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sine-cosine wavelets, the operational matrix of Riemann-Liouville fractional integration is
constructed using the properties of the block-pulse functions. The fractional derivative in
the problem is considered in the Caputo sense. This method reduces the considered problem
to the problem of solving a system of nonlinear algebraic equations. Finally, some examples
are included to demonstrate the applicability of the new approach.

1. Introduction

The notion of the fractional differential equations (FDEs) was first developed as a pure mathematical theory in the middle of the 19th century
[1]. A history of the development of the fractional differential operators can be found in [2, 3]. It has been revealed that many mathematical
modelings contain FDEs. To mention a few, fractional derivatives are used in viscoelastic systems [4], economics [5], continuum and
statistical mechanics [6], solid mechanics [7], electrochemistry [8], biology [9] and acoustics [10]. An important issue to shed light on is the
fact that most of the FDEs do not have exact analytic solutions. Consequently, emphasis of efforts is on the importance of seeking numerical
solutions for these equations. As a result, several numerical methods have been given to solve problems including FDEs, such as Adomian
decomposition method [11], variational iteration method [12], fractional differential transform method [13], operational matrix method
[14], homotopy analysis method [15], power series method [16] and modified homotopy perturbation method [17]. Also, there can be some
classical solution techniques to be fond, e.g. Laplace transform method [18].

One way to solve equations numerically is to use wavelets. The basic idea of wavelets (both: translation and dilation) goes back to the early
1960’s [19]. There are developments concerning the multiresolution analysis (MRA) algorithm based on wavelets [20] and the construction
of compactly supported orthonormal wavelet bases [21]. Wavelets constitute unconditional (Riesz) bases for LZ(R), the space of all square
integrable functions on the real line. In other words, a function in L? (R) can be decomposed and stably reconstructed in terms of wavelets
[22]. To illustrate, some wavelets which have been constructed and used for solving FDEs include B-spline wavelets [23], Haar wavelets
[24], Chebyshev wavelets [25], Legendre wavelets [26] and Bernoulli wavelets [27].

Sine-cosine wavelet (SCW) has been used and showed efficient to solve various problems. To indicate this, we can refer to some works.
Razzaghi and Yousefi in [28] have employed SCW to solve variational problems. Tavassoli Kajani et al. [29] have proposed a method based
on SCW for solving integro-differential equations. They also applied this method to solve Fredholm integral equations in [30]. A numerical
evaluation of Hankel transform for seismology has been given in [31] using SCWs approach. The present work introduces the generalized
sine-cosine wavelets (GSCWs) operational matrix of fractional integration which can be used to solve fractional problems.

The organization of this paper is as follows: Section 2 gives a brief preliminaries of fractional calculus followed by orthonormal basis of
GSCWs and their properties in Section 3. Section 4 is devoted to block-pulse functions and their basic properties. Section 5 introduces the
fractional order of operational matrix of integration for GSCWs. A numerical method based on the GSCWs and block-pulse functions in
order to solve multi-order FDEs is given in Section 6. Some examples are included in Section 7 to show the applicability and efficiency of
this method followed by concluding remarks in Section 8.

Email address and ORCID numbers: s.nemati@umz.ac.ir, 0000-0003-1724-6296 (S. Nemati), anashaboobi@gmail.com, 0000-0002-8317-7201 (A. Al-Haboobi)
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2. Preliminaries of fractional calculus

In this section, we briefly give some preliminaries and notations of fractional calculus. Two most important definitions for fractional integral
and derivative operators are Riemann-Liouville integral and Caputo derivative. The Riemann-Liouville fractional integral operator /* of
order a > 0 is defined as follows [32]:

1t a—1
1) = Wjo(t s) u(s)ds, o >0,
M(t)7 a=0,

where I'( ) is the gamma function defined by

[(a) :/ “ e tar.
0

Also, the Caputo fractional derivative operator D% of order ¢ is defined as follows [32]:

1 t
[24 - @ — n—o—1 (n) — <
D%u(t) F(n—a)/o(t s) u(s)ds, n—l<a<n, neN,

where n = [o] is the smallest integer greater than or equal to a.
The following properties are satisfied for the Riemann-Liouville integral operator and Caputo derivative:

I'(v+1) o

oy _

e i L

- [a]-1 " /i

1Dl =u) =}, OO0, @n

=B (pe Buy— Y w0y 0 22
- = — ! - < . .

P O0) =DPu)~ B w0 O Tgy. 0<p<a @2)

3. Generalized sine-cosine wavelets

3.1. Definition and function approximation

Wavelets constitute a family of functions constructed from dilation and translation of a single function ¢(¢) which is called the mother
wavelet. When the dilation parameter and the translation parameter vary continuously, we have the following family of continuous wavelets
as [19, 33, 34]

t—b
Vap(t) =lal "7 ¢ <7> , a,beR, a#0,

where a and b are the dilation and translation parameters, respectively. If the parameters a and b are restricted to take values a = ap~* and

b = nbgag ¥, where ag > 1, by > 0 and n, and k are positive integers, a family of discrete wavelets which forms a wavelet basis for Lz(R) is
obtained as

k
Vin(t) = lagl2 @ (alét —nb()) .

Especially, if ag = 2 and by = 1, then the set {yj ,(r)} forms an orthonormal basis.
SCWs are usually defined on the interval [0, 1). Here, we replace the interval [0, 1) by [0,7') where T > 0 and define GSCWs as

k+1
22 1
o) — | Il AT <1< T,
0, otherwise,
with
1 _
\/i’ m = 07
fm(t) = cos(22%), m=1.2,... L,
sin(2UET) =Ly 1,L42,... 2L,
where L is any positive integer, n =0,1,2,...,2F — 1 and k = 0,1,2,---. The set of GSCWs forms an orthonormal basis for the space

L? [0,T). Therefore, a function u(¢) in this space may be expanded in a series of GSCWs as

o 2K

u(t) = Z Z Cnn Wnm(1), 3.1

m=0 n=0
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where

Cn,m = <M(t)7llln,m(t)> = /()Tu(t)wn,m(t)dt

in which (.,.) denotes the inner product. If the infinite series in (3.1) is truncated, then an approximation of the function u(z) is obtained as

2L 2F—1
ut)~ Y Y cnmWam(t) = CT W0 (1), (3.2)
m=0 n=0
where @ = 2X(2L+ 1), and C and ¥(¢) are 2F(2L 4 1) x 1 matrices given by

C = [C0,0,C0,1---1C02L:C1,0:CL, 15+ CILs - O 1 05Co 1 15--->Cot 1 21) 5
Yolt) =[W0,00), Wo.1(t),-- - Woor(t),wi0(t), wi1(t),...,¥12L(t),
W o(8), Wk 1 (1) Wiy 2L(’)]T-
3.2. Convergence analysis
In this section, we get the convergence of the GSCW approximation of a function for all level of resolution k.
Theorem 3.1. Let L — oo, then the series solution (3.2) converges to u(t).

Proof. Let Sy y(¢) be a sequence of partial sums of ¢y Wi m(f) as

M 2F—1

Skm(t) Z chmwnm()

m=0 n=0

where M = 2L. We prove that Sy s is a Cauchy sequence in Hilbert space L?[0,T) and then we show that Sk,m converges to u(t), when
M — . In order to reach the first aim, let M =2L withL > 1:, then

5 M 21 5
1S =SealP =1 Y Y cunbin®)l
m=M+1 n=0
261 M 2k—1
= Z Z CnmYn, m Z Z Cn.mllln,m(t)
m=M+1 n= m=M+1 n=0

2%-1 M 21

= Z Z Z Z Cn,mCr,l Wn m( )7WFJ(Z)>

I
ag
ag

From Bessel’s inequality, we have ) ): |cn, m\ is convergent. So
m=0 n=0

~|I> = 0as L — oo.

This suggests that Sy 5/ is a Cauchy sequence and hence it converges to a function in L2[0,T), say, f(t). We need to show that f(¢) = u(t),

(&) —ult), Yam(t)) = (f(), Yam () — (u(t), Yom(2))
= I}g}c <Sk,M (1), IVn.m(t)> — Cn,m

=Cnm — Cnym

=0.
2L 2¢—1
Therefore Y, Y cnmWn,m(t) converges to u(t) as L — oo.
m=0 n=0

Remark 3.2. An error bound for the SCWs approximation of a function u(t) € L*[0,1] can be found in [35].
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4. Block-pulse functions

Consider the interval [0,7) and divide it into @ subintervals [(i — 1)h,ih), i =1,2,...,0 with h = % Then the block-pulse functions are
defined by [36]

[ 1, (i—-Dh<t<ih,
b’(t)i{ 0, otherwise.

It is clear from the block-pulse functions’ definition that the disjointness property for these functions is satisfied as follows:

), iei
b,-(t)bj(t):{ 0’() 2 =120

Furthermore, we have the orthogonality property as

T h, i=]j, .
/O b,-(z)bj(t)dz_{ o 2t b=l

The block-pulse functions consist a complete orthogonal basis for the space L2[0, T). Therefore, every real bounded function u(¢) which is
square integrable on the interval [0,7') can be approximated using the block-pulse functions as

u(t) = Y wbi(t) = U Bot), @.1)
i=1
where
Bo(t) = [b1(1), b2 (1), b (1)],
U= [ul,ug,... uw] 5
and
"= E/o i = [ uto

For the block-pulse vector By, (¢) and the vector U, we have
Bo(1)Bg,(1)U = diag(U)Be(t), “.2)

where diag(U) is the following diagonal matrix

up 0 0
0 up 0
diag(U) = .

In [36], the authors have introduced the operational matrix of fractional integration of the block-pulse functions. They proved that

1%Bo(t) ~ Fg Bo (1), 4.3)
where
1 & & & Em
01 & & ... &
Fa _ 1 o 1 0 0 1 62 e §m72
0 o0 0 1 &
0 0 0 0 1

with & = k%1 —2(k— 1)%+! 4 (k—2)%+1,
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5. Operational matrix of fractional integration

In this section, we introduce the fractional order operational matrix of integration for the GSCWs. To this aim, first we look for a matrix
Qwx e such that

Yo (t) = QoxaBolt), .1
where @ = 2X(2L + 1). Using (4.1), we have
[
Y (1) =), ¢ "bi(t),
i=1

with
i _ @ ol
c;' == |, Wn7m(t)dt-
T Jibr
[0}

Using the definition of the GSCWs, c?’m could be nonzero if

£T§l_1T<LT<n+1

T.
2k I0) o ~ 2k

This implies to have
n2L+1)+1<i<(n+1)2L+1). 5.2)
Taking (4.1) and (5.2) into consideration, we get
(n+1)(2L+1)
Vam(®) =), "bilr).
i=n(2L+1)+1

When m = 0, we have

i k k
w0 O [l 22 22
AU

== Zar=_.
P T Jeny T T T

Form=1,2,...,L, we obtain

i k1
o (ol 272 2mm

nm __ =7 =" = k _

G =7 (";”T\/TCOS( T (2%¢ nT))dt

o34 4)) o (51 ))]

and form=L+1,L+2,...,2L, we get

i k+1
o (o7 27 2(m—L
am =2 e 2 gy M(ZktfnT) dt
R A

I e (475 )
—cos (27:(me) (2’%%))] .

Hence, the matrix Qg x ¢ in (5.1) is obtained as

0 O O .. O
o 01 0 .. o

Oova=| 0 0 @ .. 0 |
O O O Q2k71

where O is the zero matrix of dimension (2L + 1) x (2L+1) and Q,, n =0,1,2,...,2F — 1, are (2L + 1) x (2L+ 1) matrices as

On=ld};], m=0,1,2,....2L, i=1,23,....2L+1,

m,i

: n __ nm
with i =¢; -
The matrix Qgx e 1S an invertible matrix, so we have

Bo(t) ~ QgL Wo ). (5.3)
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Applying the Riemann-Liouville integral operator of order & to (5.1) and then utilizing (4.3) and (5.3), yield
1% (1) =~ Qox ol “Bo(t) ~ QuxoFey oBo(t) =~ Qox0F Sy eQ "Wo(r).
Therefore we have
Iy (t) = PYy o Polt), (54)
with
Pgvo = QoxoFoxoQoxo
In particular, for 7 =1,k =1, L =1 and a = 0.5, the GSCWs operational matrix of fractional order integration P%, , is given by

0.5319 —-0.0253 —0.2073  0.4407 0.0218 0.0993
—0.0173  0.1651 0.0991 0.0149 0.0061 0.0148

p05 _ | 01418 —0.0991 02243 —0.0679 —0.0148 —0.0449
6x6 = 0. 0. 0. 0.5319  —0.0253 —0.2073
0. 0. 0. —0.0173  0.1651  0.0991
0. 0. 0. 0.1418  —0.0991  0.2243

6. Numerical method

In this section, we use the properties of the GSCWs together with the block-pulse functions to solve a class of nonlinear multi-order FDEs.
Consider the following FDE

i ODPu(e) + ag(u(t) +alr) ()" + £(0), 6.1

with initial conditions
W) =ul, s=0,1,....[a] -1,

where a > 1 > By > ... > B,, D* denotes the Caputo fractional derivative of order @, a(t), a(t), k =0,1,2,...,r and f(¢) are given
known functions, [.] is the ceiling function and u(¢) is the unknown function to be determined. In order to obtain a numerical solution for
(6.1), we suppose that

D%u(t) ~UTW (1), (6.2)
then using (2.1), (5.4) and (6.2), we have

[a]- s

() UTnga)le + Z *,
s=0

~ (U PG 0 +U§ ) ¥ol0) ©
= A ¥ol(),
where we have used
[a] -1 N
Y u up g = ~U§ Yolt),
s=0
and
Ao =(UTPGxo+Ug)"-
Also, taking into consideration (2.2), (5.4) and (6.2), we have
DPiu(e) =~ (U P+ UL W lt) = A{¥a 1), (6.4)
where
[a]-1 B
s:%kl uéif‘(&—ﬁk—k N~ U{¥o(1),
and

A= (UTRG L +Ul)
Now, suppose that
ap(t) ~ AT, (1), k=0,1,2,....r,
a(t) ~A"¥y(1), (6.5)
F(t) =~ FT Wy (r).
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Substituting approximations (6.3)-(6.5) into (6.1) yields
r m
UTWo(1) = ¥ ATWo()Wh (1) Ac+ATWolr) {Ag lyw(z)] FFT®,(1). (6.6)
k=0
By employing (4.2) and (5.1), we get
AL o ()W (1) Ak ~ AL QoxoBo(t)Bh (1)l oAk
Q’AI{wawdiag(nga)Ak)Bw(t)

In a similar way, we obtain

6.7)

T T " T . T "
AT®, (1) [AO pr(t)} ~ AT Qo [dtag(waon)] Bo(1) 6.8)
At the end, taking consideration (6.7) and (6.8) into (6.6), we get
r m
UTwaw - Z A]{wawdiag(ngwAk) _ATwaw [diag(QZ,xw/\o)] —FTwaw =0,
k=0

which is a system of nonlinear algebraic equations that can be solved using iterative methods. By solving this system, we obtain the
approximate solution u(z) as

T [a]-1 5
u(t) ~UTPS, »Pol)+ Y - (6.9)
s=0 :

Remark 6.1. In the linear case of the equation (6.1) with constant coefficients, i.e.
r
D%u(t) = Z akDﬁ"u(t) +aou(t)+ f(1),
k=1
the following linear system is resulted from employing our method

,
UT =Y ayA] —aoAl —FT =0.
k=0

7. Illustrative examples

In this section we present four examples and apply the method presented in the previous section for solving them. The function “FindRoot”
in “Mathematica” software has been employed for solving the final nonlinear systems obtained by the method.

Example 7.1. Consider the Bagley-Torvik equation [37, 38]
aD*u(t) = —bD*?u(t) — cu(t) +c(1+1), 1€0,1], (7.1)
subject to initial conditions u(0) = u'(0) = 1.

The exact solution of this problem is u(¢) = 1+¢. By considering k = 0 and L = 1, we employ the present method for this problem with
a=1,b=0.5and ¢ = 0.5. In this case, the basis functions are given by

oL osi<t,
Yoolt) = 0, otherwise,

[ V2cos(2mt), 0<t<1,
Yo (1) = { 0, otherwise,
[ V2sin(2mt), 0<t<1,
Yoal(r) = { 0, otherwise.
Suppose that
D?u(t) ~ uo,0Wo,0(t) + o, Wo,1 (t) + o2 Vo2 (1) = UT3(1), (7.2)

then using the initial conditions of the problem, we get

D 2u(r) ~ UTP3%X3‘~P3(t), (7.3)

u(t) = UT P 3W3(0) + 141 = (UT P 5 +UG ) ¥3(0), (7.4)
where Uy is obtained by approximating the function 147 as
3 1 } T

Up=[2,0,———
0 {2 V2r
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1
and Py, ; and P32X3 are given, respectively, by

[ 3R L(WV2HV6—4T & (-9V2+4/3+V6)VT
pr | V2r/os 2(-4v21V3+5) 2(8v2-3v3-5)
3x3 73/2 331 ENZ3 ’
92436 _2(8V2-3V3-5) 2(V3+4V6-9)
L 332 9w 9/
b/ 4 (van)
P2 = 1 _1 0
3x3 6\/1671' 34 S
2427 0 54

By substituting (7.2)—(7.4) into (7.1), we obtain

UTw;(r) = —0.5UTP3%X3lP3(z) —0.5(UT P 5+ U3 () +0.5UT W5 (1),
which leads us to have
ul = fO.SUTP3%X3 —0.5UT P} 5.
By solving this linear system, the unknown parameters are computed as
up,0 = up,1 = up2 =0.
Thus using (6.9), we get
u(t) =1+t,
which is the exact solution.
Example 7.2. Consider the following multi-order FDE [37, 39]:
D3u(t) = =D ?u(t) — [u(t))? +1*,
subject to initial conditions u(0) = u'(0) = 0 and u" (0) = 2.

The exact solution of this problem is u(z) = 12. The absolute error of the numerical solutions obtained by the present method in this paper is
given in Table 1 and Figure 7.1. We have displayed the numerical results for 7 = 1 using the GSCWs with L =1 and k =2, 4, 6, 8 in Table
1. In Figure 7.1, plot of the absolute error obtained by L = 1 and different values of k are shown. It is seen from Table 1 and Figure 7.1 that
the absolute error decreases as the level of resolution increases.

Table 1: Absolute error at some selected point with L = 1 and different values of k for Example 7.2.

t k=2 k=4 k=6 k=8
0.0 206x1077 141x10° 1T 922x10°10 581 %102
0.1 371x1078 268x10710 623x10712 452x10713
0.2 3.83x1077 282x1072 226x10710 131x10°!!
03 876x107% 299x10°% 151x107? 9.87x10° !
04 387x107% 913x10°% 6.63x1072 3.97x10°10
0.5 221x1075 428x1077  206x10°% 1.21x107°
0.6 9.09x107° 818x1077 454x10°% 291x107°
07 3.57x107° 148x10°° 999%x10°% 6.12x107°
0.8 398x107° 3.19x10% 1.85x1077 1.18x 107
09 1.15x107% 505x10°°® 338x1077 2.07x10°8
1.0 937x107° 7.72x10°%  535x1077 3.44x10°8

Example 7.3. Consider the following multi-order FDE [37, 39]:
D*u(t) = —D>Su(t) — [u(t)]? +1°,
subject to initial conditions u(0) = u'(0) = u”"(0) = 0 and u’"(0) = 6.
The exact solution of this problem is u(t) = 13. The absolute error of the numerical solutions obtained by the present method is given in
Table 2 and Figure 7.2. The numerical results for 7 = 1 using the GSCWs with L =1 and k = 2, 4, 6, 8 are displayed in Table 2. Plot of the

absolute error obtained by L = 1 and different values of k are shown in Figure 7.2. The results here confirm the convergence of the numerical
solution to the exact solution of this problem.

Example 7.4. As the last example, consider the following linear multi-order FDE [37, 40]:
16
D*u(t) = 2Du(t) — D2 u(t) — u(t) + 13 — 61> + 61 + ——1*3,
u(t) = 2Du(r) = D*>u(t) — u(t) 5z
subject to initial conditions u(0) = u'(0) = 0.
The exact solution is u(¢) = 3. Numerical results for this example are presented in Table 3 and Figure 7.3. The absolute errors at some
selected points on the interval [0,1] using the GSCWs with L = 1 and k =2, 4, 6, 8 are given in Table 3. In Figure 7.3, the exact solution

and numerical solution obtained by L = 1 and different values of k are displayed. The absolute error reported in Table 3 and Figure 7.3 show
the convergence of the numerical solution to the exact solution.
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Figure 7.1: Plot of the absolute error with L = 1 and k = 2,4,6, 8 for Example 7.2.

Table 2: Absolute error at some selected point with L = 1 and different values of k for Example 7.3.

! k=2 k=4 k=6 k=8
0.0 134x107TT 222x1077 351x107%7 539x10~>
0.1 4.63x10712 1.03x107'¢ 2.16x1071° 0.00
0.2 231x1071 825x10710 851x107'0 451x107
03 1.88x107° 1.68x10712 574x107% 3.94x10°1
04 626x107° 1.78x10711 155x10712 8.80x 1014
0.5 3.06x1077  639%x10710 1.97x10711  1.07x10712
0.6 430x107%  247x107° 1.14x10710 7.58x10712
07 527x1077  9.09x107° 6.67x10710 398x10~!
0.8 417x1078%  511x107% 2.67x107° 1.73x10710
09 636x107° 142x1077 1.02x107% 6.16x10710
1.0 566x107° 3.81x1077 2.88x1078 1.91 x 1072
0.00001 F7 5.x107 "
8.x100F L=1, k=2 4.x107F L=1, k=4
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Figure 7.2: Plot of the absolute error with L = 1 and k = 2,4,6, 8 for Example 7.3.
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Table 3: Absolute error at some selected point with L = 1 and different values of k for Example 7.4.

t k=2 k=4 k=6 k=8

0.0 757x103 1.17x10% 184x10° 287x10°8
0.1 214x1073 384x107% 7.92x107> 2.04x107°
0.2 585x1073 1.08x1073 268x107% 6.68x107°
03 1.08x1072 245x1073 6.01x107% 1.50x10~*
04 249x1072 504x1073 131x1073 3.24x10°*4
0.5 1.48x107! 264x1072 6.04x103 147x1073
0.6 436x1072 120x1072 291x1073 7.33x107*4
0.7 555x1072 130x1072 328x1073 8.18x10~*
0.8 678x1072 1.72x1072 427x1073 1.07x1073
09 1.14x107! 258x1072 6.62x1073 1.64x1073
1.0 2.88x107! 879%x1072 231x102 5.83x1073

—— Exact solution

—— Exact solution

0.8 L
r = Numerical solution (L=1,k=2) —— Numerical solution (L=1,k=4)
0.6 L 4 4
ERE
0.4 B i
0.2 L B g
0.0 L B 4
Ly I I I I I | I I I I I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
: t ‘ t
1.0F 4 10t B
— Exact solution r = Exact solution
0.8} B 0.8} B
—— Numerical solution (L=1,k=6) r = Numerical solution (L=1,k=8)

Figure 7.3: Plot of the exact solution and numerical solutions with L = 1 and k = 2,4,6,8 for Example 7.4.

8. Concluding remarks

This work is devoted to the numerical solution of the multi-order fractional differential equations using the generalized sine-cosine wavelets.
The fractional order operational matrix of integration has been introduced using the properties of the block-pulse functions and generalized
sine-cosine wavelets. Using the properties of sine-cosine wavelets and block-pulse functions, the considered problem is reduced to a system
of nonlinear algebraic equations which can be solved using iterative methods. The numerical results of four examples show that the proposed
method gives high accuracy approximations of the solutions. As it is seen from the tables and figures, the absolute error decreases as the
level of resolution, &, increases.
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1. Introduction

The theory of statistical manifolds, the so called information geometry, has started with a paper of Rao in 1945 [1] and after that, the
information geometry, which is typically deals with the study of various geometric structures on a statistical manifold, has begun as a study of
the geometric structures possessed by a statistical model of probability distributions. Nowadays, the information geometry has an important
application area, such as, information theory, stochastic processes, dynamical systems and times series, statistical physics, quantum systems
and the mathematical theory of neural networks [2], [3].

In 1985, the notion of dual connection (or conjugate connection) in affine geometry, has been first introduced into statistics by Amari [4]. A
statistical model equipped with a Riemannian metric together with a pair of dual affine connections is called a statistical manifold. For more
information about statistical manifolds and information geometry, we refer to [5], [6], [7], [8], [9], [10] and etc.

Also, if @ is a tensor field of type (1,1), 1 is a 1-form and £ is a vector field on a (2n + 1)-dimensional differentiable manifold M, then
almost contact structure (P, 1, ) which is related to almost complex structures and satisfies the conditions ®* = -/ +1n ® &, n(€) = 1 has
been determined by Sasaki in 1960 [11]. With the aid of this definition, different types of this manifold such as Sasakian manifold, Kenmotsu
manifold, trans-Sasakian manifold and etc. have been defined and studied by many mathematicians [11], [12], [13] and etc.

According to these notions, the differential geometry of statistical manifolds are being studying by geometers by adding different geometric
structures to these manifolds. For instance, in [14] quaternionic Kihler-like statistical manifold have been studied and in [15], the authors
have introduced the notion of Sasakian statistical structure and obtained the condition for a real hypersurface in a holomorphic statistical
manifold to admit such a structure. In [16], the notion of a Kenmotsu statistical manifold is introduced and they have showed that, a
Kenmotsu statistical manifold of constant d-sectional curvature is constructed from a special Kahler manifold, which is an important
example of holomorphic statistical manifold. Also, the projection of a dualistic structure has been defined on a twisted product manifold
induces dualistic structures on the base and the fiber manifolds, and conversely in [3].

This paper is organized as follows:

In Section 2, we recall some basic notions about statistical structures and semi-symmetric metric connection. After Preliminaries, by
expressing the relation between the semi-symmetric metric connection V and the torsion-free connection V, we obtain the relation between
the curvature tensors R of V and R of V in Section 3 and then, we obtain these relations for V and the dual connection V*. Tn Section 4,

Email address and ORCID numbers: sema.bulut @inonu.edu.tr, 0000-0002-8771-9506 (S. Kazan), ahmet.kazan @inonu.edu.tr, 0000-0002-1959-6102 (A. Kazan)
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we give the relations between the curvature tensor R of semi-symmetric metric connection V and the curvature tensors R and R* of the
connections V and V* on Sasakian statistical manifolds, respectively. Also, we obtain the relations between the Ricci tensor (and scalar
curvature) of semi-symmetric metric connection V and the Ricci tensors (and scalar curvatures) of the connections V and V*. At the end of
this section, we construct an example of a 3-dimensional Sasakian manifold with statistical structure admitting the semi-symmetric metric
connection in order to verify our results.

2. Preliminaries

In this section, we recall some notions about statistical structures and semi-symmetric metric connection, respectively. Throughout this
paper, we assume that M is a (2n + 1)-dimensional manifold, g is a Riemannian metric, V is the Levi-Civita connection associated with g
and T'(TM(P4)) means the set of tensor fields of type (p,g) on M.

A pair (V,g) is called a statistical structure on M, if V is torsion-free and

(Vxg)(¥,Z) = (Vyg)(X,Z2), VX,Y,Z e I'(TM) (2.1)

holds, where the equation (2.1) is generally called Codazzi equation. In this case, (M, V,g) is called a statistical manifold.
Let (V,g) be a statistical structure on M. Then the connection V* which is defined by

Xg(Y,Z) =g(VxY,Z)+g(Y,VxZ)

is called conjugate or dual connection of V with respect to g. If (V, g) is a statistical structure on M, then (V*,g) is a statistical structure on
M, too.
For a statistical structure (V,g), one can define the difference tensor field K € T(TM(12)) as

K(X,Y)=VyxY —VxY, VX,Y € I(TM), (22)
where K satisfies
K(X,Y)=K(Y,X),
8(K(X,Y),Z) = g(Y,K(X,Z)).
Furthermore, we have

K:@—V*:%(V—V*). 2.3)

For a more detailed treatment, we refer to [7], [15] and [17].

On the other hand in [18], Hayden introduced a metric connection with a non-zero torsion on a Riemannian manifold and this connection is
called a Hayden connection. In [19], the authors have introduced the semi-symmetric linear connection in a differentiable manifold. A linear
connection is said to be a semi-symmetric connection if its torsion tensor T is of the form

T(X,Y)=w(Y)X —w(X)Y,
where the 1-form w is defined by
w(X) = ¢(X,U),

for vector fields X, ¥ and U on M. Also, a semi-symmetric connection V is called a semi-symmetric metric connection if it further satisfies
Vg =0. If V is the Levi-Civita connection of a Riemannian manifold M, then the relation between the semi-symmetric metric connection V
and V is

VxY = VxY +w(¥)X —g(X,Y)U, (2.4)
where w(Y) = g(Y,U).

3. Curvature of semi-symetric metric connection on statistical manifolds

In this section, firstly we’ll express the relation between the semi-symmetric metric connection V and the torsion-free connection V and
obtain the relation between the curvature tensors R of V and R of V. After, we’ll obtain these relations for V and the dual connection V*.
Let M be an n-dimensional Riemannian manifold and (V, g) be a statistical structure on M.

From (2.2) and (2.4), we obtain the relation between the connections V and V as

VxY =VxY +w(¥)X —g(X,Y)U —K(X,Y). (3.1)
The Riemannian curvature tensor R of M with respect to the semi-symmetric metric connection V is defined by
RX,Y)Z=VxVyZ—VyVxZ—Vxy|Z, (3.2)
forall X,Y,Z € I'(TM). From (3.1), we have
VxVyZ = VxVyZ+w(VyZ)X +w(VxZ)Y —w(K(X,Z))Y —w(K(Y,Z))X +w(Z)VxY —w(Z)K(X,Y) +w(¥)w(Z)X
—g(X,Y)W(Z2)U —g(Y, Z)w(U)X +g(Y,Z)w(X)U
—g(X,VyZ2)U +g(Z,VxU)Y — g(VxY,Z)U — g(Y,VxZ)U —g(Y,Z)VxU
—8(Z,KX,U))Y +g(K(X,Y),Z)U +g(Y,K(X,Z2))U +g(X,K(Y,Z))U
+g(Y,2)K(X,U)—K(X,VyZ)—VxK(Y,Z)+ K(X,K(Y,Z)) (3.3)



228 Universal Journal of Mathematics and Applications

and
ﬁ[X’Y]Z =VixyZ+ w(Z)VxY —w(Z)VyX —g(VxY,Z)U +g(VyX,Z2)U —K(VxY,Z)+ K(VyX,Z). (34
Using (3.3) and (3.4) in (3.2), we obtain the Riemannian curvature tensor R of M with respect to the semi-symmetric metric connection V as
R(X,¥)Z = R(X.Y)Z+ {w(X)U —w(U)X — VxU +K(X,U)}g(¥,Z) — {w(¥)U —w(U)Y — VyU +K(¥,U)}g(X.Z)
—gwX)U-VxU+K(X,U),Z)Y +gw(Y)U —VyU+K(Y,U),Z)X
— (VxK)(Y,Z)+ (VyK)(X,Z) + K(X,K(Y,Z)) — K(Y,K(X,Z)).

Here, R is the Riemannian curvature tensor of M with respect to the torsion-free connection V which is defined by R(X,Y)Z = VxVyZ —
VyVxZ— V[X,Y]Z'

Similarly, from (2.3) and (2.4), we obtain the relation between the connections V and V* as
VxY = ViY +w(V)X —g(X,Y)U +K(X,Y). (3.5)
forall X,Y,Z € I'(TM). From (3.5), we have
VxVyZ = VEVEZ4+w(VEZ)X +w(VEZ)Y +w(K(X,Z))Y +w(K(Y,Z)X +w(Z)ViY +w(Z)K(X,Y) +w(¥)w(Z)X
—8X,Y)W(Z)U =g (Y, Z)w(U)X +g(Y,Z)w(X)U
—8(X, VyZ)U +8(Z,VXU)Y —g(VxY,Z)U — (Y, VxZ)U —g(Y,Z)VxU
+ (Z K(X U))Y g(K(X7Y)7Z)U _g(Y7K(sz))U _g(X>K(Y7Z))U
—g(V,Z)K(X.U) +K(X,V}Z) + V¥K(Y.Z) + K(X.K(.Z)) (3.6)
and
ﬁ[xﬂz = VE‘X‘Y]Zer(Z)V;‘(Y —w(Z)VyX —g(VxY,Z2)U +g(VyX,Z)U +K(VxY,Z) — K(VyX,Z). 3.7
Using (3.6) and (3.7) in (3.2), we obtain the Riemannian curvature tensor R of M with respect to the semi-symmetric metric connection V as
R(X,Y)Z=R*(X,Y)Z+{w(X)U —w(U)X — ViU —K(X,U)}g(Y,Z) — {w(Y)U —w(U)Y —V3U —K(Y,U)}g(X,Z)
—gW(X)U = VU —K(X,U),Z)Y +g(w(Y)U —V3U —K(Y,U),Z)X
+ (V;(K)(sz) - ( ;K)(sz) +K(X7K(YZ)) *K(Y,K(X,Z)).

Here, R* is the Riemannian curvature tensor of M with respect to the dual connection V* which is defined by R*(X,Y)Z = V3 VyZ —
ViViZ=ViyyZ
Hence, we can give the following Proposition:

Proposition 3.1. Let (V,g) be a statistical structure on a Riemannian manifold M. Then, the relations between the curvature tensor R of
semi-symmetric metric connection V and the curvature tensors R and R* of the connections V and V*, respectively, are

R(X,Y)Z=R(X,Y)Z+{w(X)U —=w(U)X — VxU +K(X,U)}g(Y,Z) = {w(Y)U —w(U)Y — VyU +K(Y,U)}g(X,Z)
—gw(X)U —VxU+K(X,U),2)Y +gw(Y)U —VyU +K(Y,U),Z)X
Z)

—(VxK)(Y,Z)+ (VyK)(X,Z) + K(X,K(Y,Z)) - K(Y,K(X,Z)) (3.8)
=R (X,Y)Z+{wX)U —w(U)X — VU —K(X,U)}g(Y,Z) — {w(Y)U —w(U)Y — VU — K(Y,U)}¢(X,Z)
—g(w(X)U —VxU —K(X,U),2)Y +g(w(Y)U — VyU — K(Y,U), )
+(VxK)(Y,2) = (VyK)(X,Z) + K(X,K(Y,Z)) - K(Y,K(X,Z)), 3.9)

for all vector fields X, Y and Z on M.

4. Semi-symmetric metric connection on Sasakian statistical manifolds

A (2n+ 1)-dimensional differentiable manifold M is said to admit an almost contact Riemannian structure (®,1,&,g), where @ is a
(1,1)-tensor field, & is a vector field, 7 is a 1-form and g is a Riemannian metric on M such that

DS =0, 1(5) =1, 8(§,X) = n(X),
®2X = X +1n(X)E, (4.1)
8(PX, DY) = g(X,Y) —n(X)n(Y),

for any vector fields X, Y on M . In addition, if (®,n,&, g) satisfy the equations
dn =0, Vx& = ®X, 4.2)
(Vx®)Y =n(Y)X —g(X.Y)¢E,

then M is called a Sasakian manifold (for detail, see [15] and [20]).
Also in [15], the authors have defined the notion of Sasakian statistical structure and have obtained the necessary and sufficient conditions for
a statistical structure on an almost contact metric manifold to be a Sasakian statistical structure as follows:
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Definition 4.1. A quadruple (V,g,®,&) is called a Sasakian statistical structure on M, if (V,g) is a statistical structure, (g,®,§) is a
Sasakian structure on M and the formula K(X,®Y )+ ®K(X,Y) = 0 holds for any vector fields X and Y on M.

Theorem 4.2. Let (V,g) be a statistical structure and (g,®P,&) an almost contact metric structure on M. (V,g,®, &) is a Sasakian statistical
structure if and only if the following formulas hold:

Vx& =X +g(Vx&,8)E. (4.4)
So, we can give the following Example:

Example 4.3. Let (®,n,&,g) be an almost contact Riemannian structure on M. Set the connection V as
V¥ = VxY +3n(X)n(¥)E, @.5)

for any X,Y € T(TM). Then, V is torsion-free and satisfies the Codazzi equation (2.1). So, (V,g) is a statistical structure on the almost
contact Riemannian manifold (M, ®,1,&,g).

Also, from (2.2), (2.3) and (4.5) we have K(X,Y) =3n(X)n(Y)& and ?}‘(Y =VyxY — INX)N(Y)E. So, the equations (4.3) and (4.4) hold
for the connection V. Hence (6, 8,9, n,&) is a Sasakian statistical structure on M.

Now, firstly we’ll give the relations between the curvature tensor R of semi-symmetric metric connection V and the curvature tensors R and
R* of the connections V and V* on Sasakian statistical manifolds with the aid of Proposition 3.1. For this, we use the equation

VxY = VxY +n(Y)X —g(X,Y)E&, (4.6)

which has been obtained by Yano [21] on almost contact manifolds. Here, V is the semi-symmetric metric connection and V is the Levi-Civita
connection on (M, g), 1 is a 1-form and & is a vector field defined by w(X) = g(X, &). If we write 7 instead of w and & instead of U in the
equations (3.8) and (3.9) and use (2.2), (2.3), (4.1) and (4.2), then we have the following Theorem:

Theorem 4.4. Let (M,V,g,®,1,&) be a (2n+ 1)-dimensional Sasakian statistical manifold. Then, the relations between the curvature
tensor R of semi-symmetric metric connection V and the curvature tensors R and R* of the connections V and V*, respectively, are

R(X,Y)Z=R(X,Y)Z+{®*X —®X}g(Y,Z) — {®*Y — DY }g(X,Z)
+8(PX,Z)Y —g(®Y,Z)X —n(X)n(Z)Y +n(Y)n(Z)X
—(VxK)(Y,Z)+ (VyK)(X,Z)+K(X,K(Y,Z)) — K(Y,K(X,Z)) 4.7
=R*(X,Y)Z 4 {®*X — ®X}g(Y,Z) — {®*Y — DY }g(X,Z)
+8(PX,Z)Y —g(®Y,Z)X —n(X)n(Z)Y +n(Y)n(Z)X
for all vector fields X, Y and Z on M.
Corollary 4.5. Let (M,V,g,®,1,&) be a (2n+ 1)-dimensional Sasakian statistical manifold. Then, we have

R(X,Y)E =R(X,Y)E+n(X)®Y —n(Y)PX — (VxK)(Y,§) + (VyK)(X,§) 4.9)
=R*(X,Y)§+n(X)®Y —n(Y)®X + (VxK)(¥,§) — (VyK)(X,E) (4.10)

and
R(E.X)Y =R(E,X)Y +n(Y)PX —g(PX,Y )& — (VeK)(X,Y) + (VxK)(E,Y) +K(§,K(X,Y)) —K(X,K(&,Y)) (4.11)
=R'(E,X)Y +n(Y)PX — g(PX,Y)E + (VeK)(X,Y) — (VxK)(E,Y) + K (5, K(X,Y)) - K(X,K(§,Y)), (4.12)

for all vector fields X and Y on M.

Proof. We know that [15], on a Sasakian statistical manifold, the equation Vx& = ®X +1(Vx&)& holds. So, from (2.2) we get K(X, &) =
N(Vx&)E. Using this, we have K(X,K(Y,&)) = n(Vx&)n(Vy&)E and so, we obtain that

K(X,K(Y,8)) =K(Y,K(X,8)). (4.13)
Using (4.1) and (4.13) in (4.7) and (4.8), we reach the equations (4.9)-(4.12) and the proof completes. O

Now, let us give the relations between the Ricci tensor § of semi-symmetric metric connection V and the Ricci tensors S and $* of the
connections V and V*, respectively.

Theorem 4.6. Let (M,V,g,®,1m,&) be a (2n+ 1)-dimensional Sasakian statistical manifold. Then, the relations between the Ricci tensors
of semi-symmetric metric connection V and the connections V and V* | respectively, are

S(X,¥) = S(X,¥) — (2n—1)g(PX, DY +Y) (4.14)
Zlglg((VxK)(ei,ei) —(Ve,K)(X,ei) —K(X,K(ej,ei)) +K(ei, K (X €i)).Y)

= §*(X,Y) — (21— 1)g(®X, DY +7) (4.15)
+ziilg((V§K)(euei) — (VoK) (X, ei) + K(X K (ej,ei) — K(ei, K (X, €i)).Y),

i=1

for all vector fields X and 'Y on M.
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2n+1
Proof. Using (4.1) and (4.7) in the equation S X,Y) Z g(R(X,e;)e;,Y), we get (4.14). Similarly, using (4.1) and (4.8) in the equation

2n+1
Z g(R(X,ei)e;,Y ), we get (4.15). .

Here, let us give the relations between the scalar curvature % of semi-symmetric metric connection V and the scalar curvatures T and 7* of
the connections V and V*.

Theorem 4.7. Let (M,V,g,®,1m,&) be a (2n+ 1)-dimensional Sasakian statistical manifold. Then, the relations between the scalar
curvature of semi-symmetric metric connection V and the connections V and V* | respectively, are

2n+1
F=T+2n—4n>— Z 8((Ve;K)(eirei) — (VoK) (ej,ei) — K(ej, K(eisei)) + K(ei, K(ej,ei)),e5) (4.16)
ij=1
) 2n+1
=t +2n—dn’+ Y g((Vy K)(eiei) — (Vo K)(ejiei) +K(ej,K(eiei) —K(ei,K(ej,ei)) ;). 4.17)
i,j=1
+
Proof. Using (4.14) and (4.15) in the equation T Z ej,e;), we get (4.16) and (4.17), respectively. O

Finally, let us construct an example of a 3-dimensional Sasakian manifold with statistical structure admitting the semi-symmetric metric
connection in order to verify our results.

Example 4.8. Let us consider the 3-dimensional manifold M = {(x,y,z) € R3, z# 0}, where (x,y,z) are the standart coordinates in R3.
We choose the vector fields {e,e2,e3} as

_9 (8 _2Y 2 ,_19
AT T M ox 9z) Ty T 207

which are linearly independent at each point of M.

Let g be the Riemannian metric defined by g(e;j,ej) =0, i# j, i,j=1,2,3 and g(e,ex) =1, k=1,2,3.

Let M be the 1-form defined by 1(Z) = g(Z,e3), for any Z € (M), where (M) is the set of all differentiable vector fields on M.
Let ¢ be the (1,1)-tensor field defined by

e = —es, Per =eq, ez =0. (4.18)

Using the linearity of ¢ and g, we have n(e3) = 1, 0°Z = —Z+1(Z)e3 and g($Z,9U) = g(Z,U) —n(Z)n(U), for any U,Z € x(M). Thus,
fores =E&, (9,&,m,g) defines an almost contact metric structure on M.
Now, we have

[e1,e2] = —e1 +2e3, [e1,e3] =0, [e2,e3] = 0.
The Levi-Civita connection V of the metric tensor g is given by Koszul’s formula which is defined as
28(©XY72) :Xg(Y7Z) +Yg(X7Z) _Zg(X7Y) _g(X> [Y>ZD _g(Y7 [X7Z]) +g(Z, [va})
Taking e3 = & and using Koszul’s formula, we get the following

@elel =e, @elez = —e| te3, 66163 = —ey,
Ve,e1 = —e3, Ve,ea =0, Vo,e3 = ey, (4.19)
@gsel = —ep, ¢g3€2 =ey, 66363 =0.
From the above, it can be easily seen that (¢,&,M,g) is a Sasakian structure on M. Consequently, (M, ¢,E,1,g) is a 3-dimensional Sasakian
manifold.

Now, the components of the curvature tensors, Ricci tensors and scalar curvature with respect to the Levi-Civita connection V are obtained
by

R(er,ex)e) = 4ey, R(er,e2)er = —dey, R(ey,ez)e3 =0,
R(er,e3)er = —e3, R(er,e3)e2 =0, R(ey,e3)e3 = ey,
R(ez,e3)e; =0, R(ez,e3)er = —e3, R(ea,e3)e3 = e,
S(er,er) = =3, S(e1,e2) =0, S(ey,e3) =0,
S(er,e1) =0, S(ez,e2) = =3, S(e,3) =0,

.SA'(e 1)=0, §(e3,e2):0, S'(e3,e3):2

and

t=—4,
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respectively.
Here, let us add a statistical structure to this Sasakian manifold. From (2.2) and (4.19), we have

Ve e1 =er+K(ep,e1), Vejer =—e1+e3+K(ep,e2), Vee3 =—er+K(ey,e3),
Ve,e1 =—e3+K(ez,e1), Ve,eo =K(ez,e3), Ve,e3 =1 +K(ez,e3), (4.20)
Ve,e1 = —ex+K(e3,e1), Veser = e1+K(ez,e2), Vee3 =K(ez,e3).

So, the components of the curvature tensors, Ricci tensors and scalar curvature with respect to the torsion-free connection V are obtained by

R(e1,ez)e1 =4dex+K(er,e1) —3K(e1,e3) —K(ez,e2) +V, K(ez,e1) — Ve, K(eq,e1),

R(er,ep)ey = —4de) +2K(eg,e2) —3K(e2,e3) + Ve K(er,e2) — Ve, K(ey,€2),

R(er,ep)es =K(ey,e1)+K(ep,e3)+K(ez,en) —2K(e3,e3)+ Ve, K(e2,e3) — Ve, K(eg,e3),

R(ej,e3z)e; = —e3 —K(ej,e2) —K(ez,e3) + Ve, K(e3,e1) — Ve, K(ey,e1),

R(er,e3z)es =K(ej,e1)+K(ep,e3) —K(e3,e3)+ Ve, K(e3,e2) — Ve, K(eg,e2), (4.21)
R(ej,ez)es =e1 +K(ex,e3) + Ve K(e3,e3) — Ve, K(e,e3),

R(ey,e3)e; = —K(e2,e2) +K(e3,e3) + Ve, K(e3,e1) — Ve, K(ez,e1),

R(ez,e3)ey = —e3+K(ep,e1) + Ve, K(e3,e2) — Ve, K(ea,e2),

R(ep,e3)e3 = K(e3,e1)+ Ve,K(e3,e3) — Ve, K(ea,e3),

(e1,e1) = —3+g(2K(e1,e2) —2K(ez,e3) + Ve, K(ep,2) — Ve, K(e1,62) + Ve, K(e3,63) — Ve, K(e1,€3),€1),
(e1,e2) = g(2K(e1,e2) —2K(e2,€3) + Ve K(e,€2) — Ve, K(e1,€2) + Ve, K(e3,€3) — Ve, K(e1,€3),€2),

(e1,e3) = g(2K (e1,€2) — 2K (e2,€3) + Ve, K(e,€2) — Ve, K(e1,€2) + Ve, K(e3,€3) — Ve K(e1,€3),€3),

(e2,e1) = g(—K(e1,e1) +2K(er,e3) + K(ea,e2) — Ve K(ea,e1) + Ve, K(er,e1) + Ve, K(e3,63) — Ve, K(e2,€3),€1),
S(ez,en) = —3+g(—K(e1,e1) +2K(e1,e3) +K(ex,e2) — Ve, K(en,e1) + Ve, K(e1,e1) + Ve, K(e3,63) — Ve K(e2,€3),€2), (4.22)
(e2,e3)

(e3,e1)

(e3,€2)

(e3,€3)

er,e3) = g(—K(ey,e1) +2K(ey,e3) +K(ep,e2) — Ve, K(ez,e1) + Ve, K(ey,e1) + Ve, K(e3,e3) — Ve, K(e2,€3),€3),
=g(K(e3,e2) — V¢ K(e3,e1) = Ve, K(e3,e2) + Ve, K(e1,e1) + Ve, K(ez,e2),e1),
g(K(e3,€2) = Ve K(e3,e1) — Ve, K(e3,62) + Ve, K(er,e1) + Ve, K(e2,€2),€2),

2+g(K(esz,ea) — Ve, K(ez,e1) — Ve, K(e3,62) + Ve, K(e1,€1) + Ve, K(ea,€2),€3)

€3,¢]

9%}

€3,€3

S(e3,e3
and

=—4+g(K(K(e1,e2),e2) —K(e1,K(e2,€2)) +K(e3,K(e1,e3)) — K(e,K(e3,e3))
+ (Ve K)(e2,62) = (Ve, K) (e1,€2) + (Ve K)(e3,€3) — (Ve K) (e, €3), 1)
+8(K(e1,K(e2,e1)) —K(e2,K(e1,e1)) —K(ez,K(e3,e3)) + K(e3,K(e2,e3))
— (Ve K)(ea,e1) 4+ (Ve,K)(e1,e1) + (Ve, K)(€3,€3) — (Ve  K) (€2, €3),€2)
+8(K(e1,K(e3,e1)) +K(e2,K(e3,e2)) —K(e3,K(e1,e1)) — K(e3,K(e2,€2))
—(Ve,K)(e3,e1) = (Ve,K)(€3,€2) + (Ve, K) (e1,€1) + (Vey K) (€2,€2),€3), (4.23)

respectively. (Similarly, the above equations can be obtained for the dual connection V*.)
Finally, from (4.6) (or from (3.1) forw =1 and U = &) and (4.19), we have

Veer =ex—e3, Voer = —ei+e3, Vo3 = —er +ey,
Veer = —e3, Ve = —e3, Ve,e3 =) + e,
@eSel =—ey, 66362 =ey, 66363 =0.
and the curvature tensors, Ricci tensors and scalar curvature with respect to the semi-symmetric metric connection V are obtained as follows,
respectively:

=

(e1,e2)e1 =5er, R(er,ex)er = —5eq, R(ey,er)e3 =0,
R(er,e3)e; = —e3, R(e1,e3)er = —e3, R(ey,e3)e3 =ej + e, (4.24)

R(ez,e3)e1 = e3, R(ez,e3)er = —e3, R(ez,e3)e3 = €3 — ey,
g(ehel) = _4 5(31762) (61763) 0
S(ez,er) = —1, S(ez,e ):—4 S(ez,e3) =0, (4.25)

S(es,e1) =0, S(e3,e2) =0, S(es,e3) =2

and

N

— 6 (4.26)

Hence, one can easily see that, from (4.1), (4.18), (4.21) and (4.24), the equation (4.7) in Theorem 4.4 is verified; from (4.1), (4.18), (4.22)
and (4.25), the equation (4.14) in Theorem 4.6 is verified and from (4.23) and (4.26), the equation (4.16) in Theorem 4.7 is verified for n = 1.
Similarly, obtaining the above equations for dual connection V*, one can easily see that, the equations (4.8), (4.15) and (4.17) are verified,
too.
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Now, by choosing the difference tensor field K as in Example 4.3, we’ll obtain the equations (4.20)-(4.23) in the following Example.

Example 4.9. If we choose the difference tensor field K as K(X,Y) =30 (X)N(Y)&, then the equations (4.20)-(4.23) are obtained as

and

Veer =€z, Voo = —e1 +e3, Ve e3 = —e2,
V€2el = —es3, V€262 = 07 V€2e3 =e€q,
V€3el = —e, VE3e2 =ey, V€3e3 = 383,

R(e1,e2)e; =4ey, R(ey,ex)er = —4ey, R(ey,ep)e3 = —6e3,
R(ey,e3)e; = —e3, R(e1,e3)er = —3es, R(ey,e3)e3 = e) —3ey, 4.27)
R(ez,e3)e1 = 3e3, R(ez,e3)er = —e3, R(ea,e3)e3 = e3 4 3ey,

S(ehel) = _37 S(ehez) = _37 S(E],@}) :07

S(ez,e1) =3, S(ez,e2) = =3, S(e2,¢3) =0, (4.28)
S(es,er) =0, S(ez,e2) =0, S(ez,e3) =2

T=—4. (4.29)

Here, one can easily see that, from (4.1), (4.18), (4.24)-(4.26) and (4.27)-(4.29), the Theorems 4.4, 4.6 and 4.7 are verified.
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1. Introduction
In mathematical calculus, integral transforms are a specific branch that has used various applied area. In 1993, Watugala introduced a new

integral transform called Sumudu Integral Transform (SIT) to solve differential equations and engineering problems [1]. The Sumudu
Transform of the function f(r) is defined over the set of A (seen [1], [2], [3], [4])

A={f(t): M, 71,0 > 0, |£(1)] < Me" ,if 1€ (—1) x [0,09)}

as below formula

F(u):s[f(t);u]=/0°°f(m)e*fdr we (—11,m) (1.1

Also, modified version of (1.1) is presented as

F(u) =/0m f(t)Te_;dt ue (—1,n) 1.2)

by Watugala [1], [4] and Belgacem [2],[3]. Hereafter, many authors consider the Sumudu Integral Transform to investigate properties,
applications and relations with other transforms [1]-[10].

In recent time, homotopy perturbation, differential transform and adomian decomposition methods are applied to find Laplace transform as
seen [11],[12],[13] respectively. Furthermore, homotopy perturbation method is also applied to Sumudu transform [8].

The goal of this paper is to present a different approach to obtain Sumudu transform of functions. In order to do this, we use the differential
transform method (DTM) and first order initial value problem which has a solution that corresponds to Sumudu transform of desired
functions. DTM is very famous and powerful analytic technique and it does not required complex integration process. So, very accurate and
efficient results are obtained easily.

Email address and ORCID number: mrtgbs @gmail.com, 0000-0002-1876-5218 (M. Giibes)
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Functions Transformed form of functions
V(1) = e Vik) =4
k(—1 5 .
W) = cos(ar) | Vk)={ ST if Kk even
0, if k odd
T
W) = sin(ar) | Vk)={ " if k odd
0, if k even
ad
1) = cosh(at VIK) = o if k even
o) = coshlar) | v ={ fr s b e
ad&
) — sinh(ar VK = G if k odd
v(#) = sinh(ar) (k) {O,if k even

Table 1: Basic transformations of DTM for some functions.

2. Basic idea of DTM

The differential transform of the analytical v(¢) function is defined (seen [14], [15], [16], [17]) as

1 [ dF
V (k) = il {ﬁv(z‘)} . 2.1)
! i

where V (k) is the transformed function of v(¢) which is called spectrum function. And the inverse transform of V (k) is defined (seen [14],
[15], [16], [17]) as

v(t)= Y vk (2.2)
Combining (2.1) and (2.2), we obtain the DTM solution of v(¢) as follow

no dk
v(t) = Z o {Wv

(t)} X+ Ry (1) 2.3)
k=0 t=0

Here R, 11(t) = Yl 01 V (k)t* are remaining terms of solution series. Some of the transformed functions are presented in Table 1.

3. Results by using DTM

Theorem 3.1. Let v(¢) is an analytic function and r is positive constant. Also, we consider the linear initial value problem as follow

V(1) = ;V(t) + %q(t) (3.1)
v(0)=0

Then, the Sumudu transform of q(t) is

t=oc0

Slat)] = [ gva)zf

t=0

Here, V (i) is differential transform of v(r).

Proof. First of all, we can write the solution of (3.1) as

v(t) = e (/ q(t)re:dr) (3.2)

and by rewriting two side of (3.2) from zero to infinity, we obtain the relation between (3.2) and Sumudu transform as follow

{v(t)e*%]z: - ( /0 B q([):lrdt) (3.3)

It is clearly seen that right hand side of (3.3) is the definition of Sumudu transform of ¢(z) as seen in (1.2).
In order to find Sumudu transform of ¢(r), we construct the differential transformed form of (3.1) as
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V(0) =0

(3.4)

where V (i), Q(i) are differential transformed functions of v(r) and ¢() respectively. Then, by using the inverse differential transform as in
(2.2), (2.3), we obtain the DTM solution of v(¢) as

v(it)=Y v(i)! (3.5)
i=0
Finally, put (3.5) into (3.3), we find the sumudu transform of ¢(z) as

f=o0

S[q(1)] = < /0 B ‘f’(’):’dz> - [ei i}v(i)z’} 3.6)

t=0

This completes the proof.
O

The following illustrations are given to show accuracy, efficiency and easy applicability of our approach to find Sumudu transform of
functions.

Case 1: In the Theorem 3.1, let ¢(r) = e*'. Then considering (3.4) and transformed form of g(¢) = ¢, we can write

, 1 V(i) 1
Vit =4 ri+1) !
V(0)=0

Some of the V(i) are obtained as

71+ar

V() = _ 1 +ar+a?r?

2172 Vi) = 3113

_ 14ar+d*?+a®r +a*r*
B 5155

_ l+tar+a*rr+a3r +a*r* +a°r°
B 6!r0

1
V(l)=-
(1=

l+ar+d?r?+ a3
V(4) = o v(5)

3.7

V(6)

From (3.5) and from (3.7), we have

iv(')ti t+t2+ﬁ+t4+t5 + + t2+t3 +’4+t5 +[6+ (3.8)
=i oy L v e ,
. roo 2020 313 44 510 21,2 0 313 414 5 60
SR (L AR L B e ¥ (A A A L S P
a T —_— —_— —_— —_— —_— e a 4 —_— —_— —_— —_— —_— ... e
313 414 515 66 T 44 55 6 T T 818

And the equation (3.8) can be written as equivalently following

iV(i)ti = (eﬁ — 1) +ar (el? -1- ;) +ad*? (el? St %) 3.9

i=0 r

2 3 2 3 4
33 L t t t 4 4 L t 1 t t
F—]l - — — — Fr—l - - — —
tarr <e ! )+a d (e roo2r2 3153 414 +

Finally, by using (3.6) and (3.9) we find the Sumudu transform of ¢

2 1=o0
t 1 t t t t t t t
S[e”] :{e_7< ?71>+ar><e_? (e7717;)+a2r2><e_? (eFflf;fﬁ)er}
t=0

=lt+ar+ad*?+a P +d* 't + P +d5° + -
1

- 1—ar
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Case 2: In the Theorem 3.1, let g(t) = cos(ar). Then, from (3.4) and Table 1 we can write

; i(—1)? .
V(H—l):ly(l) ‘1 #, i even
ri+l r(i+1)" o, i odd
V(0)=0
Thus, V(i) are obtained as
1 1+ar 1—a*r? 1—a*r?
Vi)=- V(2)= V(3) = V(4)=
(1) r 2) 2172 (3) 3173 ) 4174
1 —a?r? +a** 1 —a*r? +a**
V(5)= s v(6)= s (3.10)
V(7) _ 1 —d2r? +a*r* — abr® V(S) _ 1—a?r? +a*r* — a®r%
77 81r8

Using the (3.5) and (3.10), we have

PRETT T T T

iV(i)ti:<l+ 12 N 3 4 +i+-.~)—a2r2( 3 4 S (6 )

=t gttt 3.11
= 33 T aA TS T T G-11)
5 6 7 8 7 8 9 10
aaft t t t 6ol t t t t
+“’(§ﬁ+ax+ﬂﬁ+§ﬁ+“)‘“’(ﬂﬁ+aﬁ+aﬁ+ﬁmﬁ+“)i”
The (3.11) can be rewritten as follow
oo 2 2 3 4
R i_ I; 22 % t t 4 4 % t t t t
;)V(z)t-(e 71)*617‘(@ 71*;*p)+ar<e 71*;*ﬁ*w*w
2 3 4 5 6
N O B L L S BT
roo2r2 3153 4t SIS 6o
At the end, the Sumudu transform of cos(at)
1\~ 1 ¢ 2\ 1t 2 & AN\
tosan] = (1= ) = (1- oLt ) et (1oL e D)
er/i—o er  rer  2rer ) i—o er rer 2rfer  313er  4Alrter ) —p
f=o0
_aéré(l_i’_é_ 121_ 3 - 141_ IS - 10 1)
er rer 2rfer 3lper  4lrfer  5lrder  6lr%er /i
=1—a*? +a** - a0+ a8 — a0+ ..
B 1
T 1+a2?
Case 3: In the Theorem 3.1, let g(r) = M Again, by considering (3.4) and Table 1 we can write
V(i 1, dent
v(i+1):7,ﬂ+ - { T boeven (3.12)
ritl o r(i+1)" o i odd
V(0)=0
In that case, we can write some of V (i) as
1 1 3—a?r? 3—a?r?
Vi)=- V)= =— =—
M r @) 2172 3) 3x3173 3Ix 44
V(s) = 15— 5a%1? + 3a*r* (6) = 15 —5a%r? 4+ 3a*r* (3.13)
B 15 % 5!r° B 15 x 6170 '
V) = 105 — 35a%r% 4 21a*r* — 15a°/°
105 x 7177

By considering (3.5) in the Theorem 3.1 and using (3.13), we have
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iv(i)ti*a L e + & + & + a b )=l & + a + a + a + (3.14)
4 T \ar 22 3lard | Mart  5lard 3 3lard  4Alar*  SlarS  6lar® '

+1a a + “ + i + a + Lo (2 + a + a + - +o )+
ZaF U
5 SlarS * 6lar® ~ Tlar’ = 8lard 7 Tar’ * 8lar®  9lar®  10!ar!0

The (3.14) can be rewritten equally as below

( L 1) arr 1 tg t 12 " art
et — _ Y O DL
3 |a ro 22 5
a1/ . Lt 2 I * = 16
_ Sl (T L L AL
7 |a roo2r2 3183 414 5150 60

Finally, by using (3.6) we obtain the Sumudu transform of ““E—al)

D13
=
=
NNA
I
Q
| p———
Q —

t=oo

g {singat)] _ |:etr iV(i)ti:| _g e a0 . tan~! (ar)
=0 =0

Case 4: In the Theorem 3.1, let g(7) = sinh(at). Then, considering (3.4) and Table 1 we can write

. LV(@ 1 40 odd
Vit = 220 T 3.15
(i+1) ri+1+r(i+l) (3,1' even (3.15)
V(0)=0

By means of (3.15), V(i) are obtained following
1 2.2
vy =0 v =L vE)=L vay=ter)
r 4113

a(l+a*r* +a*r*
V(6) = alltar+ar) P ) (3.16)

a(l +a*rt 4 atr* +a6r6)
V(8)= TR

From (3.5) in the Theorem 3.1 and from (3.16), we have

wV‘ o 2 3 A S saf 1 S /6 i1
Lvir=a(gpatataatsst ) e (gt et G179

/6 /7 8 8 9 /10
+a°P [t ot ot | Fd T ot oy e b |
675 717 818 81r8 919 101710
And the equation (3.17) can be written as equivalently below

3 2 3 2 3 4 5
N : t 3a( tot t ss( ot tot t t t
LV =ar(ef —1= 1) +ar (¢ —1 == o= ) (-1 L S s e s

i=0
wa (ef 1 ! LR A A N
ro22 318 AT 55 e T

As a results, we find the Sumudu transform of sinh(at)

t=o0

S[sinh(at)] = {e_: ;,)V(i)fl} L —ar+a P +ar +d r +dF° - = T—22 j;zrz

Case 5: In the Theorem 3.1, let g(t) = cosh(ar). Then, considering (3.4) and Table 1 we can write

: 1V(®) 1 2 i even
Vii+1)=-" R
(D)= 7t 00 odd

V(0)=0
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Hence, some of the V (i) are obtained as

1 1 14 a*r? 14 a*r?
Vil)=- VQ2)==— V@B3)=—F5— V@d)=——F
(1) r ) 2172 3) 3173 “) 414
1+a*? +a*r* 1+a*? +a*r*
V(5)= I v(6)= BRI I (3.18)
Once again, by using (3.5) in the Theorem 3.1 and from (3.18), we have
) 2 3 4 5 3 4 5 6
N AT t t t saf t t t t
44 l‘S 16 l‘7 [8 6.6 l‘7 18 l‘9 th
T\ Tes T TR T )T\ TS T Tropo ) T
The (3.19) can be rewritten equally as follow
) 2
. ¢ t t t
Y v = <e? - 1) +a*? (67 —1—-= —2>
= r 2r
2 3 4
aafe_ =
tair (e = 22733 4!r4) (3.20)

Finally, we find the Sumudu transform of cosh(ar)

t=c0
S[sinh(at)] = {ei Z V(i)f[:| =14+ +ad*r* +a®r0 + a8+
i=0 =0

_ 1
T 1—a?r?

4. Conclusion

As aresult, we use the differential transform method (DTM) to find Sumudu Transform of functions as a different way. Moreover, contrary
to the literature we obtain the Sumudu transform of functions easily without complex integration and long calculations.
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1. Introduction and preliminaries

H. Holditch expressed the Holditch theorem in the article entitled ”"Geometrical Theorem” in 1858. Holditch theorem is stated that “’If the
end points of a chord, with constant length a + b, draw any closed curve, any point on this chord draw different closed curve. So, the area
between these curves is always wab”, [5]. The most important point of this classic Holditch theorem in Euclidean plane is that the area
between these curves is independent of the selection of the curves. Thus, this theorem has attracted a lot of attention and been generalized
with various methods and different perspectives. Then, Steiner calculated the area formula of the trajectory in a moving plane drawn by a
point in the fixed plane in terms of Steiner points, [6].

Blaschke and Miiller considered trajectories drawn by three points and generalized the Holditch theorem in Euclidean plane, [7]. Then, Hering
expressed the Holditch theorem with respect to the length of the envelope curve with the aid of non-linear three points, [8]. Considering the
above studies, there are many studies concerned with the Holditch theorem, [9, 10, 11].

The polar moment of inertia instead of area in Holditch theorem can be calculated by similar processes. Holditch theorem expressed in terms
of the polar moment of inertia is called as Holditch-type theorem”.

Miiller calculated the polar moment of inertia of the trajectory drawn by a point in the Euclidean plane. Moreover, Miiller gave a conclusion
that the geometric locus of all fixed points on the moving plane which has same polar moment of inertia is the circle with center which is
Steiner point, [12]. Then, considering the study [12], there are lots of studies related to Holditch-type theorem, [13, 14, 15, 16, 17].

In the Euclidean plane, the Cauchy formula of the closed envelope of a family of the straight lines g and the length of the envelope of
trajectories of straight lines were given by Blaschke and Miiller, [7]. In the Lorentzian plane, the Cauchy formula for the envelope of a
family of lines was given by Yiice and Kuruoglu. Moreover, they proved the length of the envelope of trajectories of non-null lines and gave
the Holditch theorem for the length of the envelope of trajectories for Lorentzian motion, [18].

The generalized complex number system is defined as

Cp:{x+iy :xy€eR, izzpeR}

and expressed by Yaglom and Harkins, [1, 2, 3]. This system involves in complex (p = —1), dual (p = 0) and hyperbolic (p = +1) number
systems and also different planes for other values of p.

Considering the studies given by Yaglom and Harkins, some studies were done in the generalized complex plane. Giirses and Yiice considered
the one parameter planar motion in Affine-Cayley Klein planes and p-complex plane C; = {x+Jy : x,yeER, J2=p, pe {-1,0, l}} -
Gy, [19, 20]. Moreover, Erisir et. al. calculated the Steiner area formula and proved Holditch theorem in the generalized complex plane C,,

Email addresses and ORCID numbers: tulay.erisir @erzincan.edu.tr, 0000-0001-6444-1460 (T. Erisir), agungor @sakarya.edu.tr, 0000-0003-1863-3183 (M. A. Giingor)
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[21]. Then, they calculated the polar moment of inertia of trajectories under the one-parameter planar motion and proved Holditch-type
theorem in C,, [4]. Moreover, Erisir and Giingér gave the Cauchy-length formula and proved Holditch theorem for non-linear points in C,,
[22].

Now, using the above studies, we give some operations on this system.

The addition, substraction and product on this generalized complex plane Cp, are

Z1 £7p = (x1 +iy1) £ (x2 +iy2) =x1 £x2 +i(y1 £32)
and
MP(Zy,Zy) = (x1x2 +py1y2) +i(x1y2 +x2y1)

where Z; = (x; +iy1), Zp = (x2+iyz) € Cp, [2, 3]. In addition, the p—magnitude of Z =x+iy € C, is

Zly = IMP (2.2 = /2~ py?).

The unit circle in C, is the set of points in the form |Z|, = 1. So, now we consider the special values of p in C,, as follows.

1) Let us consider p < 0. Thus, the generalized complex number system matches up with the elliptical complex number system. For p = —1,
the unit circle in C,, corresponds to the Euclidean unit circle and the plane C_; matches up with Euclidean plane.

2) If we consider p = 0, the plane Cy matches up with Gallilean plane. The unit circle in C;, corresponds to Gallilean circle.

3) We take p > 0. In this case, the generalized complex number system is equal to the hyperbolic complex number system. If we take p = 1,
the plane C; corresponds to the Lorentzian plane, (Figure 1.1), [3].

+1

/’
N

p<0 p=0

Figure 1.1: Unit Circles in C,

So, we can give the following definition.

Definition 1.1. Let us consider a circle in the generalized complex plane Cy. This circle has the center M(a,b) and the radius r. So, the
equation of this circle is

(1= =ply= | =2

where 7 =p € R, [3].

Now, we mention the angle in (Cp. Let us consider 6 =V /x and Z = x+iy. So, we can write

[3]. In addition, the generalized Euler formula
% = cospb, +isinp6,

where > = p in Cp. Thus, the polar and exponential forms of the generalized complex number Z is
z=rp(cospbp +isinp,) = rpeiep

where 6, and rp, = |Z \p are p—argument and p—magnitude of generalized complex number Z, respectively. The p—rotation matrix obtained

by €% is

cospf,  psinp6,

A6p) = sinp6p cospl, |
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Moreover, the derivatives of the p—trigonometric functions cosp and sinp can be written by

i(cos o) =psinpa i(sin o) = cospa
do p&) = psmpda, da p&) = Cosp«,

[3].
Throughout this study, we consider one-parameter planar motion K,/ K;) in generalized complex plane Cp,. Moreover, we study in the branch
Iof Cp.
Now, we mention Cauchy formula in Cp, which is used in this study. This formula in C;, was studied by Erigir and Giingdr in [22].
Let g be a line in the branch I of Cp,. So, the Hesse form of this line g in Cp, is written by
h=x; CoSpYp — px2 sinpl//p

where (h, l;/p) is the Hesse coordinates in C,, and h = () is the distance to the origin O from the right line and the point X (x1,x;) is the
contact point of the line g with the envelope curve (g). Moreover, the Cauchy-length formula in C;, is written by

|ph—h|dy,.

1

1
in/
VIpl b4

Similarly, we give the length of the enveloping curve (g) according to the fixed generalized complex plane KE). So, we can write the Hesse
form of the line g according to the fixed generalized complex plane K;) as

n = x’l COSpl[/l]) — px'z sinpl//l’)
where /' is the distance to the origin O’ from the right line g. If the necessary operations are considered, it is obtained that
W =h—wu COSPVY) + pup Sinpyp.

So, we obtain that

1 .
L= \/ﬁ ’phSP —Acospy, +szmpwp‘

n 1

where A = [ (puj —ii1)d6, and B = [ (puy — iip)d 6.
to fo

Moreover, we know that

1
L'=+/|p| /qd9p+L§

fo

t
where LZ = g2 COSpYp —q1 sinpl//p‘ 1 is the length of orthogonal projection of the line segment Q1 Q» of the moving pole curve (Q) on the
)
line g. Moreover, § = h — q1 cospy), + pga sinpy, is distance of the pole point Q to the line g in the generalized complex plane in Cp, [22].
In addition, the following theorem can be given.

Theorem 1.2. All the fixed lines with Hesse coordinates (h, ) of the generalized moving complex plane K, whose envelope of trajectories

c

have the same length L' = ¢ are tangent to the cycles with center Sg = (ﬁ, %) and radius NED in the generalized moving plane K,
[22].

2. Main theorems and proofs

In this section, we prove the Holditch-type theorem for non-linear points in the generalized complex plane C,, for one-parameter planar
motion with § = Si. We firstly express and prove following theorem.

Theorem 2.1. Let the non-linear points X = (0,0), Y = (a+b,0) and Z = (a,c) be fixed on the generalized moving plane K, in Cy,.
In addition, the points X, Y and Z move along the trajectories kx, ky and kz on Ké with moments Tx, Ty and Tz, respectively. So, the
relationship between the polar moments of inertia Tx, Ty and Tz is

_aly +bTx

T;
z a+b

S (pc2 +ab> —2+/|pleLxy
where Lyy is the length of the enveloping curve of (XY).
Proof. Let the points X, Y and Z be non-linear points. Moreover, we consider that these points X = (0,0), Y = (a+b,0) and Z = (a,c). We

know that the polar moments of inertia of any point X in Cp, is given

T =Ty + 5}3 <x12 —prz —2x18] +2prS2>
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in [4]. So, if we use this formula for the points X, Y and Z, we find that

Te =Ty @1
Ty:TX+5p<(a+b)272(a+b)s1> 22)
T, =Ty +6, (a2 —p —2as, + 2pcs2) . 2.3)

From the equations (2.1) and (2.2), we have
o a+b Tx — Ty

T2 T 28, (a+b)
Moreover, from the equations (2.3) and (2.4), we find that
S (pc2 + ab) +2pdyess.
The other hand, from S = S; we know that

s B
2= o -
&,

Finally, if L' is written for X = (0,0), Y = (a+5,0) and Z = (a,c) we obtain that

(2.4)

. aly + bTx B

T;
z a+b

_aly +bTx

P (p02 +ab) —2v/[pleLyy 2.5)

So, the following conclusion can be given.

Conclusion 2.2. Let us take that X,Y and Z are linear points during the motion with S = Sg in C,. Namely, we have ¢ = 0. From the
equation (2.5) the relation between the polar moments of inertia of trajectory drawn by the points X, Y and Z is

aly + bTx
T;=—F-—— b.
z a+b %a

This formula is the formula given relationship between polar moments of inertia for the linear three points in [4]. So, the formula (2.5) is
generalization of the formula in [4].

Note: For the value p = 0, the formula (2.5) is obtain that

_aly +bTx
T a+b

This formula is also the formula between polar moments of inertia for the linear three points in [4]. Namely, for p = 0, the formula of polar
moment of inertia for linear three points is same the formula of moment for non-linear three points. The reason of this is the metric in the
plane Cy. From the definition of metric in Cy (p = 0) the distance between the points X and R (the orthogonal projection of the point Z on
the line segment XY), (a), is same the distance between the points X and Z. Similarly, the distance between the points ¥ and R, (b), is same
the distance between the points Y and Z. So, for p = 0 the equation (2.6) is valid the polar moments of inertia for both linear three points and
non-linear three points.

In addition, we give the following conclusions.

T — &yab. 2.6)

Conclusion 2.3. [f the points X and Y move along the same trajectories kx with moment Ty, the formula (2.5) is obtained that

T, =Tx — 6p <pC2 +le> 72\/ECLXY~

Conclusion 2.4. The relationship between the length of envelope curve (g) and the length of the enveloping curve of (XY) is

' Ty —Tx _atb N ~
L—\/Ipl<h5p+(28p(a+b) 5 Oy cospyp — /|plLxy sinpy,

Finally, we can give the main theorem from the equation (2.5).

Theorem 2.5. Main Theorem (Holditch-Type Theorem): Let us consider motion with S = S and the points X = (0,0), Y = (a+b,0)
and the point Z = (a,c) non-linear with X and Y fixed on K. In a specific time interval, while the points X and Y move along the same
trajectories kx with moment Ty, the point Z non-linear with the points X and Y draws different trajectory kz with the moment Tz. The
moment of section between the curves kx (ky) and kz depends on the distances of the point R to the endpoints X and Y, the distance of the
point Z to the line XY, the length of the enveloping curve and the rotation angle of the motion. This moment is independent of the choice of
curves.
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1. Introduction

The nonlinear evolution equations have attracted the attention of many researchers because of their wide applications in various fields such
as physics, fluid mechanics, bio-mathematics, chemical physics and other areas of science and engineering. The investigation of exact
solutions for the nonlinear evolution equations is a particularly hot topic [1]. So we find that a lot of researchers are working to develop new
methods to solve this kind of equations. These efforts have strengthened this area of research through many methods, among them we find,
homotopy analysis method (HAM). This method was developed in 1992 by Liao Shijun ([2], [3], [4], [5]), and was used by many researchers
to solven nonlinear differential equations ([6], [7], [8]). Then, a new option emerged recently, includes the composition of Laplace transform,
Sumudu transform, Natural transform or Aboodh transform with this method to solve nonlinear differential equations. Among which are the
homotopy analysis method coupled with Laplace transform ([9], [10], [11]), homotopy analysis Sumudu transform method ([12], [13], [14]),
homotopy Natural transform method ([15], [16]) and homotopy analysis Aboodh transform method [17].

The aim of this study is to combine homotopy analysis method and Aboodh transform method in order to obtain a more effective method,
characterized by speed in solution and accuracy in the results obtained. The modified method is called homotopy analysis Aboodh transform
method (HAATM). Three examples of nonlinear partial differential equations are given to re-confirm the strength and effectiveness of this
modified method.

The present paper has been organized as follows: In Section 2 Some basic definitions and properties of the Aboodh transform method. In
section 3 We give an analysis of the proposed method. In section 4 We present three examples explaining how to apply the proposed method.
Finally, the conclusion follows.

2. Definitions and properties of the Aboodh transform

In this section, we give some basic definitions and properties of Aboodh transform which are used further in this paper.
A new transform called the Aboodh transform defined for function of exponential order, we consider functions in the set A, defined by [18]:

A={f(t):IM, ki ko >0, |f(t)| < Me ™™}

For given function in the set A, the constant M must be finite number, k| ,k, my be finite or infinite.

Email addresses: djeloulz@yahoo.com (D. Ziane), mountassir27 @yahoo.fr (M. H. Cherif)
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The Aboodh transform denoted by the operator A (-) defined by the integral equation:

AUUHzK@%:%Awﬂﬂfwm,t}&h<v<k}

We will summarize here some results of simple functions related to Aboodh transform in the following table [18]:

f(@) Alf(1)] f(@) Alf(1)]
1 V% sinat W
t Y% cosat i
" i sinhat ﬁ
e - coshat -

ve—ay ve—a

Theorem 2.1. Let K(v) is the Aboodh transform of f(t), then one has:

ALf1(0)] = vK(v) = @
alf 0] =vxw -9 )
A7 0] =K () - kz; Q)
Proof. (see [18]). O

Aboodh transform of partial derivative: To obtain Aboodh transform of partial derivative, we use integration by parts, and then we have:

}:m@w—ﬂ§i

%wgg

2(x u(x
A [%] = ZK(X,V)*lyfu(XVOL

For the proof of these formulas, you can see [19].

Theorem 2.2. Let K(x,v) is the Aboodh transform of u(x,t), then one has:

u(x,t)] i 9ku(x,0)
A [T] =v K(x.,v)—kgbvz_m_kT.
Proof. (see [17]). O

3. Homotopy analysis Aboodh transform method (HAATM)

To illustrate the basic idea of this method, we consider a general non-homogeneous, nonlinear partial diffrential equation

L[V + RV ()] + N[V (x,1)] = f(x,1), G.D
where L, denotes a first-order partial diffrential operator, R is the general linear operators, N is the nonlinear operator and f(x,¢) is the

source terms.
Taking the Aboodh transform on both sides of (3.1), we get

AL V(D) +ARV (x| +N[V(x,1)]) = Alf(x,1)]
Using the property of the Aboodh transform, we have

AV (x,t)]— V]—ZV(x,O) + % ARV (x,1))+N(V(x,1)) — f(x,0)]) =0

Define the nonlinear operators

Nip(xt;p)] =A[9(x,1;p)] = vizV()mO;p) + % (A[R(¢(x,2:p)) +N(¢(x,1;p)) = f(x,1:p)])
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By means of homotopy analysis method ([2], [3], [4], [5]), we construct the so-called the zero-order deformation equation

(1 _Q)A [(l)(x,t;p) - V()()C,l)] = th(x,t)N[(])(x,t;p)], (32)

where p is an embedding parameter and p € [0, 1], H(x,t) # 0 is an auxiliary function, 4 # 0 is an auxiliary parameter, A is an auxiliary
linear Aboodh operator. When p =0 and p = 1, we have

When P increases from 0 to 1, the ¢ (x,z, p) various from Vy(x,¢) to V(x,t). Expanding ¢ (x,; p) in Taylor series with respect to p, we have

+oo
O(x,1:p) =Vo(x,0) + Y Vin(x,1)p™, (3.3)
m=1
where
1 9"¢(x,t;p)
Vin(x,t) = ﬁw ’I’:O

When p = 1, the formula (3.3) becomes

o0
Vix,t) =Vo(x,t) + Z Vin(x,1).
m=1
Define the vectors

V= Vol ), Vi (), Va (5,8 Vin(,1) ).

Differentiating (3.2) m—times with respect to p, then setting p = 0 and finally dividing them by m!, we obtain the so-called m" order
deformation equation

AWV (3,0) = onVon1 (6,1)] = BB (5,0) B (V 1 (3:1)), (3.4)
where
1 9" 'N(x,t;p)
%m(vmfl(%t)): (m—1)! (9pm71 ‘17:07
and

] 0, m<1,
Im=\ 1, m>1.

Applying the inverse Aboodh transform on both sides of (3.4), we can obtain

Vin(5,1) = JonVin1 (x,1) + hA™! [H(x,t)%m(Vm,l (x,t))} . (3.5)

The m" deformation equation (3.5) is a linear which can be easily solved. So, the solution of (3.1) can be written into the following form

when N — oo, we can obtain an accurate approximation solution of (3.1).
For the proof of the convergence of the homotopy analysis method see [3].
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4. Application of this method

In this section, we apply the homotopy analysis method (HAM) coupled with Aboodh transform method for solving system of nonlinear

partial differential equations.

Example 4.1. We consider the following system of nonlinear coupled Burgers partial differential equations

Ui —Upe —2UU + (UV), =0
Vi —Vie —2VVi+ (UV), =0

with the initial conditions

U (5,0) =sinx, V(x,0) = sinx.
The nonlinear operators are
N[ (xmp)] Al9(x,1;p)] — 35 sinx
A= Guc (.15 p) =20 (5,13 p) 9 (.13 p)+( (%,15P)P(x,15p) )]
Nlo(x,1 p)] Alp(x,1;p)] — J sinx
LA ualrt:p) — 20(5,8: ) pu(x.1:p) + (9 (5,83 p) P .12 )]
Thus, we obtain the m'" order deformation equations given by

Un(5,8) = ZonUn—1 (5,1) + hA™ R (T a1 (18]
Vin(6,1) = Vi1 (6,2) + hA™ [ R (V 1 (x,1))]

with
Ron(U 1 (5,1)) = A [Up 1 x,)] = b (1= z) sinx
LA [E25 UV 10 = 2K Ui U100 — 1 (U]
mmmfl(x,r)):wm 1<x 1] = L (1— ) sinx
+14 [2?:01(U,»Vm_1_,-) 2 Vi (Vi1 i) ZZ-’LB'(W)XX],
and

] 0, m<1,
Im=\ 1, m>1.

According to (4.2) and (4.3), the formulas of the first terms is given by

Uy (x,t) = hA™" (LA [(UgVo)x — 2Up(Up)x — (Uo)xx]) »
Us(x,t) = (1 +h)U;(x,1)
+hA™Y (LA[(UoV1 + Ui Vo)x — 2 (UpUsx + Ui Upy) — (Ut )x])
Us(x,t) = (1 +h)Up(x,1)

+hAT! (TA[(UgVa + U Vi +Ua Vi), — 2 (2UgUn + U Uy) — (Un)x])

and

Vi(x,1) = A~ (LA[(UV0)x — 2V0 (Vo)x — (Vo))
Vz(x,l) = (1 +h)V1(x,l)
+hA™ (LA[(UoV1 + Ui Vo)x — 2 (VoVie +ViVor) — (Vi) )
Vg(x l‘) (1 +h)V2(x,t)
+hA~ (LA (U2 + UV, +U2V0) —2(2VpVar +ViVix) — (Va)w]) s

.1

4.2)

(4.3)

(4.4)

4.5)

From the equations (4.4) and (4.5), the first solution terms of homotopy analysis Aboodh transform method of the system (4.1), is given by
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Up(x,1) = nx,
Vo(x,t) = sin
U1 x,t) = (h ( )t
Vi(x,t) = (h

< 1) = ()1 + Wysin(x)e+ (72) sin(x) &,
x,1) = (h) (1 +h) sin(x)t + (h?) sin(x) &,
U3(x,t):(h)( h)2sin(x)t +2(1+ ) (h) sin(x) 5 + (k) sin (x)i_
Va(x,t) = (h)(1+ ) s1n(x)t+2(1+h)(h2) sin(x) 4y +(h3) (x)3—

)sm
)sin(x)z,
(

(x

and so on.
The other components of the (HAATM) can be determined in a similar way. Finally, the approximate solution (U,V) of the system (4.1)in a

series form, is given by
U(x,1) = sinx (14+h(3+3h+h2)i + (3+ 2025 + 135 4.
V(x,1) = sinx (1+h(3+3h+h2)t + (342020 + B35 4.

Substiting h = —1 in (??), the approximate solution of the system (4.1) is given as follows

U(x,t) =sinx(1— ﬁ—f—i-
V(x,t):Sinx 1_t+7_?+"

And in the closed form, the solution (U,V) is given by

(@) (b)

Figure 4.1: (a) Exact solution for U (x,#) and V (x,1), (b) Approximate solution U (x,) and V (x,¢) when h — —0.99.
Example 4.2. Consider the nonlinear system of inhomogeneous partial differential equations [20]

U+ UV +U =1
{ ViUV, -V =1 (4.6)

with the initial conditions

U(5,0)=¢", V(x,0) ="

The nonlinear operators are

N[¢(x,t,p)] =A[9 (xtp)] L&+ LA[Ge(x,1:p)@(x,1:p) + 9 (x,1:p) — 1]
Nlo(x,t,p)] =A[@(x,t )}—%e x l [0 (x,t; ) Ox(x, 85 p) — @ (x,2; p) — 1]
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Thus, we obtain the m'" order deformation equations given by

U (x,1) = YmUpn—1 (x,1) + hRA~ [ R, ﬁm, x,t
{ Vmgx,z;=fcmvm_f((x,r))mrl[[snm<(?m_f<(x,t>)>)1] | @7
with
R (U i (, ) =AlUn- 1<xz>]—i<1—xm>e’f
A [E2 UV i+ B U= 1] ws)
m(V,nfl(x,r)):A[vmq(x,z)]f;z( 1 Zm)e™ '
AT Ui V1) — B Vi 1]
and

) 0, m<1,
Xm=91 1 m>1.

According to (4.7) and (4.8), the formulas of the first terms is given by

Uy (x,t) = hA™! (LA [(Ug)xVo +Up — 1),
Us(x,t) = (1+h)U (x,t) + hA~Y (LA [(Up)V1 + (U1)Vo + U1)
U"}(X Z) (1 +h)U2(X,I) 4.9)
+hA™ ( [(UO)XVZ + (Ul )le + (U2)xV0 + UZ]) )

and

Vi(x,t) =hA~ (LA [-Up (Vo) — Vo — 1)),
Va(x,t) = (1+h)Vy (x,1) + hA™ (LA [=Up(V1)x — Uy (Vo)x — V1)) ,
V3(x,1) = (1+h)Va(x,1) 4.10)
+hAT (LA [0 (Va)s — U1 (V1) — U (Vo) — V2]

From the equations (4.9) and (4.10), the first solution terms of homotopy analysis Aboodh transform method of the system (4.6), is given by

Up(x,1) =€
Vol(x,t) = e,
Ui (x,1) = (h)e't,
Vi(x,t) = (—h)e™t,
Un(x,t) = (h)(1+ h)e't + (h2)e* by,
Va(x,t) = (—h)(1+h)e ™t + (h®)e *‘éu
Us(x,1) = (h)(1+h)2et +2(1+h) (B2)e* 5y + (1) e*
Vs(x,t) = (—h)(1+h)2e >t +2h%(1 + h)e *”2 +(- 3)

and so on.
The other components of the (HAATM) can be determined in a similar way. Finally, the approximate solution (U,V) of the system (4.6)in a
series form, is given by
Ut = (1+hG+3h+ 1)+ (+ 200 5 + 15+
V() =e* (1 +(=h)(B+3h+h)t + (3+ 2R3 + (=), +) ’

and in the case h = —1, the approximate solution is given as follows
U(x,t):é‘(l t+f—7+ >

V(X7t):e*x(1+l+27!+ﬁ+...)

And in the closed form, the solution (U,V) is given by

U(x,t) ="
{ V(x,t)=et
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(@) (b)

© (d)

Figure 4.3: (c) Exact solution V (x,7). (d) Approximate solution V (x,7) when h — —1.09.

Example 4.3. Consider the system of nonlinear coupled partial differential equations [21]

Ut(x7y7t)_Vx(x7y7t)wy(x77y7 ) 1
Vt(xay’l)_Wx(xayal)Uy(xmya ):5 )
5

4.11)
‘/Vt(xvyJ) - Ux(x7}’7f)vy(x7 » Vs )
with the initial conditions
U(%%O) :x+2ya V(anaO) :x_z.ya W(x7y70) = _x+2y'
The nonlinear operators are
N[¢(x,t,p)] = A[(I)(xtp)]—vlz x+2y) — [ xtpl//yxtp)—l—l}
Nlp(x,1,p)] = Alp(x,1:p)] — 1} (x—2y) — [ll/ x,1,p) @y (x,15p) +5]
N[‘I/(xanp)}_A[W(xJ’p)] w2 (*X+2y [ ti (Py(xvf§l’)+5]
Thus, we obtain the m'" order deformation equations given by
Un(,1) = U1 (5,1) + hA™ B (U 1 (1,0))]
V(1) = ZonVin1 (x, >+hA 9 (V1 (5,1))] (4.12)
Won(0,0) = X W1 (51) + BA B (W1 (1))
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with,

Fon (U 1 (1)) = A U1 (5,)] = & (1= 2m) (x+29)
—1a [Zi: (Vi)x(Wip—1— i)y+1]7

Ron(V o (5,1)) = A [V (2, )] = & (1= s) (x—29)
— LA |E! (W)s (U1 o +3].

Ron (W1 (5,1)) = A W1 (5,)] = & (1= ) (—x+2)
1Az <vm717,>y+5},

4.13)

] 0, m<1,
Im=\ 1, m>1.

According to (4.12) and (4.13), the formulas of the first terms is given by

Vi(x,t) = —hA~" (1A [(Wy

Va(x,) = (1+h)Vy(x,) —hA™!
Va(x,1) = (1+

—hA™! (FA [(Wo)x(Ua)y +

UO)_)" + 5]) ’
(Ul )y+ (Wl )x(Uo)y]),

))
W1)x(U1)y+ (W2)x(Uo)y]) »

and

Wi (x,1) ——hA (%A[ 0)y+5]),
Wa(x,1) = (1+h)Wy (x,1) — '(%A[ ><|>y+< Dx(Voly]) s
Wi (x, t) (T+h)Wa(x,t)
Dx(V1)y

—hA~ (FA[(Uo)x(V2)y +< +(U):(Vo)y]) s

From the equations (4.4) and (4.5), the first solution terms of homotopy analysis Aboodh transform method of the system (4.1), is given by

Uo(%,y,t):x+2y, VO(xvyvz):x_zy:
Wo(x,y,t) = —x+2y,
% (X,y,[) = 73(}1)1‘7 Vi (xvyvt) = 73(}1)1‘7
Wl(x>y>t) = _3(h)t7
Us(x,y,t) = =3h(1+h)t,  Va(x,y,t) = —3h(1+h)t,
Wa (x,y,t) = —=3h(1+h)t,
Us(x,t) = =3h(1+h)?t, Va(x,1) = —3h(14h)?t
Ws(x,1) = —3h(1 4+ h)*t,

and so on.
The other components of the (HAATM) can be determined in a similar way. Finally, the approximate solution (U,V,W) of the system (4.11)in
a series form, is given by

U(x,y,t) =x+2y—3(h) 73h(1+h)2t 3h(1+h)3t+
V(x,y,t) = x =2y —3(h)t — 3h(1 4+ h)%t —3h(1 +h)3t +
W (x,y,¢) = —x+2y —3(h)t —3h(1+h)2t — 3h(1 + h)3t + -

Substiting h = —1 in (??), the exact solution of the system (4.11) is given by

V(x,y,t) =x—2y+3t (4.14)

U(x,y,t) =x+2y+3t
W (x,y,t) = —x+2y+3t
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(@) (b)

Figure 4.4: (a) Exact solution U (x,y,) at the moment # = 1. (b) Approximate solution U (x,y,t) at the moment 7 = 1 when 7 — —0.99.

(©) (d)

Figure 4.5: (c) Exact solution V (x,y,?) at the moment ¢ = 1. (d) Approximate solution V (x,y,) at the moment = 1 when 7 — —0.99.

Py Yo P gy Py P

b

(e) ®

Figure 4.6: (e) Exact solution W (x,y,7) at the moment ¢ = 1. (f) Approximate solution W (x,y,#) at the moment 7 = 1 when h — —0.99.

5. Conclusion

In this paper, we have seen that the coupling of homotopy analysis method (HAM) and the Aboodh transform method, proved very effective
to solve nonlinear system of partial differential equations. The proposed algorithm (HAATM) is suitable for such problems and is very user
friendly. The advantage of this method is its ability to combine two powerful methods to obtain exact solutions of nonlinear system of
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partial differential equations. The results obtained in the examples presented shows that this modified method is very powerful and efficient
technique in finding exact solutions for wide classes of problems.
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where r is the scalar curvature of M.

1. Introduction

The Bochner tensor was originally introduced in 1948 by S. Bochner as a Kaehler analogue of the Weyl conformal curvature tensor. Kaehler
manifolds with vanishing Bochner tensor are known as Bochner-Kaehler manifolds, [1]. The Bochner tensor has interesting connections to
several areas of mathematics and Bochner-Kaehler manifolds have been studied quite intensively in the last two decades, see for instance,
[1,2,3].

In this work, we make us of Yau’s [4] maximum principle to compact study totally real minimal submanifold with Ricci curvature bounded
from below and obtain the following results:

Main Theorem. Let M be an m—dimensional compact totally real minimal submanifold immersed in a locally symmetric Bochner-Kaehler
manifold M with Ricci curvature bounded from below. Then either M is totally geodesic or infr < § (3m (m—1)k— % (m+1)¢) where r is
the scalar curvature of M.

We use the same notation and terminologies as in [5] unless otherwise stated.

Let M be an n—dimensional Kaehler manifold and denote by g4, Fag, Kagcp and K, the metric tensor, the complex structure tensor, the
curvature tensor, the Ricci tensor and the scalar curvature of M, respectively. Suppose that the Boechner curvature tensor of M vanishes, then
we have

Kacp = —gapLsc + gspLac — Lapgsc + Lepgac — FapMpc (1.1
+ FgpMac — MapFpc +MppFac +2(MapFcp + FapMcp),
where
Lpc = Kpc/ (2n+4) — Kgpc/2(2n+2) (2n+4), Kpe = g*”Kaspe,
R = g% Ryc, Mgc = —LppFZ, FP = ¢PPFcp .
Lpc are components of a hybrid tensor of type (0,2). That is
LpcFPFS = Lap .
In order to avoid repetitions it will be agreed that our indices have the following ranges throughout this paper:
AB,C,D,...=1,2,...m 1" 2" .. .m",
i, j,kd,...=1,2 ...myet, B,7,...=1%,2" .. om*.
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Yiizbasi), myildirim @firat.edu.tr, 0000-0003-1278-3981 (M. Yildirim Yilmaz)
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In the following sections, M is always supposed to be a Bochner-Kaehler manifold, that is, M is a Kaehler manifold with curvature tensor
KABCD given by (1.1).

2. Totally real submanifolds in /1

We call M as a totally real submanifold of M if M admits an isometric immersion into M such that for all x € M, F (T (M)) C vy, where
T; (M) denotes the tangent space of M at x and F the complex structure of M. If the real dimension of M is m, then m < n, n is the complex
dimension of M. We choose a local field of orthonormal frames

€1y s€m Cmt1y--5€n 5 e = Fel,...,em* = Fem,...,en* = Ferh
in M in a such a way that, restricted to M, ey, ..., e,, are tangents to M. With respect to this frame field, F and g have the components

G = () o) (e = ().

where [; denotes the identity matrix of degree k.
We consider the case n = m only in this paper.
The equation of Gauss of M in M is written as

Kijit = Kijra + ) (hﬁih?‘z —hif h?‘k) : @.1)
o

Ki;ji is the curvature tensor and hf"j is the second fundamental tensor of M. Since M is a totally real submanifold in M, with respect to

the above frame we have the relation h’lk = hf,: Let K be the curvature tensor field of M so that Kapcp = g (K (ec,ep) ep,ea) . Then (1.1) is
equivalent to

R(X,Y)Z=L(Y,Z)X —L(X,Z)Y + (Y,Z)NX — (X,Z)NY 2.2
+M(Y,Z)FX — M (X,Z)FY + (FY,Z) PX
—(FX,Z)PY —2(M (X,Y)FZ+ (FX,Y)PZ),

where NX, PX are defined by g(NX,Y) =L (X,Y), g(PX,Y) =M (X,Y) and {,) denotes the inner product with respect to g. Let K (X) be

the holomorphic sectional curvature spanned by a unit vector X and FX. By (1.1) or (2.2) we have
K(X)=K(X,FX,FX,X)=(K(X,FX)FX,X)=8L(X,X),

Let p (X,Y) denote the sectional curvature of M determined by section {X,¥} spanned by two orthonormal vector {X,Y}. If X, Y are both
tangent to the totally real submanifold M then we have

~ | _
pX,Y)=L(X,X)+L(Y,Y)= g(K(X)+I<(Y)). (2.3)

The equation of (2.3) has been obtained by Iwasaki and Ogitsu, [6].

Let p (X,Y) denote the sectional curvature of M determined by orthonormal tangent vectors {X,Y } of M. Then the equation of Gauss (2.1)

and (2.3) imply

1 _

pXY)=g (RX)+R(Y)) +(0(X.X),0(1.Y))— o (X.V)|,

where o is the second fundamental form which is related to 4{; by g (o (X,Y),&) = h?kX JYkE" for any normal & = &7 e;r.
Let S be the Ricci tensor of M and r the scalar curvature of M. Then

|
S(va) - (m—Z)L(X,Y) + gﬂ’lk(X,Y) _Zg(h(XXJlOtY)v
a
1 7 2
r=-m(m—1)k—|o|".
4
Let M is locally symmetric. Let A denote the Laplacian, v/’ denote the covariant differentiation with respect to connection in (tangent bundle)

@® (normal bundle) of M in M. If M is a minimal submanifold of M the following holds (see [5] for example). Since M is assumed to be
locally symmetric:

1 1
5A\|c;||2 —||v'o|*+ 7 (m+ Veélol?+ Yt (hihj —hjphi)* =Y tr (hihje)?, (2.4)

c a1
where ¢ is a function on M defined by h{khfk K= 5 (m+1)é|o)?.

In order to prove the main theorem, we need the following lemmas.
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Lemma 2.1. Let H;, i > 2 be symmetric n X n matrices, S; = trHl-z, S=YS;. Then
i

2 2 3
Yoor (Hillj—HjHy) = Y or (HiH)" > =S ||o]*, 2.5)
ij ij
and the equality holds if and only if either all H; = 0 or there exists two of H; different from zero. Moreover, if Hy #0,Hy #0, H;=0,i # 1,2,
then S| = Sy and there exists an orthogonal n X n matrices T such that

AT 0 0o Yoo
_Vs B0 L0

TH|T = 2 , THYT = 2 e
0 0 ... 0 0 0 .0

[7, 8].

Lemma 2.2. Let N be a complete Riemannian manifold with Ricci curvature bounded from below and let f be a C2—function bounded from
above on N, then for all € > 0, there exists a point x € N at which

i) supf—e < f(x),

i) [vf ()| <e,

iit) Af (x) <&, in[9].

3. Proof of the main theorem

In this section, the method proof used by Ximin in [9] is applied totally real minimal submanifold immersed in a Bochner-Kaehler manifold.
From (2.4) and (2.5), we obtain

1 2 2,1 .3 2
- > - _Z . )
sAlel” = lloll” (7 (m+1)e—Z o)) (B.D

1 ~
We know that ||o||?> = " (m— 1)k — r. By the condition of the theorem, we conclude that |||/ is bounded. We define f = ||o|> and

F=(f —l—a)% (where a > 0 is any positive constant number). F is bounded. We have

dF:%(era)*%df,

1

ar =3 (3o P+ (o tar).

1 _1
=5 (~204F P +af) (f+a) 2,

1
AF =3 <—2|\dFH2+Af) .

1 1
Hence, FAF = — ||dF||* + EAf or 5Af = FAF + ||dF||*. Applying Lemma 2.2 to F, we have for all € > 0, there exists a point x € M such
that at x

[dF (x)|| <&, (3.2)
AF (x) < &, (3.3)
F(x) >supF —¢. 3.4)

From (3.2),(3.3) and (3.4), we have
1
EAf<£2+Fs:£(£+F). (3.5)

We take a sequence {e, } such that &, — 0 (n — o) and for all n, there exists a point x, € M such that (3.2), (3.3) and (3.4) hold. Therefore,
€1 (&1 +F (x4)) — 0(n — o) (Because F is bounded). From (3.4), we have F (x,) > supF — &,. Because {F (x,)} is a bounded sequence.
So we get F (x,) — Fy (If necessary, we can choose a subsequence). Hence, Fy > sup F. So we have

Fy=supkF.
From the definition of F, we get

J(xn) = f=supf.
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(3.1) and (3.5) imply that

3

7(3mne=3r) < Jarsetern).

and

I (xn) (i (m+1)é— %f(xn)) < €3+£,1F (xn) < s,% +&,F,

let n — oo, then &, — 0 and f (x,) — fo. Hence,

1 _ 3
fo (Z(m-i-l)c—ifo) <0.

i) If fo =0, we have f = ||6|* = 0. Hence M is a totally geodesic.

i) If fo >0, wehave%(m+1)i’f%f0§0and
1 -
fOZ 6(m+])c7

that is, sup ||o||* > L (m+1)é. Therefore,

infr <

<%m(m71)l~cf%(m+l)6>.

N —

This completes the proof.
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1. Introduction
In this paper, we consider heat-type equation for physical problems
uﬂ+£ux+ag(x7t)u+h(x7t):u,, (1.1
forO0<x<L,0<t<T,r>0,ac Z, subject to the boundary conditions
u(0,6) =v(r), uc(0,1)=0.
where g(x,1)y(u) + h(x,t) is nonlinear heat source, u(x, ) is the temperature, and ¢ is the dimensionless time variable.

Some researchers dealed with this type of models. The analytic solutions to several forms of the above problem were presented by [1],
Wazwaz used the Adomian decomposition method [2]. Chowdhury, He and Noorani solved these problems using homotopy-perturbation and
variational iteration methods, Momani applied the method to the time fractional heat-like equation with variable coefficient, Ucar applied
non-polynomial spline method to this equation [3, 4, 5, 6, 7].

In this study, we construct so-called finite element approximations to solutions to time-dependent heat-like equations. The term finite
element method” has come to be associated with using piecewise polynomials in one, two, and three dimensions together with so-called
Rayleigh-Ritz method and its more general counter part, the Galerkin method, to approximate solutions to operator equations. In this study,
we concentrate on Galerkin method with splines.

The paper is organized as follows: Galerkin method is described and solution of equation (1.1) is presented in Section 2 briefly. In Section 3

some numerical results that are illustrated using MATLAB programme are given to clarify the method. Concluding remarks are given in
Section 4.

2. Galerkin method

A usual scalar product for two real valued functions u(x) and v(x) is defined by < u,v >= [ u(x)v(x)dx, u(x) and v(x) are orthogonal if
< u,v >= 0. And a norm associated with this scalar product is defined by

Email address and ORCID number: f.ucar @iku.edu.tr, 0000-0002-5542-2222 (M. F. Ucar)
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lull = < = (f3 [u(x)Pdx)> . Let

i T, :0=1xp <x; <..<xy<xy41 = 1beapartitionof (0,1),h; =x;—x;_
ii.V;, = v : v, continuous and piecewise linear function on 7j, with v(0) = v(1) =0
iii.{(pj}, Jj =1,..M be a basis function for Vj, where

X—Xj—1

s X1 SXSX;
. — Xjt1—X
@j(x) = ’;;T, Xj <x < Xjpq

, otherwise

Firstly, we should modify the equation (1.1) by applying finite difference to the right-hand side of the equality to solve it by using Galerkin
method:

ui — f(x:)
k

where f(x;) = u(x;,0). From algebraic manipulations we obtain

.
uj + ;uﬁ +ag(xi,t)ui+ h(x;,t) =

kul + rx—kuj + akg(x;, t)u; — ui + kh(xi,t) + f(x;) = 0. 2.1

Now the Galerkin method for the equation (2.1) is formulated as follows:
Find the approximate solution U (x) € V}, such that

1
/O w <kU” + rx—kU’ +akg(x,1)U — U + kh(x,1) +f(x)) dx=0, (VW(x)eV,)
so we get
1 rk 1
/O <kWU” + ;WUHL (akg(x,t) — I)WU) dx = 7/0 (Wkh(x,t) + W f(x)) dx
/Wde* [UW /Wde
and since W (0) = W(1) = 0 for W(x) €V, we get
1 -1
/O (—kW’U’ + rx—kwu’ + (akg(x,t) — I)WU) dx=— /0 (Wkh(x,t) +W f(x))dx. 2.2)

We may find the approximate solution U (x) € V, by using basis functions ¢;(x) as

M M M
(x) = Zlcﬂpj(xx U'(x) = Zlcj-w}(X), W(x) = Zisﬂpi(x)
J= j= i=

If we use these identities in equation (2.2), then we get

/ |:ZSI(P1 chl(pj +ZSI(PI Z *C](Pj +Zst(Pz Z akg(xvt)_l)ch)j(x):| dx

E

.
—_

S

= _'/01 [Z 5i @i (%) (f(x) +kh(x7t)):| dx

i=1

M M
;s/ ; (k(P, )+ (Pz( )‘P}(X)Jr(akg(x,t)*1)(Pi(x)(pj(x)> dx=f s,/ o (x x) + kh(x,t))dx.

For |i — j| > 1 we have fo ?; L @idx =0 and fol @;@idx = 0, since if so then we have that ¢; and ¢; have non-overlapping supports.
The method is described in matrix form in the following way:
fori=2, j=1,..M

2h 7
an = [ (kb0 ) + " g2(2)01 09+ akelc) ~ D () ) s
, rk

3h
= [ (o400 + " ga(a)40)-+ akelcr) = D) (o)

3h 7
= [ (k500300 + ) 500+ ki)~ Donla)))
) dx

fori=n, j=1,..M

-nh 7
oy = [ (101000 10+ 0001010+ akte)— 1 euCo)0n1 () )
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o= [\ (ko100 + 01010+ akel) =100 )

(n+1)h , , rk ,
ey = [, (K011 () 00111 (0) (ko) ~ 1910 )

fori=M—1,j=1,..M

(M=1)h / / rk /
o2 = [y (K051 200+ " 1000200+ akels)~ w1 (0209 )

(M)h / / rk /
O‘<M71)<M71):/( 3 (k<PM71(X)<PM71(X)+;‘PM—l(x)q’Mq(x)+(akg(x,l)—1)<PM—1(X)<PM—1(X)) dx

M—2)h
Mh , rk ,
Ym—-1)m = (M1 kg (x) @y (x )+;(pM,l(x)(pM(x)—i-(akg(x,t)—1)(pM,1(x)goM(x) dx
so we get the matrices
M1 0 0 0 0 0 ]
(053] Opy 03 0 0 0
0 03 033 034 0 0
A= ,
0 0 0 ownm2 %m-nm-1) MMM
| . . 0 0 1
r u(O,l) Slnl 7
02(x) (f (x) +kh(x,1))
fh ¢3(x) (f(XHkh( 1)
B= )
St om (x) (£ (x) + Kh(x,1)
I (l,l‘) _ el+sint ]
C= [6‘17027"%CM]I'
AC = B. 2.3)

Finally the approximate solution U is obtained by solving C from equation (2.3) using Matlab programme.

3. Numerical example

In this section, we test our scheme on an example. We consider the numerical results obtained by applying the scheme discussed above to the
following equation

u + %u/ —(6+4x* —costhu=u, 0<x<1, >0
with initial condition

u(x,0) =
and boundary conditions

u(0,1) = ™, 1 (0,1) =0.

The exact solution of the above problem is u(x,t) = e°sin The problem is solved by using the scheme above in this paper. The maximum
absolute errors are listed in Table 1. Also, numerical results given by scheme are shown in Figure 1.

Table 1: Maximum absolute errors, kK = 0.01

n Spline method[3]  Galerkin method

11 6.8863e-03 2.3842e-03
21 1.9090e-03 6.7890e-04
41 7.8276e-04 1.8533e-04
61 5.9650e-04 7.6553e-05

121 5.2565e-05 3.8863e-05
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4. Conclusion

In this paper, finite element method with Galerkin formula is applied for the numerical solution of the heat-like time-dependent Lane-Emden
equation and the maximum absolute errors have shown in Table 1, which shows that this method approximate the exact solution very well.
The implementation of the present method is more computational than the existing methods.
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1. Introduction

In the past decade, fractional differential equations(FDEs) appeared as rich and beautiful field of research due to their applications to the
physical and life sciences and it is witnessed by blossoming literature, for instance see [1]-[6].
Consider the dynamic equation on time scales with y-Hilfer fractional derivative (HFD) of the form

{Maﬁ;wu(z) =g(r,u(1)), ©=1[0,6]:=JCT,

1.1
T3rVu(0) =uyg, y=a+p—oap, b

where TA%B:V is y-HFD defined on T, o € (0,1), B € [0,1] and 3!~ is y-fractional interal of order 1 —y(y = at+ B — o). Let T be a
time scale, that is nonempty subset of Banach space and g : J X T — R is a right-dense function.

Time scales calculus allows us to study the dynamic equations, which include both difference and differential equations, both of which are
very important in implementing applications; for further information about the theoretical and potential applications of time scales, refer
[71-19]

The dynamical behaviour of FDEs on time scales is currently undergoing active investigations. Several authors deliberate the existence
and uniqueness solutions for problems involving classical fractional derivative [10, 11]. Motivated by the above works here we discuss the
existence theory and stability criteria of FDEs on times scale. In order to solve the proposed problem y-HFD is utilized. The emergent
and properties of y-HFD and the qualitative analysis is briefly studied in [12]-[14]. Further considerable attention paid to Ulam stability
results for FDEs. For Ulam-Hyers stability theory of FDEs and its recent development, one can refer to [15]-[17]. Further the solution of
generalized Ulam-Hyers-Rassias(UHR) is obtained.

2. Preliminaries

Throughout this study, let C(J) be continuous function with norm
[ullc = max{|u(z)| : T € J}.

We denote the space Cy(J) as follows
Cy0) 1= {a(%) -7 = Rl (w(x) — y(0))a() € C()} 0 < y< 1

the weighted space Cy(J) of the functions g on the interval J.Thus, Cy(J) is the Banach space provided the norm
lalle, = [[(w(z) - w(0) a(0)] -

Email addresses and ORCID numbers: hkkharil@gmail.com (S. Harikrishnan), rabhaibrahim@yahoo.com, 0000-0001-9341-025X (R. W. Ibrahim), kanagara-
jank@gmail.com (K. Kanagarajan)



Universal Journal of Mathematics and Applications 263

Definition 2.1. Ler time scale be T. The forward jump operator ¢ : T — T is defined by o(t) := inf{s € T : s > t}, while the backward
Jump operator p : T — T is defined by p(t) :=sup{s € T:s < 7}

Proposition 2.2. Suppose T is a time scale and [a,b] C T, g is increasing continuous function on [a,b]. If the extension of g is given in the
following form:

N g(s); seT
) {g(r); se(t,0(1)) ¢T.

Then we have
b b
/ (1) < / %(1)dr.
Ja a

Definition 2.3. Let T be a time scale, J € T. The left-sided R-L fractional integral of order @ € R™ of function g(t) is defined by

a—1

(Faa) )= [ v/ O —atos

Definition 2.4. Suppose T is a time scale, [0,b] is an interval of T. The R-L fractional derivative of order & € [n— 1,n), n € Z+ of function
9(7) is defined by

n—o—1

("a%) () - (ll/l(f) %) [ve “”(”{(,f' _(Sfx)) g()As.

Definition 2.5. [2] The w-HFD of order a and type B of function g(7) is defined by

TATBV (1) = (’H‘jﬁ(lfa);l/l ’H‘A(Tj(l—ﬁ)(lfa):‘!fg)) (1),

TA._ d
where " A= .
Remark 2.6. 1. Here TA®BY s also written as
TawBy — TyB-a)y TAT5(1-p)(1-apy — TyB(-ahy TATY »— g4 B — af.

2. Let B =0, it transfers into R-L derivative given by TA% := TA%O,

3. Let B =0, it turns to be Caputo fractional derivative given by E.TA“ = Tyl-a Ty

Next, we review some lemmas which will be used to extabilish our existence results.

Lemma 2.7. If o > 0and B > 0, there exist

2 v v O] 0= g

Lemma2.8. Letra >0, B >0and g e L'(J). Then

(w(1) — y(0)P !

TyeTaPg(r) 2 T3 Pyg(r).

Lemma 2.9. If g € Cy(J) and *3'~%g € C(J), then
T3% Ta%g(1) = g(1) —

Lemma 2.10. Suppose o > 0, a(7) is a nonnegative function locally integrable on 0 < T < b (some b < =), and let g(T) be a nonnegative,
nondecreasing continuous function defined on 0 < T < b, such that g(t) < K for some constant K. Further let u(t) be a nonnegative locally
integrable on 0 < T < b function with
o a—1
()] <a(2) +(2) [ W/(5) (W) = w(s)* (o)A,

with some o0 > 0. Then

(@) <ale)+ [

< (g(t)D(a)" o
,EIW‘V@(V’(T)*W(@) Hu(s)as.

Theorem 2.11. (Schauder FPT) Let & be a Banach space and 2 be a nonempty bounded convex and closed subset of & and N : 2 — 2
is compact, and continuous map. Then AN has at least one fixed point in 2.
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3. Existence results

Lemma 3.1. Here u is solution of (1.1) if and only if u satisfies the following integral equation

u(t) = 20 (y(z) - w(0)"! + ﬁ / "W () (W(T) — () a(su(s))ds, 10, 3.1

For further investigation, we give the following assumptions:

(H1) The function g : J X R — R is a rd-continuous.
(H2) There exists a positive constants L > 0 such that

lg(7,u) —g(7,0)| < L|u—vl.
(H3) There exists an increasing function ¢ € C;_(J) and there exists A > Osuch that for any 7 € J,
T~
3%0(7) < Apo().

Theorem 3.2. Assume that (H1)-(H2) are fulfilled. Then, equation (1.1) has at least one solution.

Proof. Consider the operator & : Ci_y y(J) — C_y,y(J). The equivalent Volterra integral equation (3.1) which can be written in the
operator form

/

(P4)(0) = 0(e)+ g7 [ V6 ()= ()" gl

with

Define B, = {u €Ciopy):ull, ,, < r}.
Set §(s) = 9(s,0).

°= % Br(?&o)‘) (W)~ y(0)*5lc,_,,
and
LB(y,@)

To verify Theorem 2.11, we divide the proof into three steps.
Step 1: We check that #(B,) C B,.

< % i W [0 ) (W) = W) gl
< ol W/O "y (5) (WD) — ()% Jals.u(s)) — a(s.0) s
+ W W 6 W)= w)* la(s.0) s
< o W [ v e - ) Ll as
n “”(”;(‘jg(’”” [y 6 (w5 - w)* lalas
< 204 B ) w0 il + s (w0) - W(O)* i,

Hence
[(Zu)| <o+or<r.
Which yields that & (B,) C B,.

Next, the completely continuous of operator & is proved.
Step 2: The operator &2 is continuous.
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Let u, be a sequence such that u,, — u in Cl,m,(J ).

(w(7) =y () (L) (1) — (P)(7))

< % LW O @) = w6 lals.u() — alsus)) s

< %/{) v (s) (w(T) — w(s)*! ig;;\g(y,un(s)) —g(s,u(s))| As

: %/0 W (5) (w() — w(5) ™" g(5,4a(5)) — 9(s,u(5)) s, (by Proposition 2.2)
B(r,)

<T@ (w(B) = w(0)* g (-, un(-)) — g u()llc,.,, -
Since g is continuous, Lebesgue dominated convergence theorem implies
| Zu, — f@uHCH_V —0 as n-—»oo.

Step 3: &(B,) is relatively compact.
Thus &(B,) is uniformly bounded. Let 71,7, € J, T < Tp, then

|(20)(®) (W(m) = () 7 = (Z)(m) (w(=) ~ wi(0) |

_ =r
< ‘(WTZ)F(Z)(O)) V) () = ()™ alsu(s))As
_ =7 ra
_% A ll/(s)(l[/(’[l)—W(S))ailg(&u(s))As
I

< Frag b ¥ O )= wO) T w(m) —y(s) !~ (vl — y ) (w(m) — w(s) " la(s.us) s

_ =y (1,
IO [y ) wte) = (o) alsu(s) | s

T

+

< T VOl = wO)' 7 (w(e) =y = ()~ w(0)' 7 () = ()" a(suls)lds

* (W(TZ)F% (v(n) - W(Tl))aﬂil B(y, ) HgHCI—W ’

Thus, right-hand part tends to zero. Hence along with the Arzéla-Ascoli theorem and from Step 1-3, it is concluded that & is completely
continuous. Thus the proposed problem has at least one solution. O

Lemma 3.3. Assume that (HI) and (H3) are fulfilled. If

(“EE i) - w0 ) <1 (3.2

then there exists unique solution for Eq. (1.1).

Proof. Define the operatorﬂ'cl yu() = Croyy(J).
(Pu)(x / e ) gls,u(s))As

with up(7) = 49 ((z) - w(0>>
Let uj,uz € Ci_y,y(J) and 7 € J, then

(WD)~ v (O) T (Pu)(®) ~ (Pu) (1)
1 Y
I / Vs ) alsyu(5) - alswa(s)] s
(
)

Then,

LB(y,a
| 2w - Pusllc,.,, < r((a) L (e~ w(0)* w1 — sl

From (3.2), it follows that 2 has a unique fixed point which is solution of problem (1.1). O



266 Universal Journal of Mathematics and Applications

4. Stability analysis

Next, we shall give the definitions and the criteria generalized UHR stability.

Definition 4.1. Equation (1.1) is generalized UHR stable with respect to ¢ € C1_y(J) if there exists a real number cq o > 0 such that for
each solution v € Ci_y(J) of the inequality

Fa%Po(t) —g(z.0(1))| < 0(1), @)
there exists a solution u € CLY(J) of equation (1.1) with

[0(7) —u(7)] < cq,p0(7).
Theorem 4.2. Assume that (H1), (H3), (H4) and (3.2) are satisfied. Then, the problem (1.1) is generalized UHR stable.

Proof. Letv € Ci_,(J) be solution of the following inequality (4.1) and let u € C_,(J) be the unique solution of the y-Hilfer type dynamics
equation (1.1). By Lemma 3.1,

(®) = w0(0)+ gy [ W/ ) (W(0) = ()" gloue)) .

By integration of (4.1) we obtain

0(5)=v0(+) — g7 ¥ (9 (W(2) = w6 glooto))as

< 2p0(7).
On the other hand, we have

o(7) —u(7)| <

0(5) ~00(0) = gy W ) (WD)~ o) als.0(s)) s

@ ¥ ) (0 (e, 06) — (s s

<

0(%)~0(¢) — g7 | ¥ (9 (W(2) = W) gloo(e))as
a7 b O W@ =y o) (o) s

1 !
< 2p0(0)+ Fgs [ V) (W(E) ~ Y ols) ~uto)las.
By applying Lemma 2.10, we obtain
[o(7) —u(7)] < [(1+ViLAg)Ae] 0(7),
where v| = vi (@) is a constant,then for any T € J:

[0(7) —u(7)] < cqe@(1),

Thus, the proof is complete. O
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1. Preliminaries, background and notation

By w, we shall denote the space of all real or complex valued sequences. Any vector subspace of w is called as a sequence space. We shall
write [, ¢, co and I, for the spaces of all bounded, convergent, null and absolutely p—summable sequences which are given by

lw:{x:(xk)EW: sup |x| <oo},

k—yo0

c= {x: () €w: limxy exists},
k—so0

co= {x: (%) €w: limxy :0}
k—yo0

and
Iy = {x:(xk) eEw:

i [P < oo, 1 §P<°°}~
=0

Also by bs, cs and [}, we denote the spaces of all bounded, convergent and absolutely convergent series, respectively.

A sequence space A with a linear topology is called an K— space provided of the maps p; : A — C defined by p; (x) = x; is continuous for all
i € N; where C denotes the set of complex number and N = {0,1,2,...}. Let A be an K— space. Then A is called an FK— space provided
A is a complete linear metric space. An FK— space provided whose topology is normable is called a BK— space [1].

Let X, Y be any two sequence spaces and A = (a,) be an infinite matrix of real numbers, where n, k € N. Then, we write Ax = ((Ax),), the
A—transform of x, if A, (x) = ¥ auxy converges for each n € N. If for every sequence x = (x;) € X, A—transform of x sequence Ax isin Y.
Then we say that A defines a matrix transformation from X into ¥ and denote itby A : X — Y. By (X : Y) we mean the class of all infinite
matrices such that A: X — Y.

Let F denote the collection of all finite subsets on N and K, N C F. The matrix domain X4 of an infinite matrix A in a sequence space X is
defined by

Xp={x=(x) ew:Axe X} (1.1)

Email address: h.polat@alparslan.edu.tr (H. Polat)
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which is a sequence space.

The approach constructing a new sequence space by means of the matrix domain of a particular limitation method has been employed by
many authors recently. They introduced the sequence spaces (co)p- =t and (¢)pr =1 in [2], (o) = €f and (c) - = €. in [3], (co)c = o
and cc =cin [3], (Ip) g = €}, in [4], () g = 1, e = 1o and (co)ge = 1§ in [5), (1) o = X, in [6] and (1), in [7] where T", E”, C, R'
and N, denote the Taylor, Euler, Cesaro, Riesz and Norlund means, respectively. In recent years, constructing a new sequence space by
means of the domain of an infinite matrix was used by Candan [8, 9], Altay [10], Altay and Basar [11], Aydin and Basar [12], Basar [13, 14],
Bagar, Altay and Mursaleen [15], Polat and Basar [16].

Following [2]-[7], [17] by the same way, to introduce the new Cauchy sequence spaces Cw (s,7), C (s,¢) and Cy (s,?) is the purpose of this
paper.

2. The Cauchy matrix of inverse formula and Cauchy sequence spaces

Given two vectors s andt such that s; # —¢; for all i and j , the n x n matrix C = C(s,t) is a Cauchy (generalized Hilbert) matrix [18] where

C(s,t) =cij = [s37 -IH, i 0 The inverse of Cauchy’s Matrix [19] is given by

I1 (Sj +tk) (Sk+ti)

clsy=c;' = Isksn . @.1)
(sj+u) | T (sj=se)| | TT (—1)
1<k<n 1<k<n
J#k i7k
C(s,t) denotes the Cauchy mean defined by the matrix C(s,t) = (¢;;), ¢;j = [s,th,Hlj:l for eachn € N.

We introduce the Cauchy sequence spaces,

n
Z thka

Co (5,1) = {x = () ew: Sup

<w},

n
C(s,t)z{x:(xk)EW:limZ -li- xkexists}

n—)ookzl Sp+ 1k

and

1
Co(s,t)=qx= € 1 =0;.
0(s,7) {x () €w: ngigozsn+thk }

By means of the notation (1.1), we may redefine the spaces Cy (s,#) and C (s,7) as follows:
Co (s,1) = (co)c(sy) and C (s,1) = (€)¢(sy) - (2.2)

If A is any arbitrary normed or paranormed sequence space, then we call the matrix domain QLC(S’,) as the Cauchy sequence space. We define
the sequence y = (y;) which will be frequently used, as the C (s,¢) — transform of a sequence x = (x) i.e.,

LS|
=Yoo 2.3)
It can be shown easily that Cw. (s,¢), C(s,t) and Cy (s,7) are linear and normed spaces by the following norm:
z 1
€l cy (5,0) = 1€ (s )l .y = sup k; sn+thk' 2.4)

Theorem 2.1. The sequence spaces C (s,t), C(s,t) and Cy(s,t) are Banach spaces with the norm (2.4).

Proof. Let (xP) = (x(()p ),x(lp >,xgp ), ) be a Cauchy sequence in Cw (s,¢) for all p € N. Then, there exists ng = ng(€) for every € > 0 such
that ||x? — x"||.. < € for all p, r > ny. Hence, |C(s 1) (xP —x )| < g forall p, r > ng and for each k € N.

Therefore, (C (s,1)xf) = ((C(s,1)x%),, (C(s,t)x"),, (C(s,t)x?),,...) is a Cauchy sequence in the set of complex numbers C. Since C
is complete, it is convergent we write hrn ( ( 1)xP), = (C ( 1)x); and lirn (C(s,t)x™), = (C(s,t)x), for each k € N. Hence, we have
lim |C(s,0)xf — x| = |C (s,1) (x} —xk) 1) (xf —xi) | < e forall n > ngp. This implies that ||x” —x|| — oo for p, m — 0. Now, we
m—soo

should show that x € Cs (s,1). We have

n

L.

[Ix]|oc = IC (s,7) X||m—sup = sup (xkffoer
k

i 1
kg'lsn‘Ft

<sup|C(s,1) («F —xk)|+9up‘C 5,0) X8| <[]xP — x|, 4+ |C (s,0) xf| < o0
n

for p, k € N. This implies that x = (x;) € Cw (s,). Thus, C (s,1) the space is a Banach space with the norm (2.4). O
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It can be shown that Cj (s,7) and C (s,f) are closed subspaces of Cw (s,#) which leads us to the consequence that the spaces are also the
Banach spaces with the norm (2.4). Furthermore, since C.. (s,7) is a Banach space with continuous coordinates, i.e., ||C (s,) (x} —x) Hm -0
imples |C (s,1) (xf —x)| — O for all k € N, it is also a BK — space.

Theorem 2.2. The sequence spaces Cw (s,t), C(s,1) and Cy (s,t) are linearly isomorphic to the spaces lo, ¢ and cg respectively, i.e.,
Coo (5,1) 2 oo, C(s,1) = c and Cy (s,1) = ¢y.

Proof. To prove the fact Cy (s,1) = ¢, we should show the existence of a linear bijection between the spaces Cy (s,¢) and cy. Consider the
transformation F defined, with the notation (2.3), from C (s,?) to co. The linearity of F is clear. Further, it is trivial that x = 0 whenever
Fx =0 and hence F is injective.

k
Let y € ¢ and define the sequence x = (xz) by x; = Y, c;il y; for each k € N. Wherein c;jl is as defined in (2.1). Then
=

. L S B .
Jim, (€020, = fim Yy cnen = Jim, 31 0= Yl = fimn =0

Thus, we have that x € Cy (s,7) .In addition, note that

n 1 k .
[*llcys.) = sup | Y m;%/’ i

= sup [yu| = [Iyll,, < oe.
neN neN

k=1

Consequently, F is surjective and is norm preserving. Hence, F is a linear bijection therefore we say that the spaces Cy (s,¢) to ¢ are linearly
isomorphic. In the same way, it can be shown that C (s,7) and Cw (s,7) are linearly isomorphic to ¢ and /., respectively, and so we omit the
detail. O

Theorem 2.3. The sequence space Co (s,1), C(s,t) and Cy (s,t) includes the sequence spaces I, ¢ and c( respectively i.e. l.o C Co (5,1), ¢ C
C(s,t) and ¢y C Cy(s,1).

Proof. We only prove the conclusion /. C Cw (s,¢) and the rest follows in a similar way. Let x € /. Then, using (2.3) and (2.4), we obtain
that

n

)}

Xk
f=15n F Ik

[lxl| = [IC (s,) x|, = sup
n
< sup|xg|sup|C (s,1)| = ”xHCw(s,t)
n n

it means that x € Ce (s,1).

3. The basis for the spaces C (s,t) and Cy (s,?)

Firstly, let us define the Schauder basis. A sequence (b;),cy in a normed sequence space A is called a Schauder basis (or briefly basis) [20],
if for every x € A there is a unique sequence () of scalars such that

Jim [l (0o + 0yt .+ ) | = 0.

In this section, we shall give the Schauder basis for the spaces C (s,¢) and Cy (s,1).

Theorem 3.1. Let k € N be a fixed natural number and b(¥) = {b,(f)} where bS,k> = [c;kl} ! , (n € N). Wherein c;k] is as defined in
(2.1). Then the following assertions are true: e !

i. The sequence {bﬁP} is a basis for the space Cy (s,t) and every x € Cy (s,t) has a unique representation of the form x =Y, Lb®) where
M = (C(s,1)x);, for all k € N. For simplicity, here and thereafter an unlimited sum symbol runs from zero to infinity.

ii. The set {e,b(o),b(])7 ...,b(k),...} is a basis for the space C (s,t) and every x € C(s,t) has a unique representation of the form x =

le+ Y, (A4 —1)b*) where | = limy_,o0 (C (s,1)x); and X = (C (s,1)x); for all k € N.

4. The a—, B— and y— Duals of the Spaces C.. (s,t), C(s,t) and Cy (s,?)

In this section, we state and prove the theorems determining the a—, B — and y— duals of the sequence spaces Co (s,7), C (s,¢) and Cy (s,?).
For the sequence spaces A and u, we define the set S(A, i) by

S(A,p)=A{z=(ax) Ew:xz=(xezx) € pforallx € A}.

The a—, B — and y— duals of the sequence spaces A, which are respectively denoted by A%, A8 and A7 are defined by Garling [21], by
A% =S(A, 1), AP =S(A,cs) and A7 = S(A,bs). We shall begin with the lemmas due to Stieglitz and Tietz [22], which are needed in the
proof of the Theorems 4.4-4.6.
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Lemmad.1. A€ (co:1;) = (c:1) if and only if, for (0g.) C R

sup Y I Y an| < “4.1)
KeF n |kek
Lemma4.2. A € (cq:c) ifand only if
sup Y |ai| < o 4.2)
n

and
JLToank = 0, (k S N)
Lemma 4.3. A € (cg : lw) if and only if (4.2) holds.
In the following theorems, we denote by K and F finite subsets of N.

Theorem 4.4. Let a = (a;) € w and define the matrix B = (c;klan> for all k, n € N. The a— dual of the sequence spaces Cw (s,t),

C (s,t) and C (s,t) is the set D = {a = (ar) €w:SUPxer Y

Yiek c;kla,, < oo}. Wherein c;kl is as defined in (2.1) for each k, n € N.

Proof. Let a= (a,) € w and consider the matrix B whose rows are the products of the rows of the matrix C~! (s,7) and sequence a = (ay,).
Bearing in mind the relation (2.3), we immediately derive that

n
anXxn = Z c;klanyk = (By),, (neN). 4.3)
k=1
We therefore observe by (4.3) that ax = (a,x,) € I} whenever x € Cw (s,1), C(s,¢) and C (s,¢) if and only if By € [} whenever y € I, ¢, and
< oo which yields the consequences that {Cw (5,£)}* = {C (5,¢)}* =
{Cols.1)}% =D. O

co. Then, by means of Lemma 4.1, we get supgcr Y., |Yiek c;kl an

Theorem 4.5. Let us consider the sets By, By, By and By defined as follows:
- w} ,

{ (ax) ew: cha extstsforeachkeN}

(ag) ew: supZ
n k=1

chk aj

Jj=k

)

an
n n
By=<qa=(a) ew: 11 ZZ ajextsts

Wherein c;kl is as defined in (2.1) for each j, k € N. Then {Cy (s,t)}ﬁ =B|NBy, {C (s7t)}[3 =B1NByNBy and {Cw (s,t)}[3 =B, NBs3.

Proof. We only give the proof for the space C (s,?). Since the proof may give by a similar way for the spaces C (s,) and Co (s,7), we omit
others. Consider the equation

n k n n
Y e =Y [Z Ck_jlyj:| a=Y [Z;(Ck_jlaj} Yk = (BY),»

k=1 k=1 | j=1 k=1 | j=

=

where B = (b,) is defined by b, =Y} ik Cnj la; > (n, k € N). Thus, we deduce from Lemma 4.2 with (4.2) that ax = (axx;) € cs whenever
x = (x; €)Cy (s,1) if and only if By € ¢ whenever y = (yi) € co. Therefore, we observe using relations (4.1) and (4.2), we conclude that

limy, e c;kl exists for each n, k € N and sup,,cy ’):Z:l c;kl ‘ < oo. Thus, we obtain {Cy (s,t)}ﬁ = B NB,. O
Theorem 4.6. The y— dual of the sequence spaces Co (s,t), C(s,t) and Cy (s,t) is the set By.

Proof. This theorem can be proved using the same technique as in the proof of Theorem 4.4 with Lemma 4.3 instead of Lemma 4.2. So, we
omit the details. O
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5. Some matrix mappings related to Cauchy sequence spaces

Lemma 5.1. [22, p. 57] The matrix mappings between BK— spaces are continuous.
Lemma 5.2. [22, p. 128] A € (c : l,,) if and only if

p
<eo, (1< p<oo) (5.1

sup Z

KeF p

Z Ank

keK

Theorem 5.3. A € (C (s,1): lp) if and only if the following conditions are satisfied

n
sup Y |gui| <o, (5.2)
neN k=0
1i£11 gk exists for all k € N, (5.3)
n—oo

n
,}L‘E‘ok;g”k converges for all n € N, 54

p
sup Y1 Y guk| <oo,(1<p<eo) (5.5)
KeF n |kek
and

n
sup Y [gue|” < oo, (p =) (5.6)
neN =0

where g, = Z;:k c,;jl ayj and c;jl is defined by (2.1).

Proof. Let 1 < p < +oo. Assume that conditions (5.2)-(5.6) are satisfied and take any x € C(s,t). Then (a) € (C(s,1))P forall k, n € N,
which implies that Ax exists. We define the matrix G = (g,,x) for all n, k € N. Then, since condition (5.1) is satisfied for the matrix G, we
have G € (c ) p). Now consider the following equality obtained from the s th partial sum of the series Y a;xx:

S S S
—1
Z An Xk = Z Z Cjk 9njYk
k=1 k=1 j=k
(s, n € N). Therefore, we derive from that as s — oo that
Y awxi=Y gmv (5.7)
k=1 k=1

(n € N). Whence taking /,— norm we get
laxll, = lIGyl, <.

This means that A € (C(s,7):1,). Now let p = eo. Assume that conditions (5.2)-(5.6) are satisfied and take any x € C(s,r). Then
(am) € (C (s,t))ﬁ for all k, n € N, which implies that Ax exists. Whence taking l.— norm (5.7)

IAx]],, = sup |} gk
neN |

Then, we have A € (C(s,) : lo).

Conversely, assume that A € (C (s,8) : lp) . Then, since C (s,t) and [, are BK— spaces, it follows from Lemma 5.1 that there exists a real

constant K > 0 such that

<yl sup Y. [gnk] < oo.
neN

[Axl];, = Kllxllc(s.0)

n
for all x € C (s,1). Since inequality ?? also holds for the sequence x = (x) = Yy b*) € C(s,1) where bﬁ,k) = [c;kl} ' (n € N). Wherein

c;kl is as defined in 2.1. We have \|Ax||lp =¥, |Xker g,,k|p]# < K||xll¢(s,) = K which shows the necessity of 5.5. O
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Theorem 5.4. A € (C(s,t) : ¢) if and only if conditions are satisfied

8k exists for all n, k € N, (5.8)
sup Y’ |guk| <o foralln, k €N, (5.9)
nok
limg, = o forall k € N (5.10)
n
and
li,rln;gnk:a (5.11)

where gni. = Z;f:k ck_j1 ayj and ck_j1 is defined by (2.1).

Proof. Assume that A satisfies conditions (5.8)-(5.11). Let us take an arbitrary an x = (x;) in C (s,7) such that x; — [ as k — c. Then Ax
exists and it is trivial that the sequence y = (y;) associated with the sequence x = (x) by relation (2.3) belongs to ¢ and is such that y; — [
as k — oo, At this stage, it follows from (5.4) and (5.6) that

k

Y log < sup ) |gui| < o
n g

i=0

for every k € N. This yield oy, € /1. Considering Y a,xXx = Y i 8nkYr We write

Y awxic =Y gk — 1)+ 1Y gnicvi (5.12)
% % %

In this situation, letting n — oo in (5.6), we establish that the first term on the right-hand side tends to Y o (yx — ) by (5.3) and (5.4) and
the second term tends to [ by (5.12). Taking these facts into account, we deduce from (5.12) as n — o that (Ax), = Y, o4 (v — 1) + 1ot
which shows that A € (C(s,f) : ¢).

Conversely, assume that A € (C (s,) : ¢) . Then, since the inclusion ¢ C . holds the necessity of (5.10), (5.12) is immediately obtained from

sup,, Y |buk| < eo. To prove the necessity of (5.11) consider the sequence x = pk) = {bﬁ,k)} N in C(s,7) which defined above for every
ne

fixed k € N. Since Ax exists and belongs to ¢ for every x € C (s,f), one can easily see that ApK) = {b,(f)} N for each k € N, which yields
ne

the necessity of (5.11). Similarly, by setting x = e in (5.7), we obtain Ax = {¥; gt },,cry» Which belongs to the space ¢, and this shows the
necessity of (5.12). Where g, = Z’}:k c,:j' ayj and ck’j' is defined by (2.1). This step conludes the proof. O
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1. Introduction

Nonlinear partial differential equations (NPDEs) have an important place in applied mathematics and physics [1], [2]. Many analytical
methods have been found in literature [3]-[11]. Besides these methods, there are many methods which reach to solution by using an auxiliary
equation. Using these methods, partial differential equations are transformed into ordinary differential equations. These nonlinear partial
differential equations are solved with the help of ordinary differential equations. These methods are given in [12]-[39].

We used the improved tanh function method to find the multiple soliton solutionsof new coupled Konno-Oono equation and extended
(3+1)-dimensional KdV-type equationin this study. This method is presented by Chen and Zhang [15].

2. Analysis of method

Let’s introduce the method briefly. Consider a general partial differential equation of two variables,

O (V, Ve, Vy, Vixy - -.) = 0. 2.1
and transform equation (2.1) with

v(x,t) =v(9), @ =k(x—wt)

where k, w are constants. With this conversion, we obtain a nonlinear ordinary differential equation for v (&)

o (V") =0. (2.2)
We can express the solution of equation (2.2) as below,
n .
V(@)= Za,-F’ (9),
i=0

here n is a positive integer and is found as the result of balancing the highest order linear term and the highest order nonlinear term found in
the equation.

Email address: ieinan@yahoo.com, (I. E. inan)
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If we write these solutions in equation (2.2), we obtain a system of algebraic equations for F (@), F2(2),...,F!(2), after, if the coefficients
of F (@), F*(@),...,F!() are equal to zero, we can find the k,w,ag,a1,. .., a, constants. The basic step of the method is to make full use
of the Riccati equation satisfying the tanh function and to use F (&), solutions. The Riccati equation required in this method is given below

F (@) =A+BF (2)+CF?*(2)

dF ()

where, F/ (@) = “5

and A, B and C are constants. The authors expressed the solutions [15].

Example 2.1. Example 1. Weconsider the new coupled Konno-Oono equation,

Ve + 2uu, =0

Uy —2uv = 0. 2.3)

Using the wave variable v (x,t) = v (&) and u (x,t) = u(&), @ = k(x —wt) , the equation (2.3) turns into an ordinary differential equation,

—kwv' 4+ 2kuu’ =0

—kPwi = 2uv = 0. 2.4
When balancing V' with uu’ and u" with uv then ny = 1 and ny = 2 gives. The solution is as follows:

u=ag+aF(2)

v="by+bF (D) +bF(2) (2.5)

(2.5) are substituted in equations (2.4) , a system of algebraic equations for k,w,aq,ay,bgy,b1,br are obtained. The obtained systems of
algebraic equations are as follows

2Akagay — Akwby =0,

2Bkagay +2Aka? — Bkwb) — 2Akwb, = 0,
2Ckaoay + 2Bka} — Ckwby — 2Bkwby = 0,
2Cka? —2Ckwb, = 0 — ABK*way —2aghy = 0,
—B2k2wa, — 2ACK*wa; — 2a1by — 2agh; =0,
—3BCk*way — 2a1by — 2aghs =0,

—2C2%k*way —2a1by = 0.

Solving the above system with the help of Mathematica, the coefficients are found as two cases:

Case 1:
Ch ib z
a0=0,B=0,b; =0,A#0,by =~ k=0 w="L a; #0,b, #0.
A Aa1 by
Case 2:
iby a%
a0=0,B=O,b|:O,A:O,b27é0,k:—,w=—,b0=0,Ca]7é0.
Ca; by

After these procedures, the solutions:
Solution 1:

ibg ibg
up (x,1) = ay {C th (—x—i—Zzalt) + Cosech (—X—Q—Zla]t)}
ay ap

2iby 2iby 2
vi(x,1) = bo—bo[Coth(—x—O—Zlalt)iCosech(a—x—l—Zlalt)}
aj 1

ibg ibg
up (x,t) = ay {T nh (—x—i—Zlalt) +iSech (—x—Q—Zlalt)]
a ay

1
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ibo ibo :
vy (x,1) = bo—bo[Tanh(—x—i—Zla]t):l:zSech(—x+2zalt)}
ap ay

Solution 2:

2ib, 2ib
uz (x,t) = a; {Sec (Qx— 2ia1t) +Tan (gx—Zialt)}
a al

. 2
vy (x,1) = b0+bo[Sec(ﬁx 21a11)iTan(%x72ia|t)}

ai ap

2ib, 2ib
ug (x,1) = ay {Cosec (gfoia|t> +Cot <—Ox 21a1t)]
ay ai

2
vy (x,1) = b0+bo[Cosec(@x 2la|t):i:Cot(%x 21a11>}

ap ag
2ib 2ib,
us (x,1) = aj {Sec (foJrZialt) +Tan <fgx+2ialt)}
aj

ai

2ib 2ib 2
vs (x,1) = by + by [Sec (f%erZialt) +Tan (f %x+2ia1t)}

1 1

2ib 2ib
ug (x,1) = aj {Cosec (f gx+2ialt> + Cot <fgx+2ia1t)]
a a

1 1

2iby . 2ibg .. \1?
v (x,1) = by + bg | Cosec —7x+21a1t +Cot —?x-i-Zlalt

Solution 3:

ibg
up (x,t) = ay {Tanh (a—x-i-zalt)}
1
iby 2
vy (x,8) = by —bg [Tanh (—x—&-lalt)}
aj
ibg
ug (x,t) = a; {Coth (fx—l-lalt)}
aj
2
vg (x,1) = by — by {Coth (7x+la1t):|
ap

Solution 4:

ib
ug (x,1) = ay [Tan (l—ox—ialt)}
ai
ibo 2
vo (x,1) =bo+bo|Tan | —x —iayt
a

Solution 5:

ibg
ujo (x,t) = a; {Cot (——x—ﬁ—laﬁ)]
a
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ib 2
V10 (x,t) =by+by |:C()Z <7laflox+iall>:|

Solution 6:
aj
u (x,t) = T N
(Exf zalt> +co
2
1
vi1 (x,t) = by

——————
(’a—lzxf zalt) +co
Example 2.2. Now let’s get the extended (3+1)-dimensional KdV-type equation,
u + 6quy - Uxxy + Uxxxnz + 6014)25111 + 10uyxxttz + 20uxtty; + Ottty + Uy, = 0, (2.6)

Using the wave variable u(x,y,z,t) = u(92) and, @ = k(x+ ay + Bz — wr), the equation (2.6) turns into an ordinary differential equation,

—wil' +6kau () + Ko +k* Bul® + 60k B (') + 30K Bu'u” + 6k (1) > + K2 B =0, @.7)
When balancing u'>) with ' u" then n = 1 gives. The solution is as follows:
u:a0+a1F(®) (2.8)

If (2.8) is substituted in equation (2.7), a system of algebraic equations for k,w,a,,ag,a; can be obtained. The obtained systems of
algebraic equations are as follows

—Awa) +AB%k*aay +2A%Ck* oy + AB*k*Bay + 2A%Ck* Ba; +AB*k* Ba; +22A2B*Ck* Ba,
+16A3C2K* Bay + 6A%kaa? + 6A%kBa? +30A2B*k3 Ba} + 604> Ck> Bat + 604k Ba3 = 0,

—Bwa; + B3k*aa; +8ABCK>aay + B3k*Bay +8ABCK*Bay + B3 k*Bay + 52AB3Ck* Bay + 136A2BC*k* Ba,
+12ABkoa? + 12ABkBa? + 60AB> k3 Ba? + 30042 BCk> Ba? + 180A%Bk? Ba3 = 0,

—Cway 4+ TB*Ck* atay + 8AC? k2 auay + TB2Ck?Bay + 8AC* k2 Bay + 31B*Ck* Ba +

292AB>C*k*Bay + 136A%C3k* Ba + 6B%kaa? + 12ACkaa? + 6B*kBa} + 12ACkBa’ +

30B*kBa? +480AB>Ck>Ba? +300A%C%k>Ba? + 180AB?k*Ba; + 180A2Ck*Baj = 0,
If the system is solved, the coefficients are found as

1 /C 1
BZO, 01:5 X, a1¢0,A#0,k:—m, (X:—W,ﬁ¢0

with the help of the Mathematica program. After these operations, the solutions of equation (2.6) as follow:
Solution 1:

up (x,t) = % [Coth (ix —iwy+ iz — iwt) £ Cosech (ix — iwy + iz — iwt)]
up (x,t) = % [Tanh (ix — iwy + iz — iwt) £ iSech (ix — iwy + ifz — iwt)]
Solution 2:
1
uz (x,1) = 3 [Sec (—x+wy— Bz+wt)+Tan(—x+wy — Bz+wt)] 2.9

1
ug (x,1) = > [Cosec (—x+wy — Bz+wt) — Cot (—x+wy — Bz +wt)]

us (x,t) = % [Sec (x —wy+ Bz—wt) —Tan (x —wy+ Bz —wt)] (2.10)
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1
ug (x,1) = > [Cosec (x —wy+ Bz —wt) +Cot (x—wy+ Bz —wt)] (2.11)
Solution 3:
i i i i i
up (x,1) = 3 Tanh TR EWer Eﬁzf EWt (2.12)
i i i i i
ug (x,t) = 3 Coth Exfiwar Eﬁzfiwt (2.13)
Solution 4:
1 1 1 1 1
ug (x,1) = 3 {Tan (f §x+ Wy 5Bz+ Ewt)] (2.14)
Solution 5:
1 1 1 1 1
ujo (x,t) = 3 {Cot <§x7 Ewar Eﬁzf Ewtﬂ (2.15)

3. Explanations and graphical presentments of some of the solutions obtained

The graphical demonstrations of some obtained solutions are shown in Figures 1-3.

Figure 3.1: a)The 3D surfaces of Eq.(2.9)for the values y =1, z =0 and w = 5 within the interval -5 <x <5, —1 <t < 1. b) The 2D surfaces of Eq.(2.9)for
thevalues y =1, z=0, w =5 and ¢ = 1 within the interval—5 < x <5.
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Figure 3.2: a) The 3D surfaces of Eq.(2.14)for the values y = 1, z =0 and w = 5 within the interval —5 <x <5, —1 <t < 1. b) The 2D surfaces of
Eq.(2.14)for the values y =1, z=0, w =15 and t = 1 within the interval -5 <x <5.

Y R Y N O Y T T Y Y IR I Y

Figure 3.3: a)The 3D surfaces of Eq.(2.15)for the values and within the interval b) The 2D surfaces of Eq.(2.15) for the values and within the interval

4. Conclusion

We used the improved tanh function method to find the multiple soliton solutions of new coupled Konno-Oono equation and extended
(3+1)-dimensional KdV-type equation. This method has been successfully applied to solve some nonlinear wave equations and can be used
to many other nonlinear equations or coupled ones.
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