5.dQ(xV . Y% 7"

6.dQ(x" vV, 7"

7.dQ(xV YV, z")

= xHoV zty+yVozt xf+zZRQ(x" vY)

—Q(x" yV),zH) —q(yV, z1", x1) —o([z" , xH],v")

X1+ 1), 2)] + 27 [- (1+ fe(X, V)]

—Q((VxY)", 2"+ Q((VzY)V x") - Q(1z,Xx]". YY)
oF

X(@) 2 g, 2) + (14 1) [5(Va¥,2) + &0, V42)]
2@ 24X, Y)~ (14 ) [(V2X.7) 45X, V2]
(14 PE(VRY.2) + (14 (VY. X) + (14 Pa((Z.X].Y)

%i [X(0)g(Y,2) — Z(a)g(X.Y)].

= xVoH z)+yHoz! xV)+ 28 QxV, vH)

_Q‘([XV’YHLZH) _Q([YH’ZHLXV) _Q([ZHaXV]7YH)
YA[ (14 PRz X)) + 27 [(14 Pg(X.¥)]
(VrX)",Z) Iy, 2 X¥) - ((Vox)Y, 1)

¥ (@)D g2.X)~ (14 ) [e(VZ.X) + 82,97 X)]
2(0) 2 gX.Y) + (14 £)[8(V2X.¥) + 5(X. V1Y)

HO4 PR(VX.Z)) 4 (14 Pa(l¥.Z.X) ~ (14 Pa(V7X.Y)

%’; [Z(@)g(X,Y) — Y ()8(Z.X)].

= xVowf .z +viQzV xV)+Z2"Qx", v

—Q(xV,yH), 2"y —q([v¥,2"),x") - q(Z2",xV],vH)
X' [=(1+1)g(¥,2)] + 2" [(1+ f)g(X,Y)]

250 O (0, 2) 4 2B 5(Z,) 2 g(X 1)

2B I [o(Z. w0, ¥) — 5%, )s(1,2)].

= xforV.z2")y+r'ez" x"+z2Vox" YY)

_'Q'([XHvyv]vZV) - Q([YV’ZV]vXH) - Q([Zvva]vyv)
Yl +08Z.X)] +2" [~ (1+£)g(X.Y)]

250, 0 g(2.X) ~28/5(2.) S 5(x.)

Zﬁ/% [g(Y,u)g(Z,X) —g(Z7u)g(X,Y)].

= x'o",z") +rVoz! xV)+z1o(xV, YY)

—Q(xV, Y],z — (¥, z"),xV) - (2", x"],Y")
X' [(1+£)g(¥,2)] + YV [— (1+ f)8(Z.X)]

25X, 2 g(1,2) -2 50,0 2 g(2.%)

2 2L g (7,2) Vg7, X)),
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8.4Q(xV,YV.Z") = xVorV,z")+r'QzV x")+Z72"Qx", YY)
_‘Q'([XVaYV]aZV)_Q([YV7ZV}7XV)_Q([ZVvXVLYV)
= 0.

Theorem 22. Let (TM ,JA,H ) be an almost para-Hermitian manifold defined in Theorem 20. Then (TM J.H ) is an almost
para-Kahler manifold if and only if f = Const.

Proof. By the Theorem 21, we have
dQ=0<% gradyo=0 and B =0
then
dQ =0« f(x,r) = const.

Definition 23. Let (M,g) be a Riemannian manifold, J be the almost paracomplex structure defined by formula (5) and V be
the Levi-Civita connection of (TM, g}i) We define a tensor field of type (1,2) and a connection V on TM by

% (V3 )X +I((V3)X) = I (V)Y )] ©)
v

<

- ¥ —S(X,Y), 10
where X,Y € T(TTM).
Lemma 24. For X,Y € I'(TM), x € M and u € T\M, we have

1.) S(xH yH) = —%(R(X,Y)u)v.

olnF

H yV _f H 1%
2. S(xH YY) = 2(R(u,Y)X) X (@) Rt
3. S(XV, YH) = — f(R(u,X)Y)H + %Y(a) a(l;sFXV.
4. S(xV,YV)= —%g(x,Y)a;isF(gradMa)H.

The proof follows immediately from Theorem 12 and formula (9).

Theorem 25. Let (M, g) be a Riemannian manifold, J be the almost paracomplex structure defined by formula (5). IfV denotes
the connection defined by formula (10), then we have

1.VeuY? = (Vx1)f,
2. VY’ = (VXY)V+%X(a)ag’sFYV,
3.V = %(R(u,X)Y)H,

dlnF

4. V" = B XY g(X u)yY —g(X, 1) |,

ot

where XY € T(TM), x € M and u € T,M.
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Proof.

1L.VyuY? = Vyuv" —s(x" yH)

2.VunY = VvV —s(x"yY)
f Ly (o @I0F Ly

5 (R(u,Y)X)? + 5X(oc) -

olnF
ds

Yv.

YV

B v, 3 dInF
- (VXY) —|—2X((X) as

3VeY? = VurH sV yH)
f u 1. 9InF

= Z(Ru,X)Y -y
5 (R(u, X)Y))" + ¥ (o) =5~

1 8lnFXV

_EY(O{) ds

3f
= 7(R(M,X)Y)H.

XY+ f(R(u,X)Y)H

4VwY = Var'—sx’.y")
dInF
= B [er U)X + gt U)YY (X, VU]

1 oF 1
—-g(X,Y) —(gradMoc)H + Eg(X, Y)

)H

dInF
5 3 ——(grady o

ds
dInF
= B [ U)XY +g(x,U)YY —g(x,¥)U" ]

where U € I'(TM) such that U, = u. |

Lemma 26. Let (M,g) be a Riemannian manifold and (TM, gfc) be its tangent bundle equipped with the twisted Sasaki metric.
IfV denotes the connection defined by formula (10) and T the torsion tensor field of V, then we have

1. T(XH YH) = (R(X,Y)u).

_ 3 3. dInF
2. T(XH,YV)—T(R(M,Y)X)H—FEX(O() 5 Yv.
5. T ) = L (muxry - 2y e) L g

where X,Y € T'(TM), x € M and u € TM.

The proof of Lemma 26 follows from definition of torsion tensor field and Theorem 25.

Theorem 27. Let (M, g) be a Riemannian manifold and (TM, g?) be its tangent bundle equipped with the twisted Sasaki metric.
IfV denotes the connection defined by formula (10), then V is symmetric if and only if M is flat and « is constant.

Proof. From Lemma 26, we have
T=0&(R=0 and gradya =0).
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4. Conclusions

In this paper the geometry of some paracomplex structures on tangent fiber bundle 7'M equipped with a Mus-Sasaki metrics is
studied.
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