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t. So we obtain a hierarchy of rational solutions depending on an integer N called the order
of the solution. We construct explicit expressions of these rational solutions for N =1 to 4.

1. Introduction

We consider the Boussinesq equation (B) which can be written in the form

Ut _Mxx+(”2)x.x+ %Mxxxx = 07 (1~1)
where the subscripts x and ¢ denote partial derivatives.
This equation first appears first in 1871, in a paper written by Boussinesq [1, 2]. It is well known that the Boussinesq equation (1.1) is an
equation solvable by inverse scattering [3, 4]. It gives the description of the propagation of long waves surfaces in shallow water. It appears
in several physical applications as one-dimensional nonlinear lattice-waves [5], vibrations in a nonlinear string [6] and ion sound waves in
plasma [7].
The first solutions were founded in 1977 by Hirota [8] by using Bécklund transformations. Among the various works concerning this
equation, we can mention the following studies. Ablowitz and Satsuma constructed non-singular rational solutions in 1978 by using the
Hirota bilinear method [9]. Freemann and Nimmo expressed solutions in terms of wronskians in 1983 [10]. An algebra-geometrical
method using trigonal curve was given by Matveev et al. in 1987 [11]. The same author constructed other types of solutions using Darboux
transformation [12]. Bogdanov and Zakharov in 2002 constructed solutions by the Fl dressing method [13]. In 2008 — 2010, Clarkson
obtained solutions in terms of the generalized Okamoto, generalized Hermite or Yablonski Vorob’ev polynomials [14, 15].
Recently, in 2017, Clarkson et al. constructed new solutions as second derivatives of polynomials of degree n(n+ 1) in x and ¢ in [16].

In this paper, we study rational solutions of the Boussinesq equation. We present rational solutions as a quotient of two polynomi-

als in x and ¢. These following solutions belong to an infinite hierarchy of rational solutions written in terms of polynomials for each positive
integer N. The study here is limited to the simplest cases where N =1, 2, 3, 4.

2. First order rational solutions
We consider the Boussinesq equation
U — Uxx + (uz)xx + S Uy = 07

We have the following result at order N =1 :

Email address and ORCID number: Pierre.Gaillard @u-bourgogne.fr, 0000-0002-7073-8284, (P. Gaillard)
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Theorem 2.1. The function v defined by
2
(=x+1+ar)?’

is a solution to the Boussinesq equation (1.1) with ay an arbitrarily real parameter.

v(x,1) =

Proof It is straightforward.
d
The parameter a; is only a translation parameter; it is not crucial. In the following solutions, we will omit it.

Figure 1. Solution of order 1 to (1.1), on the left a; = 0; on the right a; = 100.

In Figures 1., the singularity lines of respective equations ¢ = x and t = x + a; are clearly shown.

3. Second order rational solutions

The Boussinesq equation defined by (1.1) is always considered. We obtain the following solutions :
Theorem 3.1. The function v defined by

n(x,t)
1) = , 3.1
v(x,t) dn2) 3.1
with
n(x,1) =3x* + (=120 —4)x3 + (1822 + 2+ 120)x% + (= 1212 + 81 — 1263 )x — 41 + 41> — 104> + 34
and

d(x,t) = =+ Bt + )2 + (=32 —20)x+3 +12 + 21
is a rational solution to the Boussinesq equation (1.1), a quotient of two polynomials with the numerator of order 4 in x and t, the denominator
of degree 6 in x and t.

Proof It is sufficient to replace the expression of the solution given by (3.1) and check that (1.1) is verified.
d

1

e G
e o e e T
S e
e
=

Figure 2. Solution of order 2 to (1.1).

This Figure 2. shows clearly the singularity in (0;0).
The previous solution (3.1) can be rewritten as

3(t—x)*+4(r—x)3—4(r—x)2— 61> +6x* — 4t
((t—x)3+(t—x)2+21)2 '

So, with this expression, it is obvious to show that (0;0) is a singularity as it can be seen in figure (2).

-2
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4. Rational solutions of order three

We obtain the following rational solutions to the Boussinesq equation defined by (1.1) :

Theorem 4.1. The function v defined by

V() = —2 M7

d(x,1)(2)
with
n(x,t) = 6x10 + (=40 — 601)x° + (270> + 110 + 3601)x® + (—14407> — 72013 — 160 — 8807)x” + (12607* + 100 + 308072 4 11207 +
336013)x0 + (—7401 — 15121° — 50401* — 336012 — 61603 )x> + (2001 4 50407> + 310012 + 1260£° 4560073 +770014)x* + (—61607> —
72017 —33601% —700013 — 320012 —5600£4)x> + (20007 + 144017 + 308020 +2708 4-83007* + 840073 + 33607 )x* + (—88017 — 520013 —
80001* — 607° — 36018 — 49007> — 11207%)x + 32007* +26007° + 80073 + 16017 + 610 +407° + 11078 + 11407°
and
d(x,1) = x0 4 (=61 —4)x> 4+ (156> +201 +5)x* + (207> — 4012 —301)x> + (15¢* +4013 460> +201)x + (=61 —207* — 5013 — 4017 )x +
1O +415 +15¢* +207° — 2072
is a rational solution to the Boussinesq equation (1.1), quotient of two polynomials with numerator of order 10 in x and t, denominator of
degree 12 in x and t.

Proof Replacing the expression of the solution given by (3.1), we check that the relation (1.1) is verified.
d

Figure 3. Solution of order 3 to (1.1).
The figure 3 clearly shows the singularity in (0;0).

5. Rational solutions of fourth order

The following solutions of order 4 to the Boussinesq equation defined by (1.1) are obtained :

Theorem 5.1. The function v defined by
5.1

with

n(x,t) = 10x'8 4 (1807 — 180)x!7 4 (1460 4 3060 + 15307%)x'0 + (—23600¢ — 81607> — 6960 — 244802 )x' + (30600* + 21200 +
1080007 4 12240013 +17880012)x!* + (—781200% — 84280013 — 428400¢* — 3213007 — 41300 — 8568017 )x'3 + (111384017 +22540007% +
48300-+27664001* +6328007 4349440073 4- 1856407°)x'% 4- (—97034007> — 44478007> — 108108007* — 31824017 — 8050007 —2227680° —
29400 — 67048801 )x! 4 (1897280013 4- 286440001* + 350064017 4 245044807 + 6300007 + 124124005 + 60130007> + 43758018 +
7350)x10 + (—437580013 — 1790360017 — 546700012 — 263830003 —42042000£° — 547855001* — 613459001° — 2940007 —4862001°)x° +
(983136007° 42033460078 4 113097600 2482200013 4437580017 +55598400¢7 + 322875012 + 735007 4 75778500* +437580110)x8 +
(—3182407!" — 3500640110 — 182468007° — 5714280013 — 117600012 — 1506036007> — 1254400013 — 67662000¢* — 11979000017 —
1717716002%)x7 + (—88200023 +456456001° +22276801!1 + 185640112 4+ 1191288001 +213150000£° + 11152680078 4 128928800 +
2940007% 4 19440960017 +19379500*)x0 + (—789635007° — 21718200017 — 85680113 4392000013 — 111384072 — 70980001 — 14023800070 —
2810808070 +329280007* — 16403310078 + 152880077 )x> 4 (131040007 44185720070 + 15856050078 — 39690000+ — 98000073 +
30600714 4+ 11113200077 + 10194800017 + 42840013 + 29848002 — 1153950001° — 498085007°)x* 4 (—5810700078 — 45383800710 +
19600000* 47840000017 — 12240014 — 4477200¢'2 4 1869840001° — 1610980071 4+ 1136800001 —926800¢'3 —810810007° —81601')x> +
(—1465100007° —529200007° + 13708800 ' + 153010 4105840013 — 5905725078 +-42560007'2 +27617800¢'0 4 189420007° +2004001 '+ —
49000007* 424480115 — 16199400017 )x% + (8937600017 +78400001> — 6909007 '3 — 338940010 — 1548007'4 — 18017 4-509600007 —
2519300¢'% 4729120008 —26960¢' +227780001° —3060¢'® — 56350007 )x — 1666000017 —980000° — 210700008 — 1345050077 +

10£'% — 19600007 4 180¢'7 4 1700£'© 4 105607'5 + 520001+ 421280013 4 521500¢'2 4 2380007'' — 361865010

and

d(x,1) = x10 4+ (=107 — 10)x° + (4512 + 901 + 40)x® + (—12073 — 36012 — 3507 — 70)x” + (210* + 84073 + 133012 4 7007 + 35)x° +
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(—2521% — 12601* — 287013 — 27301% — 7001)x° + (21026 + 12601 +3850¢* 4 560013 +297512 +3501)x* + (— 12017 — 8407° — 3290¢> —
66501 — 56001 — 140012)x> + (4518 + 36017 + 17501° + 462015 + 54254 + 210023 + 7002)x% + (— 1017 — 9018 — 53017 — 17501 —
266015 — 14007* —280023)x + 110+ 107° + 7078 + 28017 + 52510 + 3501 +21007* + 140013

is a rational solution to the Boussinesq equation (1.1), quotient of two polynomials with numerator of order 18 in x and t, denominator of
degree 20 in x and t.

Proof We have to check that the relation (1.1) is verified when we replace the expression of the solution given by (5.1).
O

Figure 4. Solution of order 4 to (1.1).

As in the preceding cases, the figure 4 clearly shows the singularity in (0;0).

6. Conclusion

Rational solutions to the Boussinesq equation of order 1, 2, 3, 4 have been constructed here. The following asymptotic behavior has been
highlighted : lim;_e0 v(x,7) = 0, limy— 10 v(x,2) = 0.

It will relevant to construct rational solutions to the Boussinesq equation at order N and to give a representation of these solutions in terms of
determinants. Namely, for every integer NV, these solutions can be written as a quotient of determinants of order N, where the numerator is a
polynomial of degree N(N + 1) — 2 in x, ¢, and the denominator is a polynomial of degree N(N + 1) in x, ¢.
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with the center Lipschitz hypothesis on the Fréchet-derivatives where the center is not
necessarily the initial point. This way our semi-local convergence analysis is tighter than in
earlier works (since the new majorizing function is at least as tight as the ones used before)
leading to weaker criteria, better error bounds more precise information on the solution.
These improvements are obtained under the same computational effort.

1. Introduction

Let X,Y denote Banach spaces and Q C X be a convex set. Numerous problems in diverse areas are written as an equation like
F(x)=0, (1.1)

where F': Q — Y is a twice continuously Fréchet-differentiable operator. One wishes that a solution x, of equation (1.1) can be found
in closed form [1]-[10]. However, this is done only in special cases. This is why most researchers use iterative procedures to generate a
sequence {x, } approximating x... The most popular iterative procedure is undoubtedly Newton’s method defined for some given initial point
xp € Q by

Xpal = Xp — F’(xn)le(xn)7

for each n =0,1,2,.... There is literature on convergence results for Newton’s method, see [3, 8, 9, 10] and the references therein. The
convergence domain of Newton’s method is small in general under generalized-type Lipschitz conditions. This fact limits the applicability of
Newton’s method. Therefore, techniques that will enlarge the convergence domain without additional hypotheses are useful. In particular,
we are motivated by the work of Ezquerro and Hernandez in [5, 6], where the center-Lipschitz on the second Fréchet-derivative was used but
the center is not necessarily the starting point for Newton’s method. This idea has also been used but on the first Fréchet-derivative. Using
this technique in connection to majorizing functions and sequences a semi-local convergence analysis was given in [6] for the special case,
when X =Y = R"™, where m is a positive integer. The choice of a point other than x in the center-Lipschitz condition allows more flexibility
in the choice of majorizing functions and sequences. Moreover, the convergence domain may be extended in some cases as it was shown in
[6] for a certain class of nonlinear integral equations.

In the present study we also use the center Lipschitz condition at xq as well as at a point other than xg. This way we locate a smaller domain
Q where the iterates {x,} are located. Then, the majorizing function related to the smaller domain Uy is always at least as small as the
majorizing function in [5, 6] derived using the set Q. We then provide a semi-local convergence analysis along the lines of the work in [5, 6]
but with the center-Lipschitz condition on the first derivative instead of the second leading to tighter error estimates on ||F”(x,)~!||. This

Email address and ORCID number: ioannisa@cameron.edu, https://orcid.org/0000-0002-9189-9298 (I. K. Argyros),sgeorge @nitk.ac.in, https://orcid.org/0000-0002-3530-
5539 (S. George)
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modification together with the usage of the new majorant function instead of the old one leads to an at least tighter semi-local convergence.
Some of the advantages include weaker sufficient semi-local convergence criteria (i.e., larger convergence domain than before, tighter error
estimates on the distances ||x,11 — Xu||, |[x» — x«|| and more precise information on the location of the solution x,. The interesting part of
this new technique is the fact that no additional conditions are utilized since the computation of the old majorant function requires the
computation of the new majorant function as a special case. Our idea can be extended in the case F (@) is center-Lipschitz continuous where
i>2[2]-[4].

The lay out of the rest of the paper contains: The semi-local convergence of Newton’s method in Section 2. Section 3 has the examples on
which the theoretical results are tested.

2. Semi-local convergence

Let ¥ > 0. Define R = sup{t > v: U(xq,t) C Q}. Throughout this paper U (xo,r),U (xp,r), stand respectively for the open and closed balls
in X with center at xo and radius ». We base the semi-local convergence analysis of Newton’s method on the conditions (27):

(7)) Operator F : Q C X — Y is twice Fréchet differentiable in the Fréchet sense.

() Letxp € Q. There exist z € D, and § > 0 such that ||xg —z|| = 8. Set#p = y+ 6.

(%) There exist operator [y = F/(xg) ™' € L(Y,X), by > 0 such that | To|| < by and a function g : [y, +o0) — [0, -+0) continuous and
nondecreasing such that

bi[[F'(x0) — F' ()| < g1(llxo —xII)
for each x € U(xqp,R —1p). Equation g1 (f —#p) — 1 = 0 has positive solutions # > #y. Denote by p; the smallest such solution.
Or

(7)) there exist operator A = F’(z)~! € L(Y,X),by > 0 such that [|A]| < b, and a function g, : [y,+e) — [0,+0) continuous and
nondecreasing such that

bo|F'(z) = F'(x)I| < g2(llz—xII)
for each x € U (xp,R —tg). Equation byg;(f — ¥) — 1 = 0 has a minimal solutions p, > ¥. Notice that if g; or g, are strictly increasing,
then py = g7 (7-) +10 and pr = g2 (35) + 7.
(%) There exists f : [y, o) —> [0, +o0) twice continuously differentiable such that

IF" @) < f"(7)

and

f(to)
f(to)

IToF (x0) || < —

b 1
) e S 770
or

[t()vpl}‘

b 1

) = <7 foralltG[%Pz]

() |[F"(x)—F"(2)|| < f"(t) — f'(y) for all x € Uy, € [y,R), where Uy = QN U (x0,p1 —tp)-
() [F"(x) r%Msﬂ%)fwwﬁnmxemJeWRxwmﬂﬂ=Q”UW“”*”
(%) b1 < *m or

1
(JZ{GI) by < )"

We shall use the majorizing Newton iteration function f defined by,
th—
th =Ny(th—1) =th—1 — f/( v foralln=1,2,. 2.1)
J ( n— 1)

where 1 is given. Conditions (), (/] )—(<%) or conditions (), (), (), (43), (}), (2/¢) and (2#]) shall be called the conditions
(o).

Remark 2.1. The following conditions were used in [5]-[10] for the special case X =Y = R"™:
(61) There exists z € Q and 8 > 0 such that ||xg —z|| = 6 and ||[F"(2)|| < f”( 7).

() There exists the operator To = F'(xg) ™' € L(R™,R™) with | To|| < — and ||ToF (xg)|| < — £ilto)

f’(to f’(to)
(63) ||F"(x)—F"(2)|| < f{'(t) = f{(y) for |x—z|| <t —vy,x € Qand t € [y,+o°) and the majorizing Newton sequence is defined by fy
given,
- - - i)
th =Nyg(th—1) =th_1 — =
e

foreachn=1,2.3,... and t) = ty.
Notice that Uy C Q and Uy C Q. Therefore f is at least as tight as f, i.e.,
£0) < i)
B
16 = £
and

o) =" < A )= (1)
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Next, we state a well known result [9, 10].

Lemma 2.2. Suppose that there exists a nonnegative scalar sequence {t,} majorizing a sequence {x,} C Q. Moreover, suppose that
limy,—s e fyy = 1, for some t,, > 0. Then, there exists x,. € Q such that lim,__e X, = X, and ||xs —x,|| <t —t, for eachn=0,1,2,3,....

The proof of the next two results are skipped, since these are immediately obtained from the ones in [5, 6] by using function f, iteration {z,},
condition (&) instead of function fi, iterate {,} and conditions (¢])—(63), respectively. Moreover, these results involve solutions of scalar
equations related to Newton’s sequence {#, }.

Proposition 2.3. Assume that there exists a twice continuously differentiable function f : [y, +e) — R with v € R such that the (/)
conditions are satisfied.

(1) If there exists a solution 8 € (Y, +0) of equation f'(t) = 0, then § is the minimum value of f in [y, +oo) and f is non-increasing in

[l‘()7 5)
(2) If f(6) <0, then the equation f(t) = 0 has a unique solution t. in (y,0) satisfying ty < t. < §.

Proposition 2.4. Assume that there exists a twice continuously differentiable function f : [y, 4+e0) — R with 'y € R such that condition (<7 )
are satisfied. If there exist a solution § € [y, +oo) of equation f'(t) = 0 satisfying f(8) < 0, then the scalar sequence {t,} given by (2.1) is
nondecreasing and converges to the minimal solution t, of f(t) = 0.

Next, the semi-local convergence of Newton’s method follows.

Theorem 2.5. Let F : Q C X — Y be a twice continuously differentiable operator in the Fréchet sense. Assume that there exist a function
i [Y, o) — R twice continuously differentiable with y € R such that conditions (<) are satisfied and a solution § € (y,~+o0) of equation
f(t) = 0 satisfying f(8) < 0 and U(xy,t. —ty) C Q. Then, the sequence {x,} generated by Newton’s method is well defined stays in
U (xg,t« —1ty), and converges to a solution x,. € U (xq,t —1g) of equation F(x) = 0, so that

||« — xn|| <t —1, foreachn =0,1,2,...
where sequence {t,} is given in (2.1).

Proof. We use (%) instead of (43) used in [5, 6] to obtain

_ by
Fli) < —1
H ( l) ” — 1—b1g1(l‘,’)
or under (<)
_ by
Flx) < —=——
1) < T
instead of |
IF' ()7 < =

(t)
Then, by (<7) or («7]) we get that the preceding estimate also holds in our setting. Using this modification, the rest of proof follows as in
[5, 6] with sequence {1, } replacing {7, }.
O O

The next result provides information about the location of the solution.

Proposition 2.6. Assume that the condition (<) are satisfied. If the equation f (t) = 0 has two solutions such that to < t, < tyx, then x, is
unique in U (xq,ts —tg) NQ provided that t, <ty or in U(xg,t. — 1), provided that t, = t,.

Proof. Simply replace f|,fx,fes, R™ R™ by f, 14,1, X, Y, respectively in [5, 6, Theorem 7].
O O

The following error bounds are also available:
Proposition 2.7. Assume that the hypotheses of Proposition 2.6 are satisfied.

(1) Fort, < ty, suppose there exist aj > 0 and by > 0 such that ay < min{@(t) : t € [to, .|} and by > max{@(t) : t € [ty,t.]}, then

(tix —1:)T%
a) — 72"

<ty —ty < (tae — 1)

foralln=0,1,2,... where @(t) = %, F@) = (t — 1) (¢ — tas)A(t), h(t:) # 0, h(ts) =0 and T = [i—**al, provided that
T<landc<1.
(2) For ty = ts, suppose there exists by > 0 such that b3 < min{y/(¢) : 1 € [to, ]}, then

anty <t —t, < b5t

— =0 (0)=h()

foralln=0,1,2,... provided that ay < 1 and b3 < 1, where y(t) = (= IOEL0R

Proof. Simply replace f1,f,t«,fxx DY f,tn, 1,1 in [S, 6, Theorem 8]. O

Remark 2.8. (i) It follows from Proposition 2.7 that the convergence order is quadratic for t, < t.«, and linear, for t, = t.s.
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(ii) The uniqueness of the solution x is more precise under the new conditions. Notice that f (t_*) < f1(#) =050 1, < Fy. Let us suppose
that forty =0 [3, 5]-[10]

2" b
_4p .M
fl(t)*zt R

then 0 < p < q (provided that 2bgn < 1), we have that t, <t and t,« < f,«. Hence, the uniqueness of the solution x.. is improved.
Similar favorable comparisons are given for the lower and upper bounds given in Proposition 2.7.

(iii) The construction of function f defined on Uy as identical to the construction of function fi on Q in [5, 6] is omitted. See also preceding
case (ii) and the example in the next Section.

3. Numerical example

We present an example where our results apply to solve an equation but not earlier ones [5, 6].
Example 3.1. LetX =Y =R,Q=U(xp,1—p),xo=1,p€ly=[2—/3, %] and 7 = xq. Define function F on Q by

3

2
F(x):%—px—ﬁ—?p.

Under the approach in [5, 6],
IF” (o)l = 2llx]| < 2(1Ix —xol| + llxo[l) < 2(1 = p+1) =2(2 - p), 3.1
IF" (x0) = F" ()| = 2flxo — x| < 2, (3.2)
b=|F'(x) "l =1 3.3)

and
/ -1 1

1F"(x0) ™" F(x0)ll = 5 (1 =p) = . (3.4

If polynomial f (or f,4) satisfies f(lr) <0 (or foa(ts) <0), then it has a negative solution and two positive solutions. In view of
(3.1)—(3.4), the old function f,;4 satisfying the conditions of Theorem 13 in [5, 6] is given by

1 1
fora(t) = 38+ (2= p)i? =1+ 2(1-p) (35)

Polynomial in (3.5) has a maximum at t = Uz = H—\/ﬁ < 0 and a minimum at t = [y = m >0 and foq(Ua) >

0, for all p € Iy.
Hence, the old results cannot guarantee that limy,,__, | « X, = x,. Under the new approach, since g(t) = (3 — p)t, Uy = QN U (xo, ﬁ) =

U (xo, ﬁ)ﬁ)l = ﬁ, so Uy is a strict subset of Q and,

1
IF” (o)l = 2llx]| < 2[l|x = xoll + [lxoll] < 2(5—+1).

3-p
Then, the new function f is defined by
1 3 4_p 2 1
t)=st"+—t"—t+=(1—p). 3.6
10 =37+ 32—t 3(1-p) (3.6
Polynomial given in (3.6) has a maximum att = ) = m < 0and a minimum att = [y = m > 0.
Notice that (</4) holds, if p € Iy,t > 0 since it reduces to
1 1
< - pr
I=@=p)t = 242(5L) -1
or
P —4p+1
3—-p
or
p?—4p+1<0,

which is true for p € Iy. Moreover, we have that
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f(up) <0, forall p € I.

Therefore, under our approach lim,,__,c X, = x... Furthermore, although the old results do not apply, we also have that for each t,f € [0, p1]
witht <, f(t) < fora(F) and f'(t) < f,,() <0 so

f@) _ foa?)

J@ = fa®)

leading to
tn S fm

41 —1In < fn—o—l _fn

and
te <fy.

Hence, the error bounds on ||Xyt1 — Xu||, ||xn — x| are improved as well as the location of the solution.

References

[1] I K. Argyros, S. Hilout, Weaker conditions for the convergence of Newton’s method, J. Complexity, AMS, 28 (2012), 364-387.

[2] L K. Argyros, S. Hilout, On the quadratic convergence of Newton’s method under center-Lipschitz but not necessarily Lipschitz hypotheses, Math.
Slovaca, 63 (2013), 621-638.

[3] I. K. Argyros, A. A. Magrefian, Iterative Methods and Their Dynamics with Applications, CRC Press, New York, 2017.

[4] H.T. Davis, Introduction to Nonlinear Differential and lintegral Equations, Dover Pub., New York, 1992.

[5] J. A. Ezquerro, D. Gonzalez, M. A. Hernandez, Majorizing sequences for Newton’s method from initial value problems, J. Comput. Appl. Math., 236
(2012), 2216-2238.

[6] J. A. Ezquerro, M. A. Hernandez, Majorizing sequences for nonlinear Fredhold-Hammerstein integral equations, Stud. Appl. Math., (2017),
https://doi.org/10.1111/sapm.12200.

[7] J. M. Gutiérrez, A. A. Magrefian, N. Romero, On the semilocal convergence of Newton-Kantorovich method under center-Lipschitz conditions, Appl.
Math. Comput., 221 (2013), 79-88.

[8] Kantorovich, L.V., Akilov, G.P., Functional Analysis, Pergamon Press, Oxford, 1982.

[9] L. B. Rall, Computational Solution of Nonlinear Operator equations, Robert E. Kreger Publishing Company, Michigan, 1979.

[10] T. Yamamoto, Historical developments in convergence analysis for Newton’s and Newton-like methods, J. Comput. Appl. Math., 124 (2000), 1-23.



Fundamental Journal of Mathematics and Applications, 2 (1) (2019) 10-17
Research Article

EUIMA Fundamental Journal of Mathematics and Applications

&

Journal Homepage: www.dergipark.gov.tr/fujma
ISSN: 2645-8845
DOI: https://dx.doi.org/10.33401/fujma.503688

Order-Preserving Variants of the Basic Principles of Functional
Analysis

A. A. Zaitov

Tashkent institute of architecture and civil engineering, Tashkent, Uzbekistan

Article Info Abstract
Keywords: Functional analysis, Order- We will establish order-preserving versions of the basic principles of functional analysis
preserving functional, Vector space such as Hahn-Banach, Banach-Steinhaus, open mapping, and Banach-Alaoglu theorems.

with an order unit

2010 AMS: 46B40, 46199, 47H07
Received: 27 December 2018
Accepted: 20 February 2019
Available online: 17 June 2019

1. Introduction

Recently researches in the field of idempotent mathematics and also Choquet integrals intensively develop. Since its introduction in 1974
by Sugeno, the concept of fuzzy measure has been often used in multicriteria decision making. Later in [1], the authors explained the
methodology of using the Choquet integral in multicriteria decision making. The notion of idempotent measure (Maslov integral) finds
important applications in different part of mathematics, fuzzy topology, mathematical physics, and economics (see the article [2] and the
bibliography therein). As well known idempotent measures and Choquet integrals are weakly additive, order-preserving functionals. But
for this functionals there not establish yet the basic principles (analogous principles of Functional Analysis, see, for example, [3]). In
the present paper, we will establish order-preserving versions of the basic principles of Functional Analysis such as the Hahn-Banach,
Banach-Steinhaus, open mapping and Banach-Alaoglu theorems. Recently, in [4] the uniform boundedness principle for nonlinear operators
on cones of functions was investigate. In works [5]-[7] by the author announced open mapping theorem for order-preserving operators and
Banach-Alaoglu theorem for order-preserving functionals, in particular case, on the function spaces.

Remind that partially ordered vector space is a pair (L, <) where L is a vector space over the field R of real numbers, < is an order satisfying
the following conditions:

1)ifx<y thenx+u<y+uforallx,y uecl;

2)ifx <y, then Ax < Ayforallx, y€ Land A € R;.

If the conditions 1) and 2) hold then they say that < is a linear order. A formation of a vector space L with a linear order < over R is
equivalent to indicate a set L C L called a positive cone in L and owning the properties:

Li+Ly CLy; A,LJrCLJr, AERJA L+ﬂ(—L+):{0}.
In this case, the order < and the positive cone L, are connected by a relation
x<y&y—xely, x,y€L.

Elements of L is called positive vectors of L.

Let (L, L) be a partially ordered vector space. We say [8] that L.y is full (or that L is a full cone) if L=L, — L.

Let L be a partially ordered vector space over the field R of real numbers, and L be a full cone in it. Let x1, x; € L be arbitrary various
points. The set [x, xp] = {ox] + (1 — &t)xp: a € [0, 1]} is called a segment connecting points x| and x,. A point x € [x|, x;] is an inner
point of the segment [x|, x;] if x| # x # x;.

Email addresses and ORCID numbers: adilbek_zaitov@mail.ru, 0000-0002-2248-0442, (A. A. Zaitov)
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Let x € L. The point x is said to be an inner point of the cone L, if for any segment [x}, x;] containing x as an inner point, the segment
[x1, x2] N Ly also contains it as an inner point. The set of all inner points of the cone L is called an interior of this cone, and it denotes as
Int L.

Fix an inner point xy € L. For a § > 0 we determine a d-neighbourhood (with respect to the cone L. and the point x() of zero 0 € L as
following:

(0;8) ={x€eL: (6xo*x)eIntLy}. (1.1)

It is easy to see that a family of the sets of the view (1.1) forms a base of neighbourhoods of zero. A neighbourhood of an arbitrary point
z € L can be defined by the shifts of the neighbourhoods of zero:

(z:6)=(0;8)+z={x+z€L: x€(0;0)} ={x+z€L: (dxoxx)eIntLy}={yeL: (6xoxt(y—2z)) €IntL}.
Proposition 1.1. A collection
{(z:6): zeL, 6 >0}
forms a base of a Hausdorf{f topology on L. Further, L equipped with this topology becomes a topological vector space.

Proof. The proof consists of direct checking.
O

An element 1 € L of a partially ordered vector space L is called (strongly) order unit if L= |J [—nl1, n1]. This is equivalent to what for

n—
every x € L there exists A > 0 such that —A1 < x < A1. Let x € L. A partially ordered vector space L is called Archimedean if the inequality
nx < 1 executed foralln =1, 2,..., implies x < 0. In this case on L one can define a norm by the equality

1] =inf{A >0: —Al<x< AL

The obtained norm is said to be an order norm. A partially ordered vector space L is called a vector space with an order unit if L has an
order unit and L is an Archimedean space. A topology on L generated by the norm (1.2) is called order (vector) topology. For a subset X C L
by IntX we denote the interior of X according to the order topology on L. We accept the following agreement

x<y&y—xeclntl,.

AsetU(Op,e) ={x € E: —€lg <x < €lg} is an open neighbourhood of zero O concerning to the order topology. As vector topology is
translation invariance then for every point x € E aset U(x,€) = {y € E: —elg <y—x < €lg} is an open neighbourhood of x with respect
to the order topology.

Proposition 1.2. The order topology and the topology introduced by Proposition 1.1 on a vector space with an order unit coincide.

Proof. Proof is trivial. O

2. Extensions of order-preserving functionals

In this section, we will prove the order-preserving functional’s variant of the Hahn-Banach theorem, one of the basic principles of functional
analysis.

Definition 2.1. A subset B of a partially ordered vector space L is said to be an A-subspace concerning to a fixed inner point xo of a full
cone Ly C Lif0€ B, and x € B implies (x+ Axy) € B for each A € R.

The following assertion is evident.
Lemma 2.2. A subspace B of the partially ordered vector space L is an A-subspace according to xq iff it contains x.

Note that the space L and its subspace {Axg: A € R} are trivial A-subspaces. As distinct from the linear case the set {0} is not A-subspace.
It is easy to see that an intersection of any collection of A-subspaces is a A-subspace. In particular, an intersection of all A-subspaces
containing a given set X is the minimal A-subspace, containing X; this A-subspace we call as a weakly additive span of X, and designate
through A(X). The following statement describes a structure of the weakly additive span of a given set.

Proposition 2.3. A weakly additive span A(X) of a subset X of a partially ordered linear space L consists of a (set-theoretic) union of
{Axp: A € R} and the collection of all sums of the look x+ Axg, x € X, AL €R, i.e.

AX)={Axo: AeR}U |J {x+2ax}= |J {x+2ax},

xeX, xeXU{0},
A€R AeR

in particular, if xo € X then

AX) = | {x+2x0}.
&

Proof. The proof is obvious. O
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Let’s denote
A={Axp; A €R}.
Then we have

AX)= |J (+A).

xeXU{0}

The last equality explains the name ‘A-subspace’. Every A-subspace A(X) consists of the union of one-dimensional subspace A C L and
affine subsets x+ A C L, x € X.

Definition 2.4. A functional f: L — R is called:
1) weakly additive (according to the point xg) if

fx+Axo) = f(x)+Af(x0), x€L, A€R;
2) order-preserving (concerning to the cone Ly ) if for every pair x, y € L belonging y — x € L. implies the inequality

) < fO)s
3) normed (with respect to the point xo) if f(xg) = 1.

From the definition immediately follows that weakly additive functional is linear on the one-dimensional subspace {Axp; A € R} of L. From
here we have f(0) = 0.

Let (L, L) be a partially ordered real vector space. A functional f: L — R is called positive if f(L1) C [0,+c0). Each weakly additive,
order-preserving functional is positive. Really, let x € L. Then x—0 € L. Since f is order-preserving functional, then f(x) > f(0).
Consequently, f(x) > 0. There exists a function which is weakly additive, positive but does not order-preserving.

Example 2.5. Let L =R?> = {(x;,x2): x; € R, i =1, 2} be a partially ordered vector space with respect to the usual linear operations -’ —
the multiplication by real numbers, ‘4’ — the sum of elements of L, and to the pointwise order < on L, which defines as (x1,x2) < (y1,y2) &
x; <ypandx; <y;. The set Ly = {(x1,x) € R%: x,>0,i=1, 2} is a full positive cone in L. Fix an inner point 1 = (1,1) € Ly and
define a functional f: R? — R by the rule

1
f(x17X2):5<X1+x2+\/\xz—)ﬂ\>7 (x1,%) € R%.

It is clear that f is a positive functional. Moreover, for every (x1,x2) € R? and A € R we have

Frt A +2) = 5 (0 +)+ (o + )+ VG )= (- 2)]) =
- % ("1 “ﬁm) +A = fla,x) +Af(1 1),

i.e. f is a weakly additive (according to the inner point (1, 1)) functional. But we have f (1, 1) < £ (1, 1) though (4, 1) — (4, }) € L.
Thus, f is weakly additive, positive but does not order-preserving functional.

[N

Proposition 2.6. If an order-preserving, weakly additive functional f: L — R is continuous at zero O then it is continuous on the whole L.

Proof. Let for every € > 0 there exists 6 > 0 such that | f(x)| < € for all x € (0; §) C L. Let y € L be an arbitrary nonzero element. Consider
a neighbourhood
1) )
yi= y=<z€L: [ =xox(z—y) | €ntL; ;.
2 2
For every z € <y; 7> we have:

S
D £(§x0) + £ ) > f(2) since (§x0+y) —z € IntLy;
/ )

2) £(330) + £(2) > £(3) since ($x0+2
From here follows that

—yelntly.

If(2) = f)I <f<§xo>. @.1)

Now we take x € L such that x — gxo €Ly and %xo —x € Ly. Then f(gxo) < f(x)and f(x) < f(%xo). On the other hand f(%xo) <€
so far as %xo € (0; ). Consequently |f(z) — f(y)| < € foreach z € <y; g> So f is continuous at y € L. Thus f is continuous on the whole

L owing to arbitrariness of y € L.
O

A weakly additive, order-preserving functional f: L — R is called bounded if sup{|f(x)|: x € (0; 1)} < oo.

Proposition 2.7. A weakly additive, order-preserving functional is bounded if and only if it is continuous.
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Proof. Let f: L — R be weakly additive, order-preserving bounded functional. Let f(xp) =a < 0 and 8xg+ (z—y) € IntL . Then similarly
to (2.1) one can show that |f(z) — f(y)| < 6 f(x9) = da, and consequently f is continuous.
Conversely, let a weakly additive, order-preserving functional f: L — R be continuous. Then there exists § > 0 such that | f(x)| < 1 at all

x € {0; 8). In particular, gf(xo)‘ < 1so faras gxo € (0; 6). Hence, | f(xg)| < % < oo, Le. sup{|f(x)]: x€(0;1)} < % < oo,

O

Corollary 2.8. A weakly additive, order-preserving, normed functional is continuous (or, the same, bounded).
The following statement is an analog of Hahn-Banach theorem for weakly additive, order-preserving functionals.

Theorem 2.9. Let B be an A-subspace of the space L. Then for every weakly additive, order-preserving functional f: B — R there exists a
weakly additive, order-preserving functional fo: L — R such that fy|p = f.

Proof. Lety € L\B. Put B’ =BU{y+Axy: A € R}. Obviously that B is an A-subspace of L. Put
BT ={z€B: z—ycB} and B™ ={z€B: y—z€B}.

The obtained sets B* and B~ are not empty. Indeed, take A > 0 such that y € (0; 1). Then evidently that 2Axyp € B™ and —2Axy € B~.
Put

p=inf{f(z): ze BT},  p~ =sup{f(z): z€B}.

We have p~ < p*. Indeed, y—z; € L if provided z; € B™, and 75 —y € L, if provided z; € B™. From here we get 75 —z; € L.
Consequently f(z1) < f(zz) forall z; € B~ and zp € B, i.e. p~ < p*. Take a number p such that p~ < p < p™ and put

f'(y+2Ax0) = p+Af(xo).

In such a way we define an extension f’ of f from B on B'. From the definition directly implies that f” is a weakly additive functional. We
will show that f is order-preserving. It is order-preserving on B owing to f/|B = f. Besides it is evident that f is order-preserving on
{y+Axg: A €R}. Letnow z— (y+Axg) € Ly, where z € B. Then (z—Axg) —y € L4, i.e. (z—Axg) € BT. That is why

flz=Axo) = f(z—Axg) = f(2) = Af(x0) = pT 2 p=f(v),

ie. f/(z) = f'(y+ Axp). In the case when (y+ Axp) —z € L4 one can similarly show that f7(z) < f'(y+ Axp).
Thus, a weakly additive, order-preserving continuous functional f: B — R defining on an A-subspace B can be extended to a weakly additive,
order-preserving continuous functional f’: B’ — R on a wider A-subspace B’ of L. At the same time the equality f'(xq) = f(xo) holds.
Consider the set of all pairs (B', f’) such that B C B’ C L where B’ is an A-subspace, f': B’ — R is a weakly additive, order-preserving
continuous extension of f. The relation (B', ') < (B”, f"") meaning that f”: B” — R is a weakly additive, order-preserving continuous
extension of f’ on a subspace B”, B C B” C L, turns this set into a partially ordered set in which all chains are bounded. By Zorn’s lemma,
there is the maximal element (By, fj) of this set. We will show that By = L.
Suppose that By # L. Take any point y € L\ By and put B = BoU{y+ Axp: A € R}. Then fj can be extended to f;: B — R, and
consequently, (By, fo) < (B1, f1). We got a contradiction with maximality of By. So, By = L.

O

3. Uniform boundedness principle for order-preserving operators

Let (E, <) and (F, <) be partially ordered vector spaces.

Definition 3.1. A map T: E — F is said to be an order-preserving operator if for arbitrary points x,y € E the inequality x <y implies
T(x)<T(y)

Let (E, <) be a partially ordered vector space with an order unit 1z and (F, <) be a partially ordered vector space.

Definition 3.2. A map T: E — F is said to be a weakly additive operator if T (x+ A1) = T (x) + AT (1g) takes place for each x € E and
AER.

The last definition immediately implies T(0g) = T(1g — 1g) = T(1g) — T(1g) = Op, i.e. T(0g) = O for a weakly additive operator
T:E—F.
The following statement shows weakly additive, order-preserving operators of vector spaces with an order unit are automatical continuous.

Proposition 3.3. If E and F are vector spaces with an order unit then each weakly additive, order-preserving operator T: E — F is
COntinuous.

Proof. We will show the operator T is continuous at zero Og. At first we note the following case. If T(1g) = Of then T'(x) = O forallx € E
since T is a weakly additive and order-preserving operator, and for every x there exists A > 0 such that —A1g <x < Alg. So T(E) C {Of}.
This case we will not consider, i.e. suppose T (1) # Op. Then ||T(1g)|| #O.

LetV(0p,e) ={y€ F: —¢elp <y<éelp} be aneighbourhood of zero O in F, where € > 0. Take the neighbourhood U (OE, m>

i __ & £ __ & £ i i
of zero Og in E. For each vector x € U we have T g <x< T 1g. Then T T(lg)<T(x) < T T(1g)since T is a

weakly additive, order-preserving operator. From here we get || T'(x)|| < €, i.e. T(U) C V. Thus T is continuous at Og.
The remaining part of the proof is similar to the Proof of Proposition 2.6.
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Remark 3.4. It is obvious that each linear non-negative operator on spaces with an order unit is weakly additive and order-preserving. The
converse, in general, is not true. But, nevertheless, such operators are linear on a one-dimensional subspace {A1g: A € R} C E. In this case
the image of the subspace {A1g: A € R} under the map T is, as clearly, a one-dimensional subspace {AT(1g): A € R} C F. We have
T(1g) € Fy but it is optional T'(1g) € IntFy. Therefore 7'(1g) is an order unit in 7'(E) but it is optional to be an order unit in . From
here and Proposition 3.3 follows that for every weakly additive, order-preserving operator 7': E — F on spaces E, F' with an order unit the
inequality ||7(1g)|| < o takes place.

Remind the following notions. A set A in a normed space E is called bounded if there exists R > 0 such that A can be placed into the ball
{x€E: |x|| <R}. Amap T: E — F of normed spaces is called bounded if it carries over a bounded set in E to a bounded set in F. It is
obvious that the boundedness of the map T is equivalent to limitation of the set {||T(x)||: x € E, ||x|| < R} for every R > 0. In other words,
sup{||T (x)||: x € E,||x|| < R} < oo for every bounded map T and for each R > 0.

The following statement shows weakly additive, order-preserving operators of vector spaces with an order unit are automatical bounded.

Proposition 3.5. Each weakly additive, order-preserving operator T : E — F of spaces with an order unit is bounded.
Proof. The proof follows from Remark 3.4. O

Let E and F be vector spaces with an order unit, 1z and 1F, respectively. A collection .7 of weakly additive, order-preserving operators
T: E — F is said to be equicontinuous if to every neighbourhood V of zero in F there corresponds a neighbourhood U of zero in E such that
T(U) CVforall T € 7. If the collection J# consists only one weakly additive, order-preserving operator 7', then .77 is equicontinuous
as T is continuous, and 7 is uniformly bounded owing to boundedness of 7. The following statement shows that each equicontinuous
collection of weakly additive, order-preserving operators on vector spaces with an order unit is uniformly bounded.

Proposition 3.6. Let E and F be vector spaces with an order unit, 7€ an equicontinuous collection of weakly additive, order-preserving
operators from E into F, and A a bounded subset of E. Then F has a bounded subset B such that T (A) C B for every T € J.

Te. 9{
neighbourhood U = U(0g, §) of zero in E that T(U) C V for all T € 7. So far as A is bounded for enough big r € R we have A C tU. It

is clear, that T(A) C T (¢ ) Assume that x € tU. Then |[x|| < 8, i.e. =161 <x <t81g. As T is weakly additive and order-preserving
we have —16T (1g) < T(x) <t8T(1g), | T (x)|| < t8||T(1g)||, consequently, H%T(x)” <O|T(g)|=|T(81E)| < €. Hence, T(tU) C tV.
Thus T(A) C tV forall T € . It means that B C 1V, i.e. the set B is bounded.

Proof. Put B= T (A). Since the collection .7# is equicontinuous then for every neighbourhood V = V (0, €) of zero in F there exists a
(

O

The following result is a weakly additive, order-preserving operators’ variant of the Banach-Steinhaus theorem.

Theorem 3.7. Let E and F be vector spaces with an order unit, 7 be a collection of weakly additive, order-preserving operators T: E — F,
and A be a set consisting of all points x € E whose orbits 7€ (x) = {T(x): T € S} are bounded in F. If A is a set of the second category
then A = E and the collection F¢ is equicontinuous.

Proof. LetV =V (0p,€) and W = W (O, €’) be neighbourhoods such that V +V C W where V is the closure of V with respect to order
topology in F. Put B= [\ T~'(V). Let x € A. Then for some positive integer n we have % (x) C nV by virtue of boundedness of .77 (x).
TeH

Hence T'(x) € nV or x € nT (V) for all T € . It means that x € nB. Thus A C U nB. Thence at least one of the sets nB is the second

=1
category owing to A is so. A map x — nx is a homeomorphism E onto itself. Consequently the set B is the second category. Continuity
of operators T € 7 implies B is closed in E. As B is the second category set, it has an inner point. By the construction of B one can see
that 61z lies in B as an inner point for enough small § € R. Let §1g be such an inner point in B. Then aset B— 81 = {x—381g: x € B}
contains some neighborhood U = U (O, 8’) of zero and

TU)CTB-81g)={T(x—381g): x€B}={T(x)—8T(1g): x€B}=T(B)—-8T(lg)CV-VCW

for all T € 2. It means that . is a equicontinuous collection. Then . is uniform bounded by Proposition 3.6. That is why an orbit .77 (x)
is bounded for each x € E. Consequently, since A consists of points of E whose orbits .5 (x) = {T'(x): T € ¢} are bounded in F we have
E C A. Therefore A=E.

O

If a vector space with an order unit is a Banach space with respect to order norm then it said to be a complete space with an order unit. As
each Banach space is a set of the second category then Theorem 3.7 directly implies

Corollary 3.8. Let E be a complete space with an order unit and F a vector space with an order unit, 7 a collection of weakly
additive, order-preserving operators T: E — F, and a collection 7 (x) ={T (x): T € A} bounded in F for each x € E. Then J is an
equicontinuous collection.

As Proposition 3.6 holds then Corollary 3.8 means that pointwise boundedness of an arbitrary collection weakly additive, order-preserving
operators from a complete space with an order unit into a vector space with an order unit implies uniform boundedness of this collection.
Let E and F be vector spaces with an order unit, {7, } a sequence of weakly additive, order-preserving operators T;,: E — F. If for every
X € E there exists a limit nh_r)tolo T,,(x) then putting

T(x) = lim T,(x), x€E, 3.1

n—roo

we have a weakly additive, order-preserving operator. Indeed,

T(ct Alg) = lim Ty(x+Alg) = lim (T(x) + ATy(1£)) = T(x) + AT(1g),
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and if x < y then

T(x) = lim T, (x) < nlg{}an()’) =T(y).

n—soo

Corollary 3.9. Let E and F be vector spaces with an order unit, {T,, } a sequence of weakly additive, order-preserving operators T,: E — F.
If there exists a limit lim T,,(x), x € E, then an operator T : E — F defined by (3.1) is also a weakly additive, order-preserving operator.
n—soo

4. Order-preserving variant of open mapping theorem

Remind that amap f: X — Y of topological spaces is called open at xy € X if for every open neighbourhood of xj in X there exists an open
neighbourhood V of f(xg) in ¥ such that V C f(U). A map is open on a topological space X if it is open at every point of X.

Lemma 4.1. Let E and F be vector spaces with an order unit, T : E — F a weakly additive, order-preserving onto operator. If T is open at
zero then it is open on all E.

Proof. Let for every neighbourhood U = U (0O, €) of O its image T(U) = {T(x) : x € U} be open. We have O € T(U) as T(0g) = OF.
Thence there exists an open neighbourhood V =V (0, 8) of Of such that V C T(U).

Now let xp € E be an arbitrary point and U (xg, €) a neighbourhood of xq got by shifting U(0Of, €) on vector xg. Besides let V(T (xg), 6) be a
neighbourhood of T'(x() got by shifting V(0r, &) on vector T (xg). The proof of the Lemma will finish if we show that the following diagram
is true

o

y € V(T (x0), &) y=T(x0) € V(0r,9)

(R}
YETWU(0.E) < y—T(x) € T(U(x0,8))-

The equivalence of the double inequalities —817 <y —T(xg) < 81 and T (xo) —81r <y < 81p + T (xg) implies (1). Since V C T(U)
we have (2). And the equivalence of the double inequalities —eT(1g) <y —T (xp) < €T(1g) and T'(xg) — €T (1g) <y < €T (1g) + T (x0)
implies (3).
Thus for an arbitrary point x € E and its arbitrary neighbourhood U = U (x, €) there exists open neighbourhood V = V(T (x), 6) such that
VCT().

O

Remind that a metric d on a vector space E is invariant concerning to a shift of points of E if d(x+z,y+z) = d(x,y) for all x,y,z € E. Define
an order metric by the rule

d(x,y)=|ly—x||=inf{A >0: —A1g <y—x<Alg}.
It is easy to see that the following assertion holds.
Lemma 4.2. The order metric on a vector space with an order unit is invariant according to a shift of points.

Let E and F be vector spaces with an order unit. A product E x F over (0g,0r) becomes a vector space with an order unit if we will
introduce to it coordinatewise operations of sum and multiplication by number

o(x1, x2) + B (y1,y2) = (@x1 + Byr, oxz+By2),
and coordinatewise partially order
(x1,%2) < (y1,y2) & (1 < y1 and x3 < y2).
Order norm on E X F is defined by the rule
[(x1,x2)]| =inf{A > 0: =A(1g,1F) < (x1,x2) < A(lg,1p)}.

Here (1g, 1) is one of inner points of (E x F)+ = E4 x F4 that is why without losing generality we assume (1g,1F) is an order unit in the
product. Denote 1« r = (1, 1F).
Let T: E — F be a weakly additive, order-preserving operator. The set of all pairs (x,7(x)), x € E, is called a graph of T .

Lemma 4.3. Let E and F be vector spaces with an order unit, 1g an order unitin E, T : E — F a weakly additive, order-preserving operator.
Then the graph G of T is an A-subspace of E x T (E) with an order unit lExr(E).

Proof. We have (0g,0r) € G C E x T(E) since T(0g) = Op. Consider (x1,x;) € Ex T(E) and A € R. Then

(x1,202) + A gy = (1, T(0)) + (Mg, Alpg) = (0 +A1g,T(x1) +Alyg))
=(x;+Alg,T(x))+AT(1g)) = (x; + A1g, T (x; + A1Eg)),

ie. (X],XQ)"‘A«IEXT(E) €G.

Lemma 4.3 and Remark 3.4 imply
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Corollary 4.4. Let E, F be vector spaces with an order unit, 1g an order unit in E, T : E — F a weakly additive, order-preserving operator.
Then the image T (E) is A-subspace of F if and only if T(1g) € IntF.

Remark 4.5. Further, during the current section, without loss of generality, we will consider such weakly additive, order-preserving
operators T for which T'(1g) € IntF;. Then we may assume that 7(1g) is an order unit in F. Put 1 = T (1g).

At last, we will form a variant of the Open Mapping Theorem for weakly additive, order-preserving operators.

Theorem 4.6. Let E be a complete space with an order unit, F a vector space with an order unit, and T: E — F a weakly additive,
order-preserving operator such that T(E) = F and F is a set of the second category. Then

(i) the map T is open;

(ii) F is a complete space with an order unit.

Proof. Let U(Og, €) be an open neighbourhood. Then according to Remark 4.5 we have

T(UOp,e))={T(x)eF:—¢elgp<x<elg}=
={T(x)eF:—¢elp<T(x)<elp}={yeF: thereexists x € U(Og,€) such thaty=T(x) and —€lp <y<elp} =U(OF,€).

It reminds to show that (ii) takes place.
Let {y,} C F be a fundamental (Cauchy) sequence. Then for every € > 0 there exists a number n such that at all k > n, m > n the double
inequalities

—&lfp <VYm— Yk < elp

hold. One may assume € = % Then f% Irp <ym—y < %lp. Since T (U (Og, %)) =U(Of, %) there exists x;,,x; € E such that T (x;;) = ym,
T (x;) = yx and —% 1g <Xm—x; < %1 £- So we have constructed a fundamental sequence {x,} C E. By completeness of E the sequence
have a limit x = 1211 Xn. As T is continuous from Proposition 3.3 we have T'(x) = lim T'(x,) = 1211 ¥n. Then lim y, € T(E) = F. Thus, F
n—oeo n—soo n—soo n—oo
is complete space with an order unit.
O

Remark 4.7. Note that open mapping principle for weakly additive, order-preserving operators it is impossible to form as the linear case. In
the distinguishing from the linear case, weakly additivity and order-preserving of 7', and being of T'(E) the second category set does not
imply the equality 7 (E) = F. On the other hand 7' (E) must not be open in F. At last, if T is not onto in Lemma 4.1 then openness of T at
zero does not provide it openness on all the space.

Note that in linear topological spaces there is no open subspace different the whole space. But an A-subspace, distinguished from the
subspace, may be open, closed or everywhere dense in the vector space with order unit.

Example 4.8. Let L =R? = {(x;,x): x; € R, i =1, 2} be the vector space with an order unit considered in Example 2.5. Then
Ly ={(x1,x) €R?: x; >0,i=1, 2} is a positive cone in L. Fix 1 = (1,1) € IntR2 = {(x, x2) € R? : x; > 0,xo > 0} as an order unit in
1t.

a) It is easy to see that the set B = {(x1, x; +a) € R* : —1 < a < 1} is an open (with respect to order topology) A-subspace, but B # R?.
b) Let Q be the set of rational numbers. Then C = {(x;,x; +7) € R%re Q} is an everywhere dense A-subspace in RZ.

¢) The set D = {(x1, x; +a) €R?: —1 <a < 1} is a closed A-subspace in R>.

d) Define a map T: R? — R by the rule

(X],X]-l), at  x <X1—l,
T(x1,x2) =4 (x1,%2), at xp—1l<xo<x;+1,
(x1,x14+1), at xp>=x;+1.

It is easy to check that 7' is a weakly additive map. Let us show that the map T is order-preserving. It clear that T is order-preserving on B by
T = idg.

Let xp > x| + 1. Take a vector (y1, y2) € R? such that (x1,x2) < (y1,y2)- The following three cases possible.

Case 1) yo > y; + 1. Then

T(x,x) = (x1,x1+1) < (i1 +1) =T (1, y2).
Case 2) y; —1 <yp <y; +1. Then x; +1 < y,. That is why
T(x1,x2) = (x1, %1 +1) < (y1,y2) = T(y1, 32).
Case 3) yp <y; — 1. Then x; +1 < y; — 1. Censequently
T(x1,x) = (x1,x1+1) < (i, 01— 1) =T (1, y2).

Similarly, one may show that T is order-preserving when x» < x; — 1. Thus T is order-preserving on the whole R

We have T(RZ) = D # R? through the operator T is weakly additive and order-preserving, and the image T(Rz) is the second category.
Clearly the image T (R?) is closed in R? and it is not open. Moreover T is open at zero but it is not open on R?. Really for the open
neighbourhood U ((2,4), 1) = {(x1,x2) € R?: 1 < x; < 3,3 <xy <5} of the point (2, 4) € R? its image T(U) = {(x1,x; +1): 1 <x; <3}
is not open in T (R?).
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5. Order-preserving variant of Banach-Alaoglu theorem

Let E be a vector space with an order unit. Fix 1g as an order unit. By EXV we denote the set of all weakly additive, order-preserving
functionals f: E — R. On EXV define algebraic operations pointwise. Then EK/ - EKV turns to a vector space with an order unit. Denote
EV =EY —EV.PutE? = {f € EV : f(1g) = 1}. Provide E with the pointwise convergence topology. A collection of the sets of the
view

(fixt,xme) ={g € EY 1 |f(xi) —g(x)| < &, i=1,....n}

forms a base of open neighbourhoods of f € EW, where € >0,x; € E,i=1,...,n.
The main result of the section is the following variant of the Banach-Alaoglu theorem for weakly additive, order-preserving functionals.

Theorem 5.1. If'V is a neighbourhood of zero in E then the set
K={f€E?:|f(x)| <1 forevery xeV}
is a compact in the pointwise convergence topology.

Proof. Since neighbourhoods of zero are absorbing sets, for every point x € E there exists y(x) € R such that x € y(x)V. That is why

|£(x)] < y(x) for all f € EY and x € E. For every x € E denote D, = [—Y(x), y(x)] and assume that 7 is the Tychonoff topology in the
product P = [] D,. It is well known that P is a Hausdorff compact space. By the construction we have K ¢ PNEY. We will show
X€EE

that K is closed in P. Let fy € P and fy = fy — f; . where f|,f; € PNEY. Suppose {f4} C PNEY and {fo}c PNEY are nets
converging to f(;L and f," respectively. Then owing to Corollary 3.9 we have f0+ Jo € EVY, and therefore fy € EW. On the other hand
o) = (5 (5) — £ ()] < max{|f5 @) |fy (]} < ¥(x) by £ (6)] < ¥(x) and |fy ()] < ¥(x) for all x € E, & and 6. Therefore
|foF (x)| < y(x) forall x € E and | fyf (x)| < 1 so far as x € V. It means that f; € K.

O

Corollary 5.2. E© is a compact in the pointwise convergence topology.
If E is a separable vector space with an order unit then Theorem 5.1 improves as

Theorem 5.3. IfE is a separable vector space with an order unit, and K is a compact (with respect to pointwise convergence topology)
subspace of EV then K is metrizable.

Proof. Let {x,} be countable everywhere dense subset of E. For every f € EW put M,(f) = f(x,). By the definition of pointwise
convergence topology, every M, is a continuous function on EV . If M,,(f) = M, (f') for all n then continuous functions f and f’ coincide
on everywhere dense subset. Thus {M, } is a countable family of continuous functions which separate points of the space EV, in particular
of K. Hence K is metrizable as each Hausdorff compact space which has a countable sequence of real-valued functions separating its points
is metrizable.

O

Corollary 5.4. IfE is separable vector space with an order unit then E© is a metrizable compact in the pointwise convergence topology.
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1. Introduction

A semigroup is an algebraic structure together with a nonempty set and an associative binary operation. The systematic study of semigroups
started in the early 20th century. Semigroups are important in different areas of Mathematics. The concept of hyperstructures was introduced
in 1934 as a suitable generalization of classical algebraic structures by Marty [1]. He obtained various results on hypergroups and applied
them in different areas, for instance, in algebraic rational fractions, functions, and noncommutative groups. Thereafter, many research papers
have been published on this subject and has been studied recently by many algebraists such as: Prenowitz, Corsini, Jantosciak, Leoreanu,
Heideri, Davvaz, Hila, Gutan, Griffiths and Halzen.

It is a well known fact that, in a semigroup, the composition of two elements is an element, while in a semihypergroup, the composition
of two elements is a nonempty set. In fact, semihypergroups are the simplest algebraic hyperstructures with the properties of closure and
associativity. They are very important in certain applications. Around the 1940s, the general notions of the theory and some applications
in Geometry, Physics and Chemistry were studied. Various classical notions of semigroups have been extended to semihypergroups and
I"-semihypergroups and a lot of results on ordered I"-semihypergroups are obtained by many algebraists all over the world.

The monograph on application of hyperstructures to various area of study has been written by Corsini et al. [2]. Prenowitz et al. investigated
its applications in Geometry [3]. Davvaz et al. wrote a book beginning with some basic notions related to ring theory and algebraic
hyperstructures [4]. Various types of hyperrings are introduced and discussed in this book. For application in Chemistry and Physics, we
refer [5]-[12]. It describes various types of hyperstructures: e-hyperstructures and transposition hypergroups. Heideri et al. studied ordered
hyperstructures [11]. For semihypergroups, we refer [6, 7, 8]. Hila and Davvaz studied quasi-hyperideals of ordered semihypergroups [13].
Corsini also studied hypergroup theory [14]- [15]. The notion of a I"-hyperideal of a I"-semihypergroup was introduced by Anvariyeh et al.
[16]. Hila et al. studied the structure of I'-semihypergroups [17]. Recently, Basar et.al. obtained various types of hyperideals in ordered
semihypergroups, ordered LA-I"-semigroups and LA-I"-semihypergroups [18]- [20].

In the second part of this paper, we recollect some basic definitions and then, we define the concepts of (m, n)-I'-hyperideal (resp. generalized
(m,n)-I-hyperideal) and (m, n)-regular ordered I'-semihypergroup, where m,n are non-negative integers. In the third part of this paper, we
study ordered generalized I'-hyperideals in ordered I'-semihypergroups. In particular, we study (m,n)-regular ordered I'-semihypergroups in
terms of ordered (m,n)-I'-hyperideals and obtain some ideal theoretic results in ordered I"-semihypergroups.

Email addresses and ORCID numbers: basar.jmi@gmail.com, https://orcid.org/0000-0003-2740-0322 (A. Basar), mabbasi@ jmi.ac.in, https://orcid.org/ 0000-0002-3283-
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2. Basic definitions

Let H be a nonempty set, then the mapping o : H x H — H is called a hyperoperation or a join operation on H, where P*(H) = P(H) \ {0}
is the set of all nonempty subsets of H. Let A and B be two nonempty sets. Then, a hypergroupoid (S, o) is called a I'-semihypergroups if for
every x,y,z€ Sand o, €T,

xoao(yofoz)=(xoaoy)ofoz,
ie.,

|J xoaou= [J voPoz

ueyoooz vEXxoooy

A T'-semihypergroup (S, o) together with a partial order ” <™ on S that is compatible with '-semihypergroup operation such that for all
x,y,Z € S, we have
x<y=zoaox<zofoyandxoaoz<yofoz,

is called an ordered I'-semihypergroup. For subsets A, B of an ordered I'-semihypergroup S, the product set A oI"o B of the pair (A, B) relative
to S is defined as below:

AoToB={aoyob:acAbeB,yeT},
and for A C S, the product set A oI 0 A relative to S is defined as A2 = Ao [0 A.

ForM C S, (M] = {s € S|s <mforsomem e M}. Also, we write (s] instead of ({s}] fors € S.

Let A C S. Then, for a non-negative integer m, the power of A is defined by A" =Aol'ocAoT'oAoI'0A---, where A occurs m times. Note
that the power vanishes if m = 0. So, A%oToS=85=S0T0Al.

In what follows, we denote ordered I'-semihypergroup (S,0,I", <) by S unless otherwise specified.

Suppose S is an ordered I'-semihypergroup and / is a nonempty subset of S. Then, / is called an ordered right (resp. left) I'-hyperideal of S if

(i) IoToS Cl(resp. SoT'ol C1),
(i) acl,b<aforbeS=bel.

We now define the concepts of (m,n)-I'-hyperideal (resp. generalized (m,n)-I'-hyperideal) and (m,n)-regular ordered I"-semihypergroup,
where m,n are non-negative integers.

Definition 2.1. Suppose B is a sub-I'-semihypergroup (resp. nonempty subset) of an ordered I'-semihypergroup S. Then, B is called an
(m,n)-T-hyperideal (resp. generalized (m,n)-I'-hyperideal) of S, where m,n are non-negative integers if (i) B" o['o SoI'o B" C B, and (ii)
forbeB,seS,s<b=sEB.

Note that in the above Definition 2.1, if we set m = n = 1, then B is called a (generalized) bi-I"-hyperideal of S.

Definition 2.2. Suppose (S,I',0,<) is an ordered I'-semihypergroup and m, n are non-negative integers. Then, S is called (m,n)-regular if for
any s € S, there exists x € S such that s < s™ oy oxo}p o™ for y;, 7, € I'. Equivalently: (S,T",0,<) is (m,n)-regularif s € (s" oI'oSoI'os"]
forall s € S.

3. Ordered (m,n)-I'"-hyperideals

In this part, some classical notions of semigroups and semihypergroups have been extended to ordered I"-semihypergroups and some results
on generalized ordeded (m,n)-I"-hyperideals and (m,n)-regular ordered I'-semihypergroups are obtained. The results concern with ordered
I"-semihypergroup theory which represent the most general algebraic context in which these results are studied. We begin with the following:

Lemma 3.1. Suppose (S,I',0,<) is an ordered I'-semihypergroup and s € S. Let m, n be non-negative integers. Then, the intersection of
all ordered (generalized) (m,n)-I-hyperideals of S containing s, denoted by [s]n,, is an ordered (generalized) (m,n)-I'-hyperideal of S
containing s.

Proof. Let {A;:i € I} be the set of all ordered (generalized) (m,n)-I-hyperideals of S containing s. Obviously, (;c;A; is a sub-I'-
semihypergroup of S containing s. Let j € I. As (;c;A; CAj, we have

((A)™eToSolo([A;)" CAToloSol oAt CAj.
i€l iel
Therefore,
((Ai)"eToSoTo([A)" C (A
i€l il il
Let a € N;c;Ai and b € S so that b < a. Therefore, b € ;c/A;.
Hence, ;7 A; is an ordered (generalized) (m,n)-I'-hyperideal of S containing s.

Theorem 3.2. Suppose (S,T’,0, <) is an ordered I'-semihypergroup and s € S. Then, we have the following:

@) [slmpn = (U;’g}" sf' Us™ ol oSol os"] for any positive integers m,n.
(i) [s]mo = (UL, s'Us™ oo S] for any positive integer m.
(i) [s]o,, = (UL, s'Us"] for any positive integer n.
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Proof. (i) (UM stusmoToSolos"] # 0. Let a,b € ( ?’:ﬁ"siU§mOFOSOFos”} be such that @ < x and b <y for some x,y €
(Ur's'Us™oToSolos"]. If x,y € s"oToSolos" orx € U'"s', y e s"oloSolos" orx € s"oloSolos", y e "5, then,
xoyoyC s™oloSol'os", and therefore, xoyoy C [ J/|"s' Us™ oL'oSol"os" for y € I. It follows that ao yob C (/" s'Us™ oo SoI o).
Letx,y € U;’j}"s’. Then, x = 57,y = 57 for some 1 < p,q < m+n. Now, two cases arise: If 1 < p+g <m+n, then, xoyoy C U;’j}”s’. If
m+n < p-+q,then, xoyoy Cs"ol'oSolos". So,x0yoy C (U"s'Us™ oI oS0l os"]. This implies that (U} s'Us™ oo SoT 0"
is a sub-I'-semihypergroup of S. Moreover, we have

m+n m+n m+n
(U s'us"oTos]"oTos = (Y s'Us™oT oS ol o( |J s'us”oToS]oTos
i=1 i=1 i=1
m+n m+n
c ( U s'Us™oT oS Lolo U s'oToSUs"oloSol0S]
i=1 i=1
m+n
< (U s'Us"oT o8 1olo(sol 0]
i=1
mtn mtn
= (U s'Us™oT o8] 20l o |J s'us™oToS]oTo(sol 0]
i=1 i=1
mtn m+n
< (U s'Us™oT o820l o |J s'us”oToSolo(sol 0]
i=1 i=1
m+n
< (U s'Us™oT oS8 20T o (s>0T 0]
i=1
C (s"oloS].

In a similar fashion, SoT o (U/“}"s' Us™ oT'0oSoT 0s"" C (SoI os"]. Therefore, (J"}"s'Us™oToSolos"moT oS0l o (U"s'U
smoToSolos")" C (s"oT oS0l 0s"] C (U"s'Usm ol oS0l os"]. So, (U"s'Us™ ol oS0l os"] is an (m,n)-I'-hyperideal of §
containing s; hence, [s],, € (U7 s’ Us™ oo SoT os"]. For the reverse inclusion, suppose a € (/" s'Us™ oT'oSoI os"] is such that
a<tforsomet € ()" s'Us™ ol 0Solos"]. If t = s/ for some 1 < j < m+n, then, t € [s]yn,pn, therefore, a € [s] . If 1 € s"oT oS0l 0s",
by

s"oloSolos" C ([slnn)"oToSolo([slmn)" C [s]mns

then, ¢ € [s];,,; hence, a € [s];,. This implies that (Ug’jl" siUs™oloSolo 5" C [8lmn-
Hence, [s],, = (U s'Us™ ol o SoT os"].
(ii) and (iii) can be proved in a similar fashion.

Lemma 3.3. Suppose (S,T’,0,<) is an ordered I'-semihypergroup and s € S. Suppose m,n are non-negative integers. Then, we have the
following:

@) ([s]n0)"oToSC (s"ol0Ss].
(i) Solo([s]on)" € (Solos"].
(iii) ([s]mn)" oL oSol o ([s]mn)" C (s"oloSolos"].

Proof. (i) Using Theorem 3.2, we have

m-+n
([slmo)"oT oS = (U s'Us"oloS]"oloS
i=1
m+n m+n
= (U s’UsmoFoS]m_' olo( U s'Us"oloS]oloS
i=1 i=1

mtn mtn
- (Us’Usmol"oS]mfloFo(Us’oFoSUsmoFoSoFOS]
i=1 i=1
m+n
C (USlUSmOrOS]milorO(SOFOS]
i=1
C (s"oloS].

Hence, ([s];,,0)" cT0S C (s"oTl'0S].
(i) can be proved similarly as (i).



Fundamental Journal of Mathematics and Applications 21

(iii) Applying Theorem 3.2, we have

m+n
(U s'Us™oloSolos""olM0S

i=1

(Mm.,n)m ollo§

m+tn mtn

= (U s'Us™oToSolos"" 1 olo U s'Us™oloSolos"ol0S
i=1 i=1
m+n m+n

(Y s'Us™oToSolos" ™ Lol o |J seToSUs™ ol oSoTos" ol o]

i=1 i=1

N

m+n
= U SIUSmOFOSOrosn]n171 olo(sol o]
i=1

= (s"oT0S].
Therefore, ([s]m,,)" ocT08 C (s" oI'oS]. In a similar fashion, SoI"o ([s]y,x)" C (SoI'os"]. So,
([sJmn)" oToSoTl o ([s]mn)" (s"oToS]olo ([s]mn)"
(s"oTo(Sol o ([s]mn)")]
(s"olo(SoTos"]
(s"oToSolos".

NN 1NN

Hence, (iii) holds.

Theorem 3.4. Suppose (S,T",0,<) is an ordered I'-semihypergroup and m,n are non-negative integers. Let %’(m,o) and (,2”(07”) be the set of
all ordered (m,0)-I'-hyperideals and the set of all ordered (0,n)-I-hyperideals of S, respectively. Then,
(i) Sis (m,0)-regular if and only if for all R € %, ), R = (R" o0 S].
(ii) Sis (0,n)-regular if and only if for all L € % ,),L = (SoT'oL"].
Proof.(i) Suppose S is (m,0)-regular. Then,

foralls € S,s € (s"ol08S]. 3.1)
Suppose R € Z(y,0)- As R"oI'oS C R, and R = (R], we have (R" oT'oS] C R. If s € R, by Equation (3.1), we obtain s € (s" o0 S| C

(R™oT o8], therefore, R C (R™oI'0S]. So, (R"oIl'oS] =R.
Conversely, suppose

forallR € Z (1 ),R = (R oT'08]. 3.2)
Suppose s € S. Therefore, [s].0 € %(,0)- By Equation (3.2), we obtain

[slm.o = (([s]m0)" o T o S].
Applying Lemma 3.3, we obtain
[$]mo C (s" o0 S].
Therefore, s € (s" oT" 0 S].
Hence, S is (m,0)-regular.
(ii) It can be proved analogously.

Theorem 3.5. Suppose (S,I,0,<) is an ordered I'-semihypergroup and m,n are non-negative integers. Suppose ng(m,n) is the set of all
ordered (m,n)-I'-hyperideals of S. Then,

Siis (m,n) —regular <= forall A € oy, ;),A=(A"ol'0oSol'0 A"]. (3.3)
Proof. Consider the following four conditions:
Case (i): m = 0 and n = 0. Then, Equation (3.3) implies
Sis (0, 0)-regular <= for all A € &), A = S because /(g o) = {S} and S is (0, 0)-regular.
Case (ii): m = 0 and n # 0. Therefore, Equation (3.3) implies
§is (0, n)-regular<= forall A € /g ,),A = (SoI'o A"]. This follows by Theorem 3.4(ii).
Case (iii): m # 0 and n = 0. This can be proved applying Theorem 3.4(i).
Case (iv): m # 0 and n # 0. Suppose S is (m, n)-regular. Therefore,
forallse S,;s€ (s"oloSolos"]. (3.4)
LetA € &, ). AsA"ol'oSol'oA" CAand A = (A], we obtain (A" oT'oSoIl'0A"] C A. Suppose s € A. Applying Equation (3.4),
s€ (s"oloSolos"] C (A" oloSol 0A"]. Therefore, A C (A" oT'oSol'0A"]. Hence, A= (A" oTl'oSoIl 0A"].
Conversely, suppose A = (A" oI"'oSoI"0 A"] for all A € &, ). Suppose s € S. AS [s];nn € F{ ), We have

[s]m,n = (([s]m,n)" o T oS oL o ([s]m,n)"]-

Applying Lemma 3.3(iii), we obtain [s],,, C (s" oI oSoI 0s"], therefore, s € (s" oI'oSolos"].
Hence, S is (m,n)-regular.
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Theorem 3.6. Suppose (S,T",0,<) is an ordered I'-semihypergroup and m, n are non-negative integers. Suppose %(m,()) and ,Sf((m) is the set
of all (m,0)-I"-hyperideals and (0,n)-I'-hyperideals of S, respectively. Then,

S is (m,n)—regular ordered I" — semihypergroup <= for all R € %1 ¢, forall L € Z{g .

(3.5)
RNL=(R"oT'oLNRol'oL"].

Proof. Consider the following four cases:

Case (i): m = 0 and n = 0. Therefore, Equation (3.5) implies

§is (0, 0)-regular <= forall R € %o ) forall L € (g ),RNL = (LNR] because % (g9 = -Z{9,0) = {S} and S is (0,0)-regular.

Case (ii): m = 0 and n = 0. Therefore, Equation (3.5) implies

Sis (0,n)-regular <= forallR € Z(g ) forall L € Z(g,),RNL = (LNRoI'oL"]. Suppose S is (0,n)-regular. Suppose R € Z,q ) and
L € Z - By Theorem 3.4(ii), L= (SoI'oL"]. As R € #|( ), we have R = S, therefore, RN L = L. Therefore,

(LARoToL" = (LNSoToL"] = ((SoToL"|NSoTol"]| = (SoToL"] =L=RNL.
Conversely, suppose
forallR € Z(g ), forallL € Lo ), RNL = (LNRoToL"]. (3.6)
IfR€ %), thenR=S.If L € £ ,), Sol'oL" C L and L = (L]. Therefore, Equation (3.6) implies
forall L € £ ), L= (SoToL".
Applying Theorem 3.4(ii), S is (0,n)-regular.
Case (iii): m # 0 and n = 0. This can be proved as before.

Case (iv): m # 0 and n # 0. Suppose that S is (m,n)-regular. Suppose R € %, 5 and L € Z{q ). To prove that RNL C (R™oT'o L] N (Ro
I'oL"], suppose s € RN L. We have

s€(s"oloSolos"] C (s"oloL] C (R"oT'oL]ands € (s"oT'oSolos"] C (Rol'os"] C (Rol'oL"].
Hence, RNL C (R"ol'oL]N(RoToL"]. As
(R"oToL] C(R"oT'oS] C(R]=Rand (RoI'oL"| C (Sol'oL"| C (L] =L.

This implies that (R" oT'o L]N(RoT o L"] C RN L, therefore, RNL = (R" oo LN (RoT'oL"].
Conversely, suppose

forallR € Z(y, ), forallL € £y, RNL = (R™oToLNRoIoL"]. 3.7
Suppose R = [s],,0 and L = S. Applying Equation (3.7), we obtain [s],,0 € (([s],0)" o 0S]. Applying Lemma 3.3, we obtain

[s]mo C (s" 0T 0S]. (3.8)
In a similar fashion, we obtain

[slo € (SoT 05", (3.9)
As R™ C R and L" C L, by Equation (3.7), we have

forallR € Z (), forall L € £ ,),RNL C (RoToL].
As (s"oT 0S| € Z( ) and (SoT os"] € Zg ), We obtain
(s"oToSN(SoTos" C (("oloS]oTo(Solos"]] C (s"oT0Solos"].

Applying Equations (3.8) and (3.9), we obtain
[slmoN[slon € (s"oToSoTos"].

Hence, S is (m,n)-regular.
4. Conclusion

In this paper, we introduced the concepts of (m,n)-I-hyperideal (resp. generalized (m,n)-I'-hyperideal) and (m,n)-regular ordered I'-
semihypergroup, where m, n are non-negative integers and studied some properties of (m,n)-I'-hyperideals in ordered ['-semihypergroups. In
particular, we studied (m, n)-regular ordered I'-semihypergroups. We proved thatif (S, T, 0, <) is an ordered I"-semihypergroup, where m, n are
non-negative integers and if <7, ,) is the set of all ordered (m, n)-I-hyperideals of S. Then, Sis (m,n) —regular <= for all A € &y ), A=
(AmoToSoI'o A"]. We also proved that if (S,T",0,<) is an ordered I'-semihypergroup, where m, n are non-negative integers; and if ,%<,n’0>,
Lony is the set of all (m,0)I-hyperideals and (0,n)-I-hyperideals of S,  respectively. Then,

S is (m,n)—regular ordered I — semihypergroup <=> for all R € %y, ), forall L € %[ ,),RNL = (RMo'oLNRoIloL"]. The results
of this article can also be applied on semihypergroups and on ordered semihypergroups by some suitable modifications. We hope that this
work will provide the basis for further study on ordered I'-semihypergroups.
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1. Introduction

The concept of UP-algebras developed by lampan in [1]. Examining the substructures in this algebra are done for example in articles [2, 3].
This author took part in analyzing the properties of UP-algebras and their substructures, also [4]-[6]. Some forms of the isomorphism
theorem between UP-algebras can be found in [2, 3, 5, 6].

The concept of bi-algebraic structures was studied by Vasantha Kandasamy in 2003 [7]. The concept of UP-bialgebras with the associated
substructures and their mutual connections can be found in [8]. In the forthcoming article [9], this author offered one form the first theorem
of the isomorphism between the UP-bialgebras.

In this article we expose a form of the second isomorphism theorem between UP-bialgebras.

2. Preliminaries

In this section, we will present the necessary previous concepts of UP-algebras, their substructures and UP-homomorphisms taken from texts
[1, 2, 3, 8]. We will also expose their mutual relationships in the form of proclaims necessary for our intention.

2.1. UP-algebras

In this subsection we will describe some elements of UP-algebras and their substructures necessary for our intentions in this text.

Definition 2.1 ([1]). An algebra L= (L,-,0) of type (2,0) is called a UP-algebra where L is a nonempty set,' - is a binary operation on L,
and 0 is a fixed element of L (i.e. a nullary operation) if it satisfies the following axioms:

(UP-1) (Vx,y € L)((y-2)-((x-y)-(x-2)) =0),

(UP-2) (Vxe€L)(0-x=x),

(UP-3) (Vx€L)(x-0=0), and

(UP-4) (Vx,yeL)((x-y=0Ay-x=0) = x=y).

Definition 2.2 ([1]). A nonempty subset J of a UP-algebra (L,-,0) is called
(1) a UP-subalgebra of L if (Vx,y € J)(x-y € J).

(2) a UP-ideal of L if

(i) 0 € J; and

(ii) (Vx,y,ze L)((x-(y-z) eJAy€e]) = x-z€J).

Email addresses and ORCID numbers: bato49 @hotmail.com, https://orcid.org/0000-0003-1148-3258 (D. A. Romano)
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The set {0} is a trivial UP-subalgebra (trivial UP-ideal) of L.

In the article [6], Theorem 3.3, it has been shown that the conditions (i) and (ii) in the preceding definition are equivalent to the following
conditions

(i) (Vx,y e L)((x-yeJ AxelJ) = yelJ),

iv) (Wx,yeL)(yeJ = x-yelJ).

Definition 2.3 ([1]). Let (L,-,0.) and (M,-',04) be two UP-algebras. A mapping f : L —s M is called a UP-homomorphism if

!

(Vx,y € L)(f(x-y) = f(x)- f(¥))-

A UP-homomorphism [ : L — M is called
(3) a UP-epimorphism if f is surjective,

(4) a UP-monomorphism if f is injective, and
(5) a UP-isomorphism if f is bijective.

Let f be a mapping form UP-algebra L to UP-algebra M, and let A and B be nonempty subsets of L and of M, respectively. The set
f(A) ={f(x)|x € A} is called the image of A under f. In particular, f(L) which denoted by Im(f) is called the image of f. The dually set
FY(B) = {x € L|f(x) € B} is called the inverse image of B under f. Especially, the set Ker(f) = f~'({Op}) = {x € L: f(x) = Opr} is
called the kernel of f.

A relation of congruence on UP-algebras is introduced in [1] by Definition 3.1 and Proposition 3.5 on this way: If J is a UP-ideal of a
UP-algebra L, then the relation ~; defined by

(Vx,yeL)(x~jy <= (x-yeJAy-x€el))

is a UP-congruence on L. Further on, any relation of congruence on UP-algebras has this form according to the claim (1) of Theorem 3.6
and the claim (1) of Theorem 3.7 in [1]. In particular, if f: L — M is a UP-homomorphism between UP-algebras, then the relation ~ ¢
determined by Ker(f) is a UP-congruence in L. The factor-set L/ ~y= {[x]~, : x € L} is a UP-algebra according to the claim (4) of Theorem
3.7 in [1]. We also use the following notion L/J = {[x]; : x € L} to denote this factor algebra.

2.2. UP-bialgebras

The concept of UP-bialgebras and some their substructures were introduced and analyzed by Mosrijai and Iampan in the recently published
work [8]. In this subsection, taking into account their determinations, we describe the concept of UP-bialgebras and some notions connected
with them. So, in this subsection, we will repeat the concept of UP-bialgebras and the notions of UP-bisubalgebras and UP-biideals of
UP-bialgebras, and will expose some results related to substructures of such algebras.

Definition 2.4 ([8], Definition 3.1). An algebra L= (L,-,*,0) of type (2,2,0) is called a UP-bialgebra where L is a nonempty set, - and *
two are binary internal operations on L, and 0 is a fixed element of L if there exist two distinct proper subsets Ly and Ly of L with respect to -
and x, respectively, such that

(UPB-1)L=L,ULy;

(UPB-2) (Ly,-,0) is a UP-algebra, and

(UPB-3) (Ly,*,0) is a UP-algebra.

We will denote the UP-bialgebra by L = L1 WLy. In case of Ly N Ly = {0}, we call L zero disjoint.

Definition 2.5 ([8], Definition 3.7). A nonempty subset J of a UP-bialgebra L = L{ WL, is called a UP-biideal (UP-bisubalgebra) of L if
there exist subsets J| of L and J, of Ly with respect to - and *, respectively, such that

(6)J) £ Jpand J =J; UJy;

(7) (J1,-,0) is a UP-ideal (UP-subalebra) of (L1,-,0), and

(8) (J2,%,0) is a UP-ideal (UP-subalgebra) of (Ly,*,0).

In case of J1 N Ly = {0} = L1 NJa, we call S zero disjoint.

The important relationship between these notions is the following:

Proposition 2.6 ([9]). IfJ D {0} is a UP-subalgebra (resp., UP-ideal) of UP-algebra Ly (of UP-algebra Ly, respectively), such that {0} # J,
then on J can be seen as a zero disjoint UP-bisubgebra (resp., UP-biideal) of UP-bialgebra L = L1 W L,.

2.3. UP-bihomomorphisms

Let f: L — M be a function from a set L to a set M and C C L. Then the restriction of f to C is the function fj¢) : € — M.

Definition 2.7 ([8], Definition 4.1). Let L = L; W Ly be a UP-bialgebra with two binary operations - and *, and let M = M W M, be a
UP-bialgebra with two binary operations Dand % A mapping f form L= Li WLy to M = My WM, is called a UP-bihomomorphism if it
satisfies the following properties:

) f[Ll] : Ly — My is a UP-homomorphism, and

(10) f[Lz] : Ly — M» is a UP-homomorphism.

We say that these restrictions are natural restrictions. A UP-bihomomorphism f : L — M is called

- a UP-biepimorphism if the natural restriction are UP-epimorphisms,

- a UP-bimonomorphism if the natural restriction are UP-monomorphisms, and

- a UP-biisomorphism if the natural restriction are UP-isomorphisms.
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Proposition 2.8 ([8]). let f: L WLy, — M| WM, be a UP-bihomomorphism. Then the following statements hold:

(11) f(OL) = OM, and

(12) Ker(f) = {0r} if and only if f is an injective mapping;

(13) if J is a UP-bisubalgebra of L, then the image f(J) is a UP-bisubalgebra of B;

(14) if J = J1 UJ, is a UP-biideal of L, and J| and J, are subsets of L1 and of Ly, respectively, with Ker(f) C J; NJ,, then the image f(J) is
a UP-biideal of M;

(15) if D is a UP-bisubalgebra of M, then the inverse image f~'(D) is a a UP-bisubalgebra of L; and

(16) if D is a UP-biideal of M, then the inverse image f~' (D) is a UP-biideal of L.

3. The main results

In our forthcoming article [9], we formulated and proved a form of the first isomorphism theorem between UP-bialgebras. To this direction,
we used the following lemma.

Lemma 3.1 ([9]). Let L=L; WL, and M = My WM, be two UP-bialgebras and let f : L — M be a UP-bihomomorphism. Then the set
Ker(fia,)) UKer(fia,)) is a UP-biideal of L and Ker(f) = Ker(f|r,)) W Ker(f|,)) holds.

Let L =L WL, be a UP-bialgebra with two binary operations - and *, and let M = M| & M, be a UP-bialgebra with two binary operations J
and * and let f : L — M be a UP-bihomomorphism. Let ~ is the congruence on L; generated by the UP-ideal Ker( f[Ll])

Vx,y € Ly)(x ~1y <= (x-y € Ker(fi,)) N y-x € Ker(f1,))))

and let ~; be the congruence on L, generated by the UP-ideal Ker( f[Lz])

(Vx,y € Ly)(x ~p y <= (xxy € Ker(fir,)) N y*x € Ker(fir,))))-

Then we can construct the factor-UP-algebra L; / ~ and the factor-UP-algebra L/ ~». So, L1/ ~1 WL,/ ~» is a UP-bialgebra with two
binary operation’ ®’ and’ ® / defined by

(V¥ Dy € Li/ ~1)) (W O D)y = [2-311)

and

(Vs D~ € L2/ ~2)) (W, ® ]y = [2%3],)-

Previous analysis enables us to introduce the following determination: Let L = L; W L, be a UP-bialgebra. For a pair (~,~>) the relation of
congruence ~ on Lj and ~ on L, we write Ly WLy /(~,~7) instead of L1/ ~j WLy/ ~p. If my : Ly —> L1/ ~jand my : Ly — Ly / ~»
are canonical UP-epimorphisms, then there is a unique canonical UP-epimorphism 7 : Ly WL, — Ly WLy /(~1,~>7) such that T =M
and 7;,) = m . Particulary, there is a unique UP-epimorphism 7 : Ly WLy — (L1 WLp)/(Ker(fz,)),Ker(fiz,))). The first theorem of

isomorphism between UP-bialgebras has the form in which for simplicity we write A/Ker(f) instead of A/(Ker(fja,)),Ker(fia,]))-

Theorem 3.2 ([9]). Let f: L — M be a UP-bihomomorphism. Then there exists the unique UP-bihomomorphism g : L/Ker(f) — M
such that f = gox. In addition, for the UPB-subalgebra f(L) of M holds L/Ker(f) = f(L).

Let us analyze now the following situation:

Let J and K be UP-biideals of a UP-bialgebra L such that J/ C K. Then there exist UP-ideals J; and K; of the UP-algebra L; and there
exist UP-ideals J; and K, of the UP-algebra L, such that J; # J, and J = J; UJ, and K| # K; and K = K; UK>, by Definition 2.5. If
J1 C Ky and J, C K; hold, then K /J; is a UP-ideal of UP-algebra L, /J; and K5 /J is a UP-ideal of UP-algebra L, /J,. From here follows
Li/K; = (L1/J1)/(K1/J1) according to Theorem 3.10 in [6]. We also have it L, /K> = (L, /J>)/(K2/J>) according to same theorem. So,
the set K| /J; W K /J, is a UP-biideal of the UP-bialgebra Ly /J; W Ly /J,. Thus, the mapping g; : L1 /J; — L1 /K has Ker(g1) = K1 /J;.
Analogously, the mapping g : Ly /J» — Ly /K, has Ker(g,) = K3 /J as core. Therefore, the homomorphism g : L/(J1,J2) — L/(K1,K3),
determined by g7, /;,) = g1 and gz, 5,] = &2 has the core exactly K /J1 WK /J5.

The previous analysis is a motivation for the following theorem can be seen as the Third isomorphism theorem between UP-bialgebras.

Theorem 3.3. Let L =L WL, be a UP-bialgebra and let J = J; WJ, and K = K| WK, be UP-biideals such that J| C K| and J, C Kj.
Then

L/ (K, K2) = (L/(J1,J2))/ (K1 /J1, K2/ 12)
holds.

Final Observation

The concept of UP-algebras introduced and first results on them given by Iampan 2017 [1]. This author took part in analyzing the properties
of UP-algebras and their substructures, also [4, 5, 6]. Algebraic bi-strukture was analyzed by Vasantha Kandasamy in 2003 [7]. The concept
of UP-bialgebras introduced and the first results ware given by Mosrijai and lampan at the beginning of 2019 [8]. Using by the concept of
UP-bihomorphisms, introduced in [8], in this article we formulated and proved the theorem (Theorem 3.3) , which can be viewed as the
Third isomorphism theorem between the UP-bialgebras.

Of course, there remains an open possibility of formulating and trying to prove other forms of these two isomorphism theorems between the
UP-bialgebra.
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equations into solving a linear system. The existence and uniqueness of the exact solutions
are proved by the Banach fixed point theorem. The format of the Nystrom solutions is
given, especially with the composite Trapezoidal and Simpson rules. The results of error
estimation and convergence analysis are obtained in the infinite norm sense. The validity
and reliability of the theoretical analysis are verified by numerical experiments.

1. Introduction

In this paper, we consider a class of system of Fredholm integral equations of the form

(1.1)

w(x) = £(x)+ [ rr (x,y)u(y) +kia(x,y)v(y)ldy
v(x) = g(x) + [2 ka1 (x,)u(y) + koo (x,y)v(y)]dy,

where the known functions f(x),g(x) € Cla,b], kpq(x,y) € C(|a,b] x [a,b]), p,q=1,2, u(x), v(x) € Cla,b] are the unknown functions.
The integral equation problem has been two hundred years old, and the integral equation is widely used in the study of physics, especially in
mechanics, magnetism, architecture and etc. Since the exact solution of the integral equation problem is difficult to find, its high-precision
numerical solutions are often studied. Many numerical methods are used for numerical solution of Fredholm integral equation, for instance,
Taylor collocation method [1], Galerkin projection and Least squares approximation method [2], variational iteration and fixed point iterative
method [3], Nystrom method and mechanical quadrature method [4]-[7], meshless methods [8] and multiscale methods [9], and so on.
However, there is not much paper about solving the system of integral equations. This paper will study the Nystrom method of the system of
Fredholm integral equations.

2. A sufficient condition for the existence and uniqueness of exact solutions

According to Banach fixed point theorem, a sufficient condition for the existence and uniqueness of exact solution of system of Fredholm
integral equations (1.1) is proposed. First, for (1.1), we structure a function vector space

V2[a,b] = {s(x) = [s1 (x),52(x)]",5i(x) € Cla,b], i=1,2}
and a functional matrix space
szz([a,b] x la,b]) = {(sij(x,¥))2x2,8i;(x,¥) € C([a,b] x [a,b]), i,j=1,2}.
For

K(X7y) = (k[’q(xvy))ZXZ € szz([avb] X [(l,b]), p,.q= 172

Email addresses and ORCID numbers: 1303943677 @ qq.com, 0000-0003-3078-7652 (H. Zhou), 282228006 @ qq.com, 0000-0001-6254-2938 (Q. Wang)
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and

U(x) = [ux),v(x)]" € V?[a,b],

9= [ Kenuay

The norm of the numerical integral operator %~ discussed in this paper is defined as

we write the numerical integral operator %~ defined as

b
H oo = / kpg (x,)|dy].
| Al = max, Za’?fi‘b [kpq (x,)|dy]

Theorem 2.1. If || || < 1 holds, then the exact solutions of the system of Fredholm integral equations (1.1) is existential and unique.

Proof. For all U;(x) € V2[a,b], i=1,2, one has

b
TU,=F(x)+ [ K@Uy, i=12.
a
Then we have

PR (x,y)UI(y )dy—];ﬁ’K(xvy)Uz(y)dwa
K(x,y)[U1(y) = U2 (y)]dyl|e

fa K(x,y)dyl[oo U1 = Ua|

H oo |UL = Us | oo-

ITU, —TUs ||l =

Since || || < 1, T is a contraction mapping. Consider that Banach fixed point theorem, then (1.1) exists a unique solution U* € V2[a, b]
such that TU* = U* holds. O

3. The Nystrom method
In this section, we use the numerical quadrature scheme to obtain a general algorithm for the Nystrom method of the system of Fredholm

integral equations.
Applying numerical quadrature scheme to integral terms of (1.1), we can have

/ [kp1 (e, y)u(y) + kpa (x,y)v(y)ldy
= ;)w,[kpl (e, xp)u(xq) + kp (x,27)v(x;7)] +R<pn>7 p=12,

(n)

where ;(i =0, 1,...,n) are coefficients of quadrature and x;(i = 0,1, ...,n) are the quadrature node points and R) 7Rg") are remainder terms,
such that (1.1) can be rewritten as

u(x) = £(6)+ X @ilknn (vx)u(x) + k1o 0, xi)v(x)] + R G
v(x) = g(x) + X1 0ilkoy (x, xi)u(x;) + koo (6, x;) v ()] + R(2n>.
We take the collocation points x = x;, and let f(x;) = fi, g(xi) = &i, kpg(xi, x;) = kyq, u(x;)) =uj, v(x)) =v;, i=0,1,....n; p,g=1,2.
Then we ignore the remainder terms and obtain the approximating linear system with respect to uq, v, Uy, Vi, ... » Un, v as
n ij ij
ui = f; +Zj:0 a)j(k] 1Uj +k]2Vj)
n ij ij (G.2)
vi=gi+Yo0j(k3juj+kyv).
Remove the terms of (3.2), then we obtain
_Zjaéi wjk’lfluj +(1- a),-k’i"! )ui — Zl}:o wjklljzvj =f; 33)
0 k3 = Lz @iy + (1 = ik )vi = gi.

Solve linear system (3.3), we can get u; = u;, v; =v{,i=0,1,...,n
Take u, v} into (3.1) omitting the remamder terms, we have
{ un(x) = f(x) + X g @ilk11 (0, x; )uf +kio (x,:)v}] G.4)
vn(x) = g(x) + X 0; ka1 (o, x0)uf + koo (x,x;)vi].

Thus up(x), v, (x) can be called the Nystrém solutions with numerical quadrature scheme (3.1).
Meanwhile, it can be noted that

l

{ tn (i) = ; (3.5)

SO 1y (x), v, (x) are also the Nystrom interpolation functions under the interpolation condition (3.2).
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4. Error estimation

To carry out an error analysis for the Nystrom method, we first give the following useful Lemma.

Lemma 4.1. Let ay, ap, by, by, c1, ca, and x, y are positive real numbers. Assume

x<a;+bix+cyy
y < ay+byx—+coy.

Forby+cy <1land (1—b1)(1—cp) > bycy, then

ity < (1 +by—c)ar+(1+¢; —bl)az
- (1=b1)(1 —c2) —bacy

The proof of this Lemma can be given directly and we omit it. The result of error estimation is given below.

Theorem 4.2. Let u(x), v(x) are the exact solutions and let un(x), vn(x) are the Nystrom solutions of system of Fredholm integral equations
(1.1). Assume M1 +M>; < 1, and (l 7M11)(1 7M22) > MoM>, then

(1= Mo+ Moy [RY e + (1= Mys + M2) IR |
(1=M1)(1 — M) — My My ’

[ = ttn|oo + [V = Vi leo <

where Mpy = (b—a)|lkpg(x,y)|lo, P,g=1,2.
Proof. Consider (3.5) and subtract (3.4) from (3.1) to get
w—uy =Yg olkn (6) () — uf) + ki (x,x0) (v () — v+ RY
= Y7o @ilkis (o) (u(x:) — t0n (057)) + k12 () (v(xi) — v (i) + RV,
then

n
U=ty oo +|| Z |@ik12 (X, %) ||[oo = [|[V — Vir ] oo-

i=0 i=0

n
et = oo < IR oo 4 'Y |e0ik11 (2, 0) e o

Similarly, we have

n n
o= Vil < RS o+ | 2 |k (6,3) [lew o [l = tnloo + 11 Y, | 0ka2 0, %0) o [V = Vi [en-

i=0 i=0

From the intermediate value theorem of continuous function, we can get

| i | @ikpg (x,xi) ||| Eb*a)Hkpq(X? Npg)| [l

b —a)|[kpg (x,y)]lle-

where 1,4 € [a,b], p,g=1,2.
It follows that a system of inequalities

it ttn oo < 1R [leo + M1 [t = st oo + M1z [y = vi o
v = valloo < RS o -+ Mot 1t — o + Moz [v = Vi

From Lemma 4.1, we can obtain

(1=M)||IR" loA-M1z IR |
(1-M11)(1—Mn)—M> M,
Mo [|RY e+ (1 =M1 RS

v —"vnllee < =F=337 AT
= (1-My)(1-Mp)—M M,

[l =t ee <

when My +Mp < 1and (1 —Myy)(1 — M) > My M. O

In particular, for the composite trapezoidal rules, we have

_ b—a
h= n
Ep— ]
Wy =Wy = 3
O =0=..=0,_1=h

xi=xo+nh, i=0,1,...,n,

SO

Z?:o |wikpq(xvxi)‘ = b%a[%(‘kpq(xv)%” + |kpq(xvxn)‘) +Z?;11 |kpq(xaxi)”
= (b—a)lkpq(x,Mpg)|, Mpq € [a,b].

Conseqently, || i |@ikpg (x,X;)|[|e = Mpg, p,q=1,2.
Let

{ ki (6,8) = & ki (6, )u() + k(e y)vO)],—g.a < & <b
ka(x,1) = 55 [lo1 (x,)u(y) +kaa (2, )v(¥)]y—n.a < 0 < b.

To sum up, we can draw the following corollary.
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Corollary 4.3. If M1+ M < 1and (1 —Myy)(1 —May) > MiaMyy, then the Nystrém solutions with the composite trapezoidal quadrature
formula have the following error estimation:

b—a(l—M M, k wt+(1—M M ko (x,9)||oo
HM_MYZHOOJ’_HV_V}‘IHOQS a( 22+ 21)” 1(xay)H +( 11+ IZ)H Z(Xy)” h2.

12 (1 =Mi1)(1 = M) — My M
By a similar argument, for the composite Simpson rules, we have
_ b—
h= =3¢ i
Wy =Wy =g
O =w3=...=wy, | =2h
W =04 =..=Wyu =73h

Xi =x0+i%, i=0,1,...,2n,
hence

21220 ‘wikpq(xvxi)‘ = bn;a[é(‘kpq(xvxo) +kpq(x:x2n) )“'%Z,”Zﬁ ‘kpq(x7x2i)| + %Z?:l ‘kpq(xvx%fl)”
= (b—a)kpg(x,Npq), NMpq € [a,b].

Then || 2,220 |@ikpg (X, xi)| [0 = Mpg, prg=1,2.

Let
{mm®=§
(94
I

k1 (e, y)u(y) + ki (x,y)v(y)]y—g,a < & <b
ky(x,m) = Slkai (x,

(6, y)u(y) + ko (x,y)v(y)ly=n,a <1 <b.
Again, we can draw the following corollary.
Corollary 4.4. If M1 +M < 1 and (1 —Mj1)(1 —Mpyy) > MaMyy, then the Nystrom solutions with the composite Simpson quadrature

Jormula have the following error estimation:

Hu*u H +HV*V H < bia(17M22+M21)||%l(x’y)”oo+(l7M]]+M]2)||%2(x,y)”oo ﬁ
1|l 1 || oo

4
— 180 (1=Mi1)(1 —Mpy) — My My (2) ’

S. Numerical examples

In order to verify the validity of the proposed numerical method, two numerical examples are given and the exact solutions are compared
with the approximate solutions by using Matlab.R2015a. The convergence rate is defined by

[l = oo [V = Vil =
[l = uap oo + [[v = v2n oo

Ratio =

Example 5.1. Consider the following system of Fredholm integral equations

u(x) =32+ x— &+ fo [(= 3x+ 3y)u(y) + (Gx —y)v()ldy
v(x) = Fx— 1+ [o bou() + L oy —29)v(y)]dy,

with 0 < x < 1 and the exact solutions u(x) = x%, v(x) =x— 1.
We choose n = 4,8,16,32 along with h = % and get x; = ih, i=0,1,...,n. The curve graph of the exact solutions u(x) = x2, v(x) =

x — 1 and the approximations uy(x), v,(x) obtained using the Nystrom method are given in Figure 5.1(a), and then the maximum error
||t — ttn ||oo + ||V — Vi || 0 listed in Table 1.

Composite trapezoidal Composite Simpson
n | |lu—unlles+ ||v—vn|l | Ratio llu —tn||eo + ||V — va||» | Ratio
4 1.7800e-02 0
8 4.5000e-03 3.9556 0 0
16 1.1000e-03 4.0909 5.7465e-19 0
32 2.7778e-04 3.9600 0 0

Table 1: Error calculation result of Example 5.1.
Example 5.2. Consider the following system of Fredholm integral equations

17

u(x) = sinx+ jg”[(z—lozsinx —cosy)u(y)+ (4—10ysinx)v(y)]dy
v(x) = cosx — 5 +f0”[(% sinx — %y)u(y) + (Tls sinx + %cosy)v(y)}dy,

with 0 < x < 27 and the exact solutions u(x) = sinx, v(x) = cosx.

We also choose n = 4,8,16,32 along with h = % and get x; = ih, i=0,1,...,n. The curve graph of the exact solutions u(x) = sinx,
v(x) = cosx and the approximations uy(x), v,(x) obtained using the Nystrdm method are given in Figure 5.1(b), and then the maximum
errors ||u — uy||os + ||V — vi|| listed in Table 2.
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(a) Example 5.1 (b) Example 5.2

Figure 5.1: The exact solutions and the Nystrom solutions of Example 5.1 and Example 5.2 when n=16

Composite trapezoidal Composite Simpson
n | |lu—unlleo+ ||[v—vall | Ratio [lu— tplloo + ||[v —vallo | Ratio
4 6.4300e-02 6.8765¢-04
8 1.5700e-02 4.0955 4.0590e-05 16.9414
16 3.9000e-03 4.0256 2.5019¢-06 16.2237
32 9.6947e-04 4.0228 1.5583e-07 16.0553

Table 2: Error calculation result of Example 5.2.

6. Conclusion

In this paper, The Nystrom method is proposed to handle approximate solutions of system of Fredholm integral equations and two numerical
examples are provided to illustrate the validity and feasibility of the present method. For the simple system of integral equations such as
polynomial integral equations, we appear to get the exact solutions directly by the Nystrom method with the composite Simpson rule.

In the future, the Nystrom method can be extended to solve Hammerstein integral equations. A two-grid iteration method for the Nystrom
method for system of Fredholm integral equations will also be further studied.
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quasi-Sasakian manifolds admitting Schouten-van connection and projectively flat three-
dimensional quasi-Sasakian manifolds admitting scv connection.

1. Introduction

An important class of almost contact metric (shortly a.c.m.) manifolds is the class consisting of those which are normal. However, the
curvature nature of such manifolds is not known in general, except for Sasakian or cosymplectic manifolds. If the almost contact structure
(shortly a.c.s.) is normal and the fundamental 2-form is closed then the manifold M is called a quasi-Sasakian manifold (shortly q.S.).
First examples of q.S. manifolds were given by D. E. Blair [1]. Also, some remarks on q.S. structures given by S. Tanno [2]. Then, on a
three-dimensional q.S. manifold the structure function y was introduced by Z. Olszak [3].

The Schouten-van Kampen connection (shortly S.K.con.) has been introduced of non-holomorphic manifolds. Then the S.K.con. was
applied to a.c.m. structure by Z. Olszak and he characterized some classes of a.c.m manifolds [4]. Also, A. Yildiz studied three-dimensional
f-Kenmotsu manifolds according to this connection [5].

In the present paper, we study three-dimensional q.S. manifolds with a Z4-homothetic deformation admitting the S.K.con..

2. Preliminaries

Let ¢ is (1, 1)-type tensor field, & is a locally defined vector field tangent to M and 7 is a 1-form on M. Then M(¢,&,n,g) is called an
a.c.m. manifold whose elementary properties are [6]-[8]

o’ =-I+n®&, nE) =1,
g(oU,pV) =g(U,V)—nU)n().

95 =0, ne@=0, n(U)=gU,%).
The fundamental 2-form 6 is defined by
6(U,V)=35(U,9V).

Thus 8(U,&) =0, for U € TM. If the a.c.s. (¢,&,m) is normal, i.e., [@, ](U,U)+dn(U,V)E = 0 and the fundamental 2-form 6 is closed,
i.e. dB =0, then M is called a q.S. manifold. An a.c.m. manifold M is a three-dimensional q.S. manifold if and only if [9]

Vu& =—veU, 2.1

Email addresses and ORCID: a.sazak @alparslan.edu.tr, https://orcid.org/0000-0002-5620-6441 (Ahmet Sazak), a.yildiz@inonu.edu.tr, https://orcid.org/0000-0002-9799-
1781 (Ahmet Yildiz)
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for a function y on M satisfying &y = 0. Also if ¥ = 0 then a q.S. manifold is a cosymplectic manifold [10], the converse is true. From (2.1),
we have [9]

(Vue)V =v{g(U,V)§ —n(U)V}. (22)
Again from (2.1) and (2.2), we get
R(U,V)E = =U[1loV +V[YloU +7*{n(V)U —n(U)V}.
Using (2.1) and (2.2), we obtain
R(U,§)E =7 {U-n(U)E},
and
R(U,&)V =-U[1loV — 7 {g(U,V)E —n(V)U}.
In a three-dimensional Riemannian manifold, the curvature tensor is written
Let M be a three-dimensional q.S. manifold. The Ricci tensor S of M is
r r
svw) = (3- r)e(V,W)+ (37 — FMVINW) =n(V)dy(eW) —n(W)dy(eV). (23)
From (2.3), we get

r

Qv = (G-PIV+Br - DnV)E+nV)(perady) —dr(pV)E,
where dy(V) = g(grady,V). Again from (2.3), we obtain
S(U,&)=2vn(U) —dy(eU).

As a consequence of (2.1), we have

(VumW =g(Vu&,W) = —yg(oU,V). 2.4)
3. Three-dimensional q.S. manifolds admitting S.K.con.

For an a.c.m. manifold M, the S.K.con. Vis given by [4]
VuV =VuV =n(V)Vu&+ (Vun)(V)s. 3.1
Let M3 be a q.S. manifold. Then using (3.1), we have

VuV =VyV+m(V)eU +y5(U, @V)E. (3.2)

Now we put equation (3.1) in the definition of the Riemannian curvature tensor, we can write

RUV)W =VyVyW = VyVyW — Vi, yW. (3.3)
Using (3.2) in (3.3), we obtain
RUVIW = Vy(VyW +m(W)eV +1g(V,oW)E)
=Vy(VuW + (W)U + (U, eW)E) (34)

~(VgyW+mW)e[U,V]+yg([U.V],eW)S.
Again using (2.2) and (2.4) in (3.4), we have
RUVIW = RUV)W+UY{g(V,oW)E+n(W)pV}
—V[YH{sWU,oW)E+n(W)oU}
+7{g(UW)N(V)E —g(V.W)n(U)E +n(U)n(W)V (3.5)
—NV)INW)U +g(U,pW)oV —g(V,oW)U},

which gives

gRUVW,Z) = gRU,VW,Z)
+U[YHe(V,eW)n(Z) +g(V,Z)n(W)}
~Y[Y{s(U,oW)n(2Z) +g(oU,Z)n(W (3.6)

)}
+7{g(U,W)n(V)n(Z) — g(V,W)n(U)n(Z)
+e(V,Z)n(U)n(W) —g(U,Z)n(V)n(W)
+g(U, oW )g(oV,Z) — g(V,oW)g(9U,Z)}.
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Putting U =Z = ¢; ,{i = 1,2,3}, in (3.6), we get
SV, W) = SV, W) + (V) (W) =220 (V) (W) G.7)
From (3.7), we have
OV = QV +(9V)[7]& —27'n(V)é
Again putting V = W = ¢; in (3.7), then we obtain
r=r— 272,
From (3.5) and (3.6), we have
R(U,V)W +R(V,U)W =0,

¢(R(U,VW,Z) +g(R(U,V)Z,W) =0.

and
R(U,V)W+R(V,W)U+RW,U)V = U[V{28(V,@W)E+n(W)pV —n(V)oW}
+VIY{2e(W,0U)E+n(U)oW —n(W)eU}
WYH{28(U,9V)E+n(V)eU —n(U)eV}.

If yis a constant, then we have

R(U,VYW +R(V,W)U +R(W,U)V =
4. Three-dimensional q.S. manifolds and Z,-homothetic deformations

In this section, we study a Zg-homothetic deformation on a q.S. manifold M>.
For a (2n+ 1)-dimensional a.c.m. manifold (M, ¢,&,7n,g) if n = 0, then there is an 2n-dimensional distribution 9 on M. Also an
2n-dimensional homothetic deformation or a Z-homothetic deformation is defined by

1
n* = an, é“:aé, 0% =0, .1)
o

g8 = wgtala-1)nan,

where a = constant > 0. If (M, ¢,&.7n,g) is an a.c.m. structure then (M, %, £* n% ¢%) is also an a.c.m. structure [2].
Now we have the followings:

Lemma 4.1. Let M be a q.S. manifold admitting a Do-homothetic deformation. Then
VgV = VoV —(a—=D)r{nU)eV +n(V)eU}. 42)
Proof. From Kozsul’s formula, we have
28%(VgV.W) = Ug*(V.W)+Vg*(UW)-Wg*(U,V)—g“(U,[V,W]) — ¢*(V,[U,W]) +g%(W,[U,V]),
for any vector fields U,V,W. From (4.1), we obtain

2Aag(ViV. W) +a(a—n((ViV)n(W)} = Ufag(V.W)+a(a—1)nU)n(W)}
+V{ag(U,W)+a(a—1)nU)n(W)}
~W{ag(U,V)+a(a—1)nU)n(V)}
—o{g(U, [V;W]) + (a = )n(U)n([V,W])}
—a{gV,[UW])+(a=1)n(V)n([U,W])}
+o{gW,[U,V])+ (= 1)n(W)n([U,V])}.

After some calculations, we get
2{ag(VgV, W) +a(a—)n(Vgvin(W)} = a{g(VuV,W)+g(V,VyW)}

+a(a—1){UmV)n(W)) +V(nU)n(w))
~Wn@W)nv))—nU)n(VvW)+nU)n(VwV)
—n(V)n(VuoW)+n(V)n(VwU)

+n(W)n(VoV) —n(W)n(VyvU)}.

Thus we have
2{ag(VEV.W) + (e~ Dn(VEVIN(W)} = 2ag(VuV.W)+2a(a— 1)n(VyV)n(W)
+a(a—1){g(V,Vu&)n(W)+g(W.Vy&)n(V) (4.3)
+8(U,VvEN(W) +g(W,VyE)n(U)
—g(U,Vwé)n(V) —g(V.Vwé&)n(U)}.
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Using (2.1) in (4.3), we get

Hag(ViV,W)+a(a—1)n(ViVIn(W)} = 2ag(VyV,W)+2a(a—1)n(
—a(a—1)r{g(V,eU)n(W)
+8(eV, UMW) +g(W,9V)
—gWU,oW)n(V)—g(V,oW)

VuV)n(w)
+g(W.oU)n(V)
n)
nw)}.
After some calculations, we obtain

g(VGV.W)+(a—n(Vgvin(w) = g(VoV.W)+(a—1)n(VoV)n(W) — (a— 1) r{s(W,eU)n(V)+g(W.eV)n(U)},

which implies (4.2). O
Proposition 4.2. Let M be a q.S. manifold with a D,-homothetic deformation. Then

RO‘(U,V)W = R( )
—(a=DU[Y{n(V)eW +n(W)eV}
+Ha—-1)V [7]{'1(U)<PW+71( JoU}
—(a—1)y{nU —n(V)n(W)U}
+(a— 17 {g( V,W) ( )é—g(uW)n(V)é @4
=2n(U)NW)V +2n(V)n(W)U —2g(U, @V )W
—8(U,oW)@V +g(V,oW)oU}.

Proof. The definition of the Riemannian curvature tensor, we can write
RE(U,V)W =VEVIW —VIVEW — V[U V]W 4.5)
Using (4.2) in (4.5) and after long calculations, we have

Ra(U,V)W = R(U,V)W
—(a—=1)y[nU)eVyW —n(U)Vy oW —n(V)pVyW
+N(V)VyoW —n(W)eVyV +n(W)Vy eV
+N(W)eVyU —n(W)VyoU (4.6)
+ay{2g(U, oV )oW +g(U,oW)oV —g(V,oW)oU}
+o—D)y{n@)n(W)V —n(V)n(W)U}
—(a=D{UM) (V)W +n(W)eV)
(VU)W +n(W)eU)}.

Using (2.2) in (4.6), we obtain (4.4). O
From (4.4), we have

R*(U,V)W +R*(V,U)W =0,
and

R¥(U,V)W +R*(V,W)U +R*(W,U)V = 0.

5. Y,-homothetic deformations on three-dimensional q.S. manifolds admitting the S.K.con.

In this section, we study how a Z4-homothetic deformation affects a three-dimensional q.S. manifold M admitting the S.K.con..

Lemma 5.1. Let M be a q.S. manifold with a Do-homothetic deformation admitting the S.K.con.. Then

VEV =VyV —(a— 1)m(U)eV +m(V)eU +78(U, pV)E. G.1)

Proof. Using (3.1) and (4.2), we obtain

VGV = VuV—m*(V)e®U +yg*(U,eV)E*
= VgV —(a—1)y{nU)eV+n(V)eU}—ryon(V)eU
+Ylg(U,@V) +(a—1)nU)n(eV)]&
= VyV—(a—-1)yU)eV+ym(V)eU +yg(U,V)S.
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Proposition 5.2. Let M be a q.S. manifold with a Do-homothetic deformation admitting the S.K.con.. Then

R*(U,VW = RU,V)W
+U[YH{g(V.oW)E +n(W)eV — (a—1)n(V)eW}
“V[{s(U,oW)E +n(W)eU — (a - 1)n(U)pW} (5.2)

+P U W)N(V)E —g(V.W)N(U)E +g(U, oW )V
—g(V,@W)oU +n(U)n(W)V —n(V)n(W)U}
—2(a—1)y%g(U,@V)oW.
Proof. Using (4.1), (3.5) and (4.4), we have
R*U V)W = R*(U,V)W+U[P{g*(V.0*W)EX +n%(W)p*V}
—VIM{e*(U,*W)E¥ +n*(W)e®U}
P (U W) (V)EX — g (V,W)n*(U)E® (5.3)

UMW)V —n* (Vv )n“(W)U
g (U, 9%W) %V — g*(V,0*W)p*U}.

Using (4.2) in (5.3), we obtain (5.2). O
Now taking the inner product with Z and puttingV =W =¢;, {i = 1,2,3}, in (5.2), we get

$UU,Z) = S(U.2)+(eU)[Yn(2)+ (a—1)(9Z)[YIn(U) -2/ n(U (5.4)
If we use (2.3) in (5.4), we have

0.2 = G-1U.2+6r-)NUME@)

(5 -

—(eU)[¥YIn(Z) — (9Z)[¥YIn ( )

+(oU)[YIn(Z) + (a = 1)(9Z)[yIn(U)
(U)n(z),

—29’n(U)
S0z = G-PHW.2)-nU)N@)}+(@-2)(e2)FnW).
Also we take U = Z = ¢; in (5.4), we get
¥ = r—2'y2.
6. Main result

In this section, we study a projectively flat q.S. manifold M> with a Z-homothetic deformation admitting the S.K.con..
In a q.S. manifold M3 with a Z-homothetic deformation admitting the S.K.con. V¢, the projective curvature tensor P? is given by

~ ~ 1 ~ ~
P*(U,V)W =R*(U,V)W — E{SO‘(V,W)U —-S*U,W)V}.
Now let M? be a projectively flat q.S. manifold with a Z-homothetic deformation admitting the S.K.con. vea (ie. P4 = 0). Then we have
~ 1 ~ -
R*(U,V)W = E{Sa(V,W)UfS“(U,W)V}. 6.1)

Using (5.2) and (5.4) in (6.1), we get

R(U,V)W
+U[YH{g(V,oW)E +n(W)eV — (a—1)n(V)eW}
=V[Y{sU,eW)E+n(W)eU — (a—1)n(U)eW}
+7{eU,W)N(V)E —g(V,W)n(U)§ +¢(U, oW )V
—g(V.oW)oU +n(U)n(W)V —n(V)n(W)U}
+2(0—1)Yg(U, V)W

= f[S(V WU + (V) [YIn(W)U + (a—1)(eW)[yIn(V)U

=270 (V)n(W)U = S(U,W)V (<PU)[7]71(W)V
—(a—1)(@W)[Mn(U)V +2Vn(U)n(W)W],
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which gives

g(R(U,V)W,Z)
+U[YHe(V,oW)n(Z) +n(W)g(eV,Z) — (o — 1)n(V)g(eW,Z)}
VIv{eU,oW)n(Z) +n(W)g(eU,Z) — (o — 1)n(U)g(eW,Z)}

+72{g UwmvVnz) —g(V,wmmUmz)+gU,oW)g(eV,Z)
—g(V oW)g(oU,Z)+n(UMW)g(V,Z) —n(V)n(W)g(U,2)} 6.2)
—1)Vg(U,9V)g(oW,Z)

- lw W)e(U.Z) + (@V) [¥In(W)g(U.2)
+(a— 1) (W) [N (V)g(U,Z) — 27 n(V s(U,2)
S(U.W)g(V.2) — (U)[In (W)g(V, >

—(a=1)(eW)[1In(U)g(V.2) + 27’ n(U)n(W)g(V.2)].

Putting U = Z = & in (6.2), we have
=27 n(v —(@W)[yIn(V) = (eV)[¥In(W). (6.3)
If we put (6.3) in (5.4), we get
SHV,W) = (a—=2)(eW)[¥In(V). (6.4)

Clearly, if yis a constant or & = 2, then from (6.4), we have S = 0. If §* = 0, then from (6.1), we get R* = 0. Conversely if R* = 0 then
we have S% = 0 and from (6.4) we obtain 7 is a constant or o = 2.
Thus the above discussion leads us to state the following:

Theorem 6.1. Let M be a projectively flat q.S. manifold with a Dg-homothetic deformation admitting the S.K.con.. Then the followings
hold: (i) v is a constant or o = 2. (ii) The manifold M is a Ricci-flat manifold, (iii) The manifold M is a flat manifold.

7. Example

In this section, we give an example of three-dimensional q.S. manifolds with a Z-homothetic deformation admitting the S.K.con..
Let M = {(x,y,z) € R : x # 0} be a three-dimensional manifold, where (x,y,z) are standard coordinates in R3and {&,&,,&3} be linearly
independent global frame on M is given by

d d d d a

el =2—, & =2=— —4— +y— .
é ay’ € ox 3y+yc9z7 63 0z

Let g be the Riemannian metric, 1 be the 1-form and ¢ be the (1,1)-type tensor field given by

ge,e3) = g(é1,6) =g(é,83)=0, (7.1
g(ere1) = g(&2,6)=2g(é3,é)=1,

nw) =g(w,é&), (7.2)
Qe =&, Q& =-—¢é;, @& =0, (7.3)

and
g(oW, 9Z) = ¢(W,Z) —n(W)n(2).
Thus for &3 = &, (¢,&,7,g) defines a c.m.s. on M>. Thus we have
[61,8:] =2&3, [e1,63]=0, [&,&3]=0.
Recall Koszul’s formula
28(VuV,W) = Ug(V,W)+Vg(U,W)-Wg(U,V)—g(U,[V,W]) —g(V,[U,W]) +¢(W,[U,V]),

Taking &3 = £ and using the above formula for Riemannian metric g, we get

Ve ez = —é, Ve, 63 =é, Ve é3 =0, (7.4)
Veer = —é&, Vgér=28&3, Ve =—63,
Veéo = 0, Ve ér =é, V& é1 =0
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Hence from (2.1), the manifold M3 is a q.S. manifold with y = 1. Using (7.1), (7.2), (7.3) and (7.4) in (5.1), we have D,-homothetic
deformation of the manifold M3 admitting the S.K.con. given by

6?1 & = 0, Ve e =0, 62'353 =0,
Vee = —a&, V& =0, V%5 =0, (7.5)
%géZ = 0 %gézzael, %g]él =0.
Using (7.5), we obtain
ﬁa(é],éz)él = 205527 ﬁa(51,§2)~2 = —20(627 Ra(§1752)é3 :0,
R%(&,83)8 = 0, R%(&),83)2, =0, R%(é),3)83 =0, (7.6)
ﬁa(éz,ég)él = 0, ﬁa(52753)e~2 =0, ﬁa(é'z,éj)% =0

Thus from (7.6), the manifold M? is a flat manifold. Since a flat manifold is a Ricci flat manifold, from the Theorem 6.1 the manifold M3 is a
projectively flat manifold.
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1. Introduction

Bifurcation is an important dynamic behavior of some dynamical systems. Some difference equations exhibits different kinds of bifurcation
including period-doubling bifurcation, saddle-node bifurcation and Neimark-Sacker bifurcation. In this paper, we show that a third order
rational difference equation exhibits Neimark-Sacker bifurcation. This type of bifurcation exits when the Jacobian matrix of a system of
difference equations has complex eigenvalues of modulus one. In [1], the author studied the dynamics of the third order difference equation

an + 6)@172

—_ 1.1
A+ Bx,+Cx;—q (4.

Xn+1 =

Using appropriate change of variables, equation (1.1) becomes

ﬁxn +Xp—2

Xpp] = —F7——
ntl A+ Bxp+x,_1

where A > 0,3, B > 0. The author gives dynamic properties of solutions of this equation. In [2], the authors considered the difference
equation

Bxa+ 0xn—

X, =
n+1 1+,

They show that this equation undergoes a Neimark-Sacker bifurcation and give the direction of the bifurcation. In this paper, we consider the
third order rational difference equation

ﬁxn Xp—2
=== s 1.2
Xn+1 A - (1.2)

where A € (0,1), B > 0 and nonnegative initial conditions x_»,x_; and xq. Firstly, we show that the unique positive equilibrium X* =
B —A+1is locally asymptotically stable if § > (1—A)/(1+A). Then, we show that equation (1.2) undergoes a Neimark-Sacker bifurcation
by converting this equation to a first order system and showing that the Jacobian matrix of the linearized system has a pair of complex
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conjugated eigenvalues of modulus one and a real eigenvalue in the interval (0, 1). Equation (1.2) is a special case of the following one
which was considered in [3]
x _ A+ By + ¥xy 1+ X2
n+1 A+,

(1.3)

setting o = ¥ = 0, we get equation (1.2). The authors in [3] proved that every solution of equation (1.3) is bounded.

The rest of the article is organized as follows: in section 2, we give condition for local asymptotic stability. Then, we show in section 3 that
equation (1.2) undergoes a Neimark-Sacker bifurcation. In section 4, the direction of bifurcation is considered. Finally, some numerical
simulations are given.

2. Local stability

In this section, we study local stability of the unique positive equilibrium of equation (1.2). We apply Jury’s test to the characteristic
polynomial of the linearized equation. Jury’s conditions provide an algebraic test that determines whether the roots of a polynomial lie
within the unit circle. Jury’s conditions consist of a test for necessary conditions and a test for sufficient conditions. For a polynomial of the
form:

f@) = +ay 12 arztag

The necessary conditions for stability are: f(1) > 0 and (—1)" f(—1) > 0, while the sufficient conditions for stability are given by:
lao| < an, |bol > |bu—1], |col > len—2l,---

ap  an—k = by by_1-k
An Aag ’ bp—1 by
We need the following theorem

where b, =

Theorem 2.1. (Viete Theorem [4]) Consider the following polynomial of degree n
f@) =and" +ap_ 12"+ +arz+ag
Then, the n roots of f (counting multiplicities) z1,z,- - - ,zn satisfy the following relations
—dn—1

gttt 1ta =

Qn

an—2
(2 +z1z3+--+21z) (253t 2+ +2m) F a1t = ——
n

ao
2120z = (—1)"—
1227z = (—1) @
Firstly, we convert the third order equation (1.2) to the first order system
an +2n
Xn+l =
A+yp
Yn+1 = Xn
n+l = Yn

The system has two fixed points, the first one is the zero fixed point (0,0,0) and a positive fixed point
X'=B-A+1,-A+1,—-A+1), B+1>A

Viete’s theorem will be used to show that the Jacobian matrix of the above system has a pair of complex eigenvalues of modulus one.
The following theorem gives a condition for local stability of X*. Let

. 1-4
B T 14A

Theorem 2.2. The positive fixed point is stable if B > B* and unstable if B < B*

Proof. The Jacobian matrix of the system is

ﬁ 7(ﬁxn+zll) 1

A+y, (A+y,)? A+yn
J= 1 0
0 1 0

At the positive fixed point

B =(BA+D) 1
B+1 B+1 B
1
0
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The characteristic equation of the Jacobian matrix J is

—A+1 1
A=p—g=23—P 2, P A— 2.1
P = W I =20 = gE i 4 BT A @
To study the stability of X* we use Jury’s conditions
B—A+1
l)=—7-7—>0
p(1) Bl
B—-A+1
—1)P3p(-1)=24"—"""—">0
(1p(-1) =2+ P gy
The sufficient conditions are, |ag| < a3 and |bg| > |by| where
-1 B—A+1 B
= = - =_ =1
and
bo—| @0 B by —| 0 @
0 az  ap ’ 2 azy  ap
The condition |ag| < a3 is trivially satisfied. Now,
1 1 B>+28
by=-——=—1, thus |bg|]=1— =
SRR7 ERIE W= e T e
and
- B-A+1
bz—' By ‘_ B —p-1+AB+A
— 2
1 Bl (B+1)
We consider two cases. The first case is
2
—B-—B—-1+AB+A
BP-B-14ap+A
(B+1)
_ —B—B-1+AB+A iti is satisfied i ~
then |by| = - The condition |by| > |by| is satisfied if and only if
B2+2p B —B—1+AB+A
(B+1)? (B+1)?
which is equivalent to
2 _
M >0
B+1
the last inequality is satisfied since § —A 4 1 > 0. The second case is when
2
—B-—B—-1+AB+A
BP-B-144B+A
(B+1)
So
b = B2+B+1-AB—A
’ (B+1)?
Now, |b0| > |b2‘ if
B*+28 _ B*+B+1-4AB-A
(B+1)? (B+1)?
which is satisfied if and only if
1-A
> 1+A
The proof is complete. u
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3. Existence of Neimark-Sacker bifurcation

In this section, we show that equation (1.2) undergoes a Neimark-Sacker bifurcation by proving the existence of a pair of complex conjugate
eigenvalues of modulus one.

Theorem 3.1. When f§ = * = L‘r—g, polynomial (2.1) has two complex conjugate roots of modulus one and another real root that lies inside
the unit circle. Moreover for A € (0,1) the Neimark Sacker bifurcation conditions are satisfied.

The theorem will be proved through the following lemmas

Lemma 3.1. The characteristic polynomial (2.1) has two complex roots, Ay, A, = A, and a real root Az in the interval (0,1).

Proof. The derivative of p(A) is given by

oy apa 2B . B-AtI
P) =32 - A S

If the discriminant of p’(A) is negative then p(4) has complex roots,

—8B2+12(BA+A—1)—24B

= (612
Using the condition B(A+1)+A — 1 =0, we find that
—8B2—36f8
Ap(A)=——5-<0
N R

So p’(A) has complex roots. Hence, p(A) has complex roots as well. Since p(0) = ﬁ < 0and p(1) > 0, then there exists A3 € (0,1) such
that p(A3) = 0, this is the unique real root inside the unit circle. |

Lemma 3.2. The complex roots of polynomial (2.1) have modulus one when B = B*. Moreover, the real root A3 = ﬁ

Proof. Suppose that A1, A, A3 are the roots of p(A) where A, = A; and A3 = rg. We apply Viéte theorem to the polynomial p(A). If
[A1] = |A2] = 1 and A3 = ry then

—ap

B
M+2+As = = 3.1
N 3.1
a P-A+1
Mo+ +hl3=—="—F—— 32
1t Az + 44 = Bl (3.2)
—da 1
Mol3=—=——
17273 az B+1
It follows that
Mads = Ay =
1MA3 = A3 = B+l
Plugging this value of A3 into (3.2) and using the fact that A; A, = 1, we find
M+Ah=-A
Then substitute for A3 in (3.1) to get
B ! B—1
M+ = — =
TR BT B+l B
Therefore,
B—1
Mth="=-A
TR TR
which implies that
1-A
p= 1+A
It follows, from the above argument, that there exist a conjugate pair of complex roots on the unit circle. |

The roots of the characteristic polynomial depend on the parameters A and 3. Hence, at f* = (1 —A)/(1+A), these roots are functions of A,
and will be denoted by A;(A) = A((4,B%(4)),A5(A) = 22(A,B*(A)) and A5 = A3(A, B*(A))
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Lemma 3.3. The complex roots of polynomial (2.1) are 7LI*72 (A) = exp+iB* where

—A
0* = -
arccos ( 5 )
Proof. Let ¢® ¢~ be the roots of p(A), then

e B 2200 B-A+1 4 1

_ _ -0
T BtI B+1 " B+1
. B - B—-A+1 -, 1
36 360 — 20 20)+ ——— 0 0)———=0
cos 36 +isin B+1(cos +isin20) + B (cos O +isinB) B
Separation of real and imaginary parts gives
—A+1 1
cos30 — P cosZG:—ucose—&-i
B+1 B+1 B+1
and
—A+1
sin30— P in2o— P At 1
B+1 B+1
Square both sides of previous equations and add them up, we find that
2 2 B\, o 2 2p
cos“ 36 +sin“36 + (—) (cos“260 +sin“26) — (cos26cos360 +sin20sin30)
B+1 B+1

2 2
B ([3-10-1) +<ﬁ[;i?_—1H> (COSZG—f—sinze)_z(B%A"'l)cose

It follows that

” (ﬁﬁ+1)2‘ (ﬁlﬂ)z‘ (%11“)2 (gt e e
Simplifying we get
cos0 = (Bra-l) +2/;7 )
1-A

Then, evaluating at § = * = 174

cosf =

N‘:)L

, ZT”) such that

—A
0* = s [ =2
arccos( > )

Moreover, 6* # O,iﬁ,:t%”,j:n'. Consequently, e*®" £ 1 for k € {1,2,3,4}. |

Hence for A € (0, 1), ’71 < cos B < 0. Therefore, there exists 8* € (

S|

Lemma 3.4. The condition % |p=p-7 0 is fulfilled at B = B*.

Proof. Note that

—A+1 1
py=ai- P a2 P A—
p2) Bt B B+l
d|AJ? CdAL) 9k - 9A
ap 1+~ "ap ~tapTtap
dar A(ap(i) Py >+i(ap(z) PY) )
dp B Ip(d) B dp(A)
—A2+AA+1 . “AZ+AL+1
- 2372 _ 2B 3 B-A+I +4 20322 _ 2B B-A+1
(B+1)2(3A% = g5 A + 5557 (B+1)2(3A2 — g5 A + 55

After some calculations, the right hand side of the last equation can be written as

BAB+1)(A2+A2) —2BAA +A) +6i(B+1)sin@(A2 —A%) +4iBsinO(A — 1) + 24X
B+1)BB+1DA2-2B1+X)(3(B+1)A2—2BA +X)
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where X = 3 —A+ 1. But

A+2A = (cos@+isinB)+ (cos® —isinB) =2cos O
A2+ 22 = (cos 6 +isin 8)% 4 (cos 6 — isin 8)* = 2(cos? 6 — sin> @) = 2cos(26)

A% =A% = (cos 0 +isin0)> — (cos § — isin @)* = 4icos Osin O = i2sin(26)
Consequently, we have

d|A>  6A(B+1)cos(20) —4BAcos 6 + (—24(B + 1) cos 0 + 8) sin? 6 + 24X
g (B+1)(3(B+1)A2—2BA+X)(3(B+1)A2 —2BA +X)

Now, at 0 = 0*, B = f3*, the last expression becomes

d\l|2| - SAIJ%A 24° +8174
B P (B DB+ DA - 2BAHXT)(B(B+ A2~ 2B A+ X)

- —2(A-2)(A+2)(A+1)
(1+A) (B +1)(B(B* + 1)A2 —2B*A +X*)(3(B* +1)A% —2B*A +X*)

where X* = * — A+ 1. It follows that

dM|2| (A-2)(A+2)(A+1)
g P~ of + a3
where
op = 3(B*+1)cos(20%)—2B%cosO" +(B*—A+1)
o, = 3(B*+1)sin(26*)—2B*sinO*
We conclude that % |p—p+# 0 for A € (0,1) which is the required result. |

This completes also the proof of theorem (3.1).

4. Direction of Neimark-Sacker bifurcation

We have shown that system (2.1) undergoes a Neimark-Sacker bifurcation. In this section, we determine the direction of stability of the
invariant closed curve bifurcating from the positive fixed point. We follow the the normal form theory of Neimark-Sacker bifurcation as in
Kuznetsove, [5], see also [2].

Now, we shift the fixed point to the origin by taking u, = x, — x*, v, = y, — y*, w, = z, — z*. System (2.1) takes the form

;  Blup+X")+wy+X* _x
n+1 = Atv,+X*
Vn+l = Un
Wyl = Vn
Which can be written as
Yor1 =Y, +G(%) +O(Y ) “.1)
where
1 1
G(Y) = 5B(Y,.Y)+ (C(Y.Y,Y), and Yo = (ttn, v, wn)T € R?
and
B(Y,Y) = (B(Y,Y),0,0)" and C(Y,Y,Y)=(C,(Y,Y,Y),0,0)"
where
L 0%Yi(9)
Bi(§.0)=) 5 6%k
Jk=1 99,99 $=0
and

G(&.¢,m) ]1;:1 a%aq)kaq)‘ &Gk
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_—B
B+1)?

20B-A+1)
(B+1)2

B1(&,0) = 5 (&1 +818)+ &l — 5 (&8 +8283)

w+w

Ci(€,¢,n) = Eom+omb+&6m)

2
(B+1)3
LB o -A+1)

(B+1)3 B+1)

Let ¢* € C3 be an eigenvector of J corresponding to the eigenvalue ¢’®” and p* € C3 be an eigenvector of J7 corresponding to the eigenvalue
—i0*. .
e 'Y ; that is,

(&&ons+6Gm+E50m) - &Hom

Jq* _ eiﬂ*q* JTp* — efie*p*
Solving (J — Al)g* = (J —®I)g* = 0, we get ¢* ~ (1,679 ¢729")T and solving (J — AT p* = (J —e 0" 1)Tp* = 0 we get p* ~

(1,e710" — %, Eil )T'. Now, we want to normalize p* and ¢* so that (¢*, p*) = 1, where (.,.) is the standard scalar product in C3. Note
that

3
(", p*) = Z? =2-

i0* i0*
So let ¢ = @q* where ¢ = (2 — %e? + 7;: )~! and p = p*. The real eigenspace T corresponding to A; ; is two-dimensional and is spanned

by {Re(g), Im(g)}. The real eigenspace T* corresponding to the real eigenvalue of J is one-dimensional. Any vector x € R may be
decomposed as
X=z9+24+y

where z € C', and 75 € T¢, y € T*". The complex variable z is a coordinate on 7. We have

z = (px)
y x—(p,x)q—(;ix)q

In these coordinates, the map (4.1) takes the form

2 = @924+ (p,Gzg+7G+y))
y = Jy+G(zg+zG+y) —{p,G(zq+ZG+Y))q—(p,G(zqg+7G+))q

Using Taylor expansions, the previous system can be written in the form:

. 1 1 1
z = '® Z+EG2022+G1125+§G0222+§G21225+"'

1 1
Yoo Jy+ o Had +Hngd S Hn? 4

2
Where
GZO = <po(an)>>Gll = (P,B(q7q)>7G02 = <PvB(q_:q)> (4~2)
and
G21 = <p7C(q7q,q)) (43)
Hy = B(q,9)—(p,B(q,9))a—(P.B(4,9))q (4.4)
Hy = B(qvq)_<po(q7Q)>q_<I37B(Q7q)>q (45)

and the scalar product in C? is used. From the center manifold theorem, there exists a center manifold W€ which can be approximated as
1 1
Y=V(z,2) = EWzoZZ + w122+ EWOZzz + 0(|Z|3)

where < p,w;; >= 0. The vectors w;; € C3 can be found from the linear equations

wao = (2 1—-J)""Hy
wii = (b—J)'Hy
wo = (e L—J)"Hy

So z can be expressed as

ez Gzoz +GZ+ Gozz + (G21+2<P> (¢,(1—J)""Hyy))
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+(p,B(q,(e¥® 1—J) " Hy)))*z (4.6)

Substituting equations (4.2)-(4.5) into (4.6) and taking into account the identities

—ig*
1 2i0° e
(1_‘,) q= 1_ei9*q7 (e I_J) q_eie*—lq
and
1 -0 oo
—1-__ ~ 2i0 —1-__ ~
(I_J) q= 1767i9*g7 (e I_J) 476359*71f]

We can express z using the map
. 1 .
0 k=
e z+ ) 1 8k bal
k+1>2 :
Finally, the restricted map can be written as
2 ¥ 2(14+d(BY))I2P +0(12*)

where the real number A(*) = Re(d(B*)) determines the direction of bifurcation of the closed invariant curve and can be computed using
the formula

A(B*) =Re (#) —Re <%8zogn) - %\gn >- %\802\2
The coefficients g20, 811,802 and gz can be readily calculated using simple, but tedious, calculations. Firstly, we have
2(B—A+1)e 20" —2Be 10" e3¢
Blg.q) = "o
0

It follows that
2(B—A+ 1)672"9* —2Be 0" _pe30"
(B+1)(2(B+1)— Bei® +3%07)

g0 = (p,B(q,9)) =

whereas
2(B—A+1)—2(B+1)cosb*
~ (B+1)?
B(q,q) = 0
0
Hence,
_ 2(B—A+1)—-2(B+1)cos6*
=(p.B = . .
811 <P’ (‘hq)) (B+1)(2(B+1)_ﬁeze*+e319*)
and
2(ﬁ7A+1>62i6* 72ﬁgi6* 030"
o (B+1)?
B(g.q) = 0
0
Then

_ o 2(ﬁ_A+1)62i9*_zﬁeiﬂ*_ze&@*
g02—<P7B(q,l1)>— (B+1)(2(ﬁ+1)_Bei9*+63i9*)

Finally, to find go; we use the formula

821 = ([J,C(q,q,fi» +2<paB(CI7 (17‘1)713(‘]7‘7))>+

e » e 107 (1 —26i9") i
{p.B(q,(e™ 1=J)"'B(¢,9)) + —— = (B(4:4))(r: B(4.9))

i0*
Bl (P B@.)
where
—6(B—A+1)e " +2B(142¢ 29" ) 12(2 e %)
C(q,9,q) = (361)3

0
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So
v —6(B—A+1)e 0 £ 2B(1+2e7207) 4 2(2 4 e 20")
<p7C(Q7q7q)> = (ﬁ+1)2 (2(B+1)7ﬁet’9* +6359*)
and
) o - B L(2([3—A+1)e3"9¥—B(ez“’*+e5"9*)—(e"9*+e4"9*))
<p,B(q, (629 I_J) IB(%q» - K(Z(B+ 1) 7Bei9* +e3i6*)
where

_2(B—-A+1)—2(B+1)cos0*
; (B+1)?

Depending on the above calculation, we find that A(f*) = —0.91 < 0 when A = 0.5, = B* = 1/3, so the closed invariant curve is
supercritical (stable) according to the following theorem.

K:(ﬁ+1)e6f99_ﬁe4i6*+(ﬁ_A+l)ezie*_17 L

Theorem 4.1. IfA(B*) < O (respectively, > 0), then the Neimark-Sacker bifurcation at B = B* is supercritical (respectively, subcritical)
and there exists a unique invariant closed curve bifurcates from the fixed point which is asymptotically stable (respectively, unstable).

5. Computer simulation

In this section, we present some numerical simulations of equation (1.2) that supports our analytical results. The first figure is a bifurcation
diagram for equation (1.2) when A = 0.5, x_» =x_; = xp = 0.2. In this case, the positive equilibrium point is stable if § > % and unstable if
B < % In figures 2 and 3, we plot phase portraits in the (x(n),x(n — 2)) plane. In Figure 2, A= 0.5, = *, and x_» =x_] =x9 =0.2.
Notice the existence of a closed invariant curve at the bifurcation value. In figure 3, A =0.5, =0.4,and x_, =x_; =xp =0.5.

x(n+1)

0.32 0.34 0.36 0.38 0.4 0.42

Figure 1: Bifurcation diagram of Eq.(1.2) in (f,X) plane for A = 0.5
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0.85[

x(n-2)

0.8

0.75

07 1 1 1 1 1
0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 2: Phase portrait of Eq.(1.2) in (x(n),x(n —2)) plane forA =0.5,  =1/3

0.908 -
0.906 -
0.904 -

0.902 -

x(n-2)

0.9F

0.898 -

0.896 -

0.894 -

1 1 1 1 1 1 1 1 J
0.892 0.894 0.896 0.898 0.9 0.902 0.904 0.906 0.908 0.91
x(n)

0.892
Figure 3: Phase portrait of Eq.(1.2) in (x(n),x(n—2)) plane forA =0.5, = 0.4

6. Conclusion

In this paper, we have used normal form theory to show that a third order difference equation undergoes a Neimar-Sacker bifurcation. All
conditions for the existence of A Neimark-Sacker bifurcation have been checked. In the last section, we gave some numerical simulations
that support our analytical results. Notice the stability of the invariant curve and the fixed point in figure 2 and figure 3, respectively, as
predicted by Theorem 4.1.

References

[1] E. Camouzis, Global analysis of solutions of x| = %, J. Math Anal. Appl., 316 (2005), 616-627.

[2] Z. He, J. Qiu, Neimark-Sacker bifurcation of a third order rational difference equation, J. Differ. Equ. Appl.,19 (2013), 1513-1522.

[3] E. Camouzis, G. Ladas, Dynamics of Third-Order Rational Difference Equations with Open Problems and Conjectures, Chapman & Hall/CRC, New
York, 2002.

[4] A.D. Polyanin, A. I. Chernoutsan, A. Concise, A Concise Handbook of Mathematics, Physics and Engineering Science, CRC Press, New York, 2011.

[51 Y. Kuznetsov, Elements of Applied Bifurcation Theory, 2nd edition, Springer, New York, 2003.



Fundamental Journal of Mathematics and Applications, 2 (1) (2019) 50-55
Research Article

% FuiMa Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/fujma
ISSN: 2645-8845
DOI: https://dx.doi.org/10.33401/fujma.545064

On Simultaneously and Approximately Simultaneously
Diagonalizable m-tuples of Matrices

Maria Isabel Garcia-Planas

Departament de Matematiques, Universitat Politécnica de Catalunya, Barcelona, Spain

Article Info Abstract
Keywords: Diagonalization, Eigenval- In this paper, the problem of simultaneous diagonalization of m-tuples of n-order square
ues, Eigenvectors, Equivalence relation, complex matrices, is analyzed and some necessary and some necessary and sufficient

Simultaneously diagonaliation)
2010 AMS: 15A21, 15A22
Received: 26 March 2019
Accepted: 17 May 2019

Available online: X XXXXXX XXXX

conditions for this property to be fulfilled are presented. This study has an interest in its
applications in different areas as for example in engineering and physical sciences. For
example, they appear founding when we must give the instanton solution of Yang-Mills field
presented in an octonion form, and it can be represented by triples of traceless matrices.
In the case where the m-tuple does not simultaneously diagonalize, the possibility of to find
near of the given m-tuple, an m-tuple that diagonalize simultaneously is studied.

1. Introduction

Let 90 be the manifold of m-tuples of n-order square complex matrices 7 = (Xi,...,X,,) representing polynomial matrices Pr(x) =
Xi +xXp 4 ...+ x""1X,, that appear in a natural way modeling tools in several research areas of applied mathematics, sciences and
engineering, and in a special manner in systems theory ([1]-[3]). Studying control problems by means the polynomial matrix approach, the
solution of these problems are reformulated in terms of polynomial matrix equations, where solutions are based on structural properties of the
involved matrices, where the simultaneous diagonalization of each and every one of the matrices is a great advantage for solving the problem.
The simultaneously diagonalization is related to sets of commuting matrices and it can be found some results (see [4], [5], for example).
Among families of m-tuples of matrices, have some interest the families of traceless triples because the Lie algebra is related to gauge
fields because they appear in the Lagrangian describing the dynamics of the field, then they are associated to 1-forms that take values on a
certain Lie algebra. It is also of interest to note that triples of traceless matrices have some relevance for supergravity theories ([6]). Another
application is found when we must give the instanton solution of Yang-Mills field can be presented in an octonion form, and it can be
represented by triples of traceless matrices ([7]).

In the space of n-square complex matrices, it is well known that the subset of diagonalizable matrices is generic in the sense that this
subset is an open and dense set, then any no diagonalizable matrix can be diagonalized by a small perturbation of its entries. This property
cannot be generalized to the case of simultaneous diagonalization of an m-tuple of n-order complex square matrices. We are interested in
analyzing the collection of m-tuples of matrices that simultaneously diagonalize and the collection that simultaneously diagonalize under
small perturbations, some properties in this sense appear in [8].

The simultaneous diagonalization of two real symmetric matrices has long been of interest and largely studied [9]. In this paper, we generalize
to the problem of deciding whether the elements of 2t can be simultaneously diagonalized, and in the case where the m-tuple does not
simultaneously diagonalize, we study the possibility of to find near of the given m-tuple, an m-tuple that diagonalize simultaneously.

2. Simultaneous similarity of m-tuples of n-order matrices

Definition 2.1. Let T = (Xy,...,Xy), T = (Y1,...,Yn) € 9 be two m-tuples of matrices. Then, T is simultaneous similar to T' if and only
if there exists P € Gl(n;R) such that
(Y1, Ym) = (PX;P~', .. PXyP7Y). (2.1)

Email addresses and ORCID numbers: maria.isabel.garcia@upc.edu, https://orcid.org/0000-0001-7418-7208, (M. I. Garcia-Planas)
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For simplicity, we will write PTP' =T".
We are interested on the simultaneous diagonalizable m-tuples.

Definition 2.2. The m-tuples of matrices T = (X1,...,Xm) € M is simultaneously diagonalizable if and only if there exist an equivalent
m-tuple formed by diagonal matrices.

From definition we have
Corollary 2.3. Let T = (X1,...,Xm) be an m-tuple of square matrices. The m-tuple is simultaneous diagonalizable if and only if there exist
diagonal matrices D;, i = 1,...,m and a invertible matrix P (the same matrix P for all i) such that
(X! @I, — I, ®D;)vecP =0, V1 <i < m.
Remark 2.4. Let A = (a;;) and B, the Kronecker product is defined as A® B = (a;;B).

Proof. From D; = PX;P~' foralli=1,...,m we have PX; —D;P =0, foralli=1,...,m
Then, computing the Kronecker product and applying the vectorizing operator we deduce the result. O

Clearly, necessary conditions for simultaneous diagonalizable m-tuples are the following
Proposition 2.5. Let T = (Xi,...,Xn) be a simultaneous diagonalizable m-tuple. Then all matrices X; must be diagonalizable.

Obviously, the reciprocal is false

Example 2.6. Clearly, matrices X| = ((1) %) and X, = (% g) are diagonalizable, but none of the matrices P; = Q;l with Q1 = (8 g) and

Or = (2 8) with ab # 0, diagonalizing X can diagonalize X;.
Proposition 2.7. Let T = (Xi,...,X,) be a simultaneous diagonalizable m-tuple. Then X;X; = X;X;.

Proof. LetT = (Xy,...,Xmn) be a simultaneously diagonalizable m-tuple, then there exist P € GI(n; C) such that PX;Pp~'=D;fori=1,....m.
So, taking into account that D;D; = D;D;, for all i, j = 1,...,m, we have P_lD,-PP_leP = P_lePP_lD,-P, that is to say X;X; = X;X;,
foralli,j=1,...,m.

O

Theorem 2.8. Let T = (Xi,...,Xn) be a m-tuple of commuting n-order square matrices and suppose that the matrix X; for some j is
diagonalizable with simple eigenvalues (A, # Ay for all k # ¢, k,£ = 1,...n). Then T is a m-tuple of simultaneously diagonalizable matrices

Proof. For simplicity we consider X; the diagonalizable matrix.
Let {vi,...,v,} be a basis of eigenvectors corresponding to eigenvalues {A1,...,4,} of X;.
Let us consider X;Xjv; foralli=1,...,mand j=1,...,n.

XiX\v;j =XiAjv; = AjXjv;
XjX,'Vj = ijiVj

So, if X;v; # 0 it is an eigenvector of X; of eigenvalue A;, but condition Ay # A, implies that dimKer (X — A;I) = 1, then, X;v; = v}, that
is to say v; is an eigenvector for X; of eigenvalue y;. If X;v; = 0 v; is an eigenvector of X; of eigenvalue equal zero. That is to say {v{,...,v,}

is a basis of eigenvectors for each X;, i = 1,...,m and T is m-tuple of simultaneous diagonalizable matrices with P = (v’l ... vﬁq) - o

Remark 2.9. The other matrices not necessary have simple eigenvalues.

Theorem 2.10. Let T = (Xi,...,Xn) be an m-tuple of commuting and diagonalizable n-order square matrices. Then, they diagonalize
simultaneously.
D
Proof. Let P; be an invertible matrix such that D; = P, X;P~! = . with D} = ?Lill eM,(C),1<i<randn;+...4+n,=n.
-
mn
Let us consider vy,,...,Vy,,...,V1,,--.,Vy, the vector columns of P! then

X;iXpvi, :legv,‘[ = Mva,-[
XjX[V,'[ = X/vai[
Consequently X;v;, is an eigenvector of X, of eigenvalue A, or X;v;, = 0, in any case we have that X;v;, € [vy,,...,v,,] = Fy, consequently,
the subspace Fy is X invariant forall 1 </ <rand 1 < j <m.
vy
So, PX;P ' = for2 < j<m.
v/
If all matrices Y,‘(’ are diagonal the proof is concluded, otherwise and taking into account that all matrices X; diagonalize all submatrices Y,é’
diagonalize.
7
Consider P, = where sz diagonalizes Y’ jz for1 <j<r.
P
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Obviously P, diagonalizes D;:

P} D} P} - /iR

P D! P P;Dy(P;)”!
PALIR)! D

P I(P)! D!

Then P, Py diagonalizes X and X,, now partitioning the matrices sz Y j2 (sz )~ ! into blocks corresponding to the same eigenvalue (it is possible
that different blocks YJ-2 have common eigenvalues but we partition according to each block).

Now we consider PP X;(P,Py)~ U if all matrices are diagonal the proof is concluded, otherwise we repeat the processus with PyP| X3 (P2 Py )~ !
taking into account the new partition in scalar matrices. The process ends at most when reaches to the last matrix. O

After these results it is easy to obtain the following geometrical result.

Theorem 2.11. Let T = (X,...,X;m) be an m-tuple of n-order square matrices and suppose that all matrices X; are diagonalizable, then a
necessary and sufficient condition for simultaneous diagonalization is there exist a basis {vi,...,v,} of v € C" such that

vj € ﬂf”leer(Xi—/'Lij)I, where /lj’: € SpecX; = {Al,...,.Al}

Corollary 2.12.

P=(4 )
verifies that PX;P~! = D;
Example 2.13. Let T = (X,X>,X3) be a triple with
55 2 =35 3 =2 2 155 10 -—13.5
=13 3 3], X%=[(15 4 -15|,Xx=1| 3 7 -3
45 2 =25 0o -2 5 10.5 10 —8.5

SpecX, ={1,2,3}, SpecX, = {3,4,5}, SpecXs ={2,5,7}

vi = (0.6667,0.3333,0.6667) € Ker(X; —31) N Ker (X, —41) N Ker (X3 —71)
vy = (—0.2294,—-0.6882,—0.6882) € Ker(X; —I) N Ker (X, —31) N Ker (X3 — 5I)
v3 = (0.7071,0,0.7071) € Ker(X; — 2I) N Ker (X, — 5I) N Ker (X3 — 2I)

Then there exist .

45005  3.0003 —4.5005 0.6667 —0.2294 0.7071
P=| 21796  0.0000 —2.1796 | = [0.3333 —0.6882 0.0000
—2.1220 —2.8289  3.5362 0.6667 —0.6882 0.7071
such that
3 4 7
rPx, P! = 1 , PX,P ! = 3 , PXsP 7 = 5
2 5 2

(Calculations made with MatlabR2012b).

In this case, all possible matrices P diagonalizing X; for some i = 1,...,m, (that they are such that P = Q! where Q is a matrix whose
columns are the eigenvectors corresponding to each of the eigenvalues of X; for some i = 1,...n), are matrices that diagonalizes all matrices
simultaneously obtaining D; or permutations of this matrices. In fact, we have the following proposition.

Proposition 2.14. If the set of matrices {Xi,...,Xp} are simultaneously diagonalizable and for some i, X; has simple eigenvalues, all
matrices P diagonalizing X; diagonalize X forall j=1=...,m.

Remark 2.15. If no matrix has simple eigenvalues then the result fails

Example 2.16. Let T = (X,X>,X3) be a triple with

301 =2 -1 0 7 3 -4 -3 0 6 4 4 -4 0
5 -1 -6 1 2 13 -3 -16 3 6 6 -6 -20 4 8
x=[o 1 1 -1 o], %=|0 3 3 3 ofl,x;3=|0 4 2 4 0
5 -3 -6 3 2 13 -9 -16 9 6 16 —-12 -20 10 8
1 -1 =2 0 3 5 -3 -8 0 9 8 -4 -—12 0 10

This triple diagonalize simultaneously, because there exists Q € Gl(n;C) with Q =

—_ O = =

HH_.H.—
o —
—_—— o = o
—_

|
-

2 -2 -2 1 1
suchthatP=Q 1= 3 -2 —4 1 2
0 1 0 -1 0
1 0 -1 0 0
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D; = PX;P~!
1 o 0 0 O 30 0 0 O 2 0 0 0 O
0 1 o 0 0 o 3 0 0 0 o 2 0 0 0
D=0 0 2 0 O0],D=|(0 0 6 0 O0],D3=|0 0 6 0 0
o o0 0 2 0 o 0 0 6 0 o 0 0 6 0
o o o0 0 3 o o o o0 7 o 0 0 0 6

But, in this case not all matrices diagonalizing one of this matrices diagonalize all set of matrices of m-tuple of smultaneously diagonalizable
-2 1 3 0 -1
2 =2 =2 1 1
matrices, because taking P=1 3 -2 —4 1 2
-1 1 1 -1 0
1 o -1 0 0

1 00 0 0 300 0 0 20 0 00
01 0 0 0 03 00 0 02 0 00
ThenP~'X;P=10 0 2 0 0 |,P'X,P=|0 0 6 0 0 |[,P!Xx3P=]0 0 6 0 0
00 0 2 -1 000 6 —1 000 6 0
00 0 0 3 000 0 7 00 0 06

We observe that the matrix P only diagonalise X3

3. Approximately simultaneously diagonalizable m-tuples of matrices

It is well known that near of a squre matrix there is a diagonalizable matrix having simple eigenvalues. We ask if this result can be extended
to the case of m-tuples of square matrices. We will try to obtain an answer using geometrical tools.

3.1. Group Lie action

The equivalence relation defined in (2.1) can be seen as the action over 91 in the following manner
Let us consider the following map

o:Gl(n;C)xM — M
(P,T) — PTP'=(PX;P~,... . PX,P7")

that verifies

i) If I € Gl(n;C) is the identity element, then ¢o¢(I,7) =T for all T € 9.
ii) If P and P, are in GI(n;C) , then a(Py, (P>, T)) = ot(P P>, T) forall T € M.
a(Py,a(Py,T)) = a(P, P TP ) = PP TPy P = (PIP)T (PiPy) ™! = (PP, T)

So, the map ¢ defines an action of GI(n;C) over 9.
Fixing T € 91 we can consider the map
or :Gl(n;C) — M
P —or(P)=a(PT)

We consider the following sets

Imay = O(T)={(Y1,...,Yn) = (PX,P~',...,PX,P~!),V¥P € GI(n;C)}
Stab(T) ={P € GI(n;C) | ar(P) =T}

Fixing P € GI(n;C) we can consider the map
ap: M — M
T —ap(T)=a(PT)

Notice that op is a bijection: if a(P,T}) = (P, 1) then PTiP ' =PhLhP land T = D, so it is injective; for all T € 9, there exists
T = P~!TP such that o(P,T) = T, then it is surjective.

3.2. Approximately simultaneously diagonalizability

It is well known that close to any matrix there is a nearby that diagonalizes. Then the question is: given an m-tuple of square matrices, it is
possible to found an m-tuple diagonalizing simultaneously?

In the case where that it is possible we say that the m-tuple is approximately simultaneously diagonalizable (abbreviated ASD), more
concretely

Definition 3.1. [8] The m-tuple T = (X1,...,Xy) is approximately simultaneously diagonalizable if and only if for any € > 0, there exist a
m-tuple of matrices (Y1,...,Yn) which are simultaneously diagonalizable and satisfy ||Y; — X;|| < € fori=1,...,m.

O’Meara and Vinsonhaler in [8], analyze approximately simultaneously diagonalizable matrices for the case where the matrices of the
m-tuple commute.

Proposition 3.2. Let T = (X|,...,X,) be an m-tuple simultaneously diagonalizable. Then, each T’ € O(T) is an m-tuple simultaneously
diagonalizable.
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Proof. Taking into account that T = (Xi,...,X,) is an m-tuple simultaneously diagonalizable there exist P € GI(n;C) such that PTP~! =

(Px;P~',... . PX,P~') = (Dy,...,D,,) = D with D; diagonal matrices forall i = 1,...,m.

Let T’ € O(T), then, there exist P’ € Gl(n;C) such that T/ = P'T(P)~! = (P'X (P),...,P'Xu(P)71).

So, 7" = P'P~'DP(P)~' = (PP~ 'D\P(P)!,....,PPP7'D,,P(P)~ ") = (P"Dy(P")~!,... ,P"Dy(P")"), with P" = P'P~! € GI(n;C).
O

Consequently, and taking into account that if 7/ € &(T) is O(T) = O(T’), we can use miniversal deformations to study approximately
simultaneously diagonalizability.

3.3. Miniversal deformations

Definition 3.3. A deformation of an element Xy € M is a family of elements of M indexed by L € A ¢ : A — I where A C Ff is a
neighborhood of 0, and where ¢(0) = Xo and ¢ depends holomorphically (smoothly) on the parameters.

Definition 3.4. A deformation (1) = @(q,...,%) of X is versal if and only if for any deformation @'l ..., @) € M of Xo, @' (1) is
induced by @(1.), i.e., there exists a neighborhood V of 0 in T, a map v : V. — F¥ with w(0) =0, and a map g : V — G with g(0) = I
such that Y €V, @' (u) = g(u)@(w(w))g" () with w and g holomorphic (smooth).

It is obvious that if we have a versal deformation of an element automatically we have a versal deformation of any element that is equivalent
to it, since if X = ot(g, Xo) is an equivalent element of X, and @(A) is a versal deformation of X then ot(g~!,X (1)) is a versal deformation
of X() .

A versal deformation having minimal number of parameters is called miniversal.

The following result was proved by Arnold [10], in the case where Gl(n;C) acts on M, (C), and was generalized by Tannenbaum [11], in the
case where a Lie group acts on a complex manifold. It provides the relationship between a versal deformation of Xy and the local structure of
the orbit.

Theorem 3.5 ([11]). 1. A deformation (L) of (Xo) is versal if and only if it is transversal to the orbit 0 (Xy) at (Xp).
2. Minimal number of parameters of a versal deformation is equal to the codimension of the orbit of Xy in M, £ = codim &(Xp).

Corollary 3.6. Then (1) = Xo+ (Tx, 0 (Xo))* for some scalar product is a miniversal deformation.

Let doy, : T;9 — O be the differential of ay, at the unit element /. It is easy to compute d iy, (P):
dar(P) = ([X1,P],...,[Xm,P]) €M, PeTY.

If we define scalar products in 9t and 7;%, we can consider the adjoint application of dcty,. The Euclidean scalar products considered in this
paper are defined as follows:
For all T; = (X{,...,X;,) € M and for all P, € T;¥

(T, 1)1 = trace(Xllez*) + ...+ trace(X|"X["*),

(P1,Py), = trace(P P}),

where X* denotes the conjugate transpose of a matrix X.
The adjoint linear mapping dou: : 9T — T;9 is defined by the relation

(dax,(P),Z)1 = (Pdo,(Z))2, PETiY, ZcM.

It is straightforward to find

doy, (W) = ([X*,Ag] +[Y*,Bo] +[Z2",Co]) € T;9, W =(X,Y,Z)cDM.
The mappings day, and d a;go provide a simple description of the tangent spaces Ty, 0'(Xy), Tj-#tab(Xp) and their normal complements
(Tx, 0(Xo))™. (117 (Xo)) "

Theorem 3.7. The tangent spaces to the orbit of the m-tuple of matrices T and the corresponding normal complementary subspace can be
found in the following form

1. Tr0(Xy) =Imdar C M.
2. (TrO0(Xo))*+ = Kerdaj C 9,

After this theorem, it is easy to compute these spaces.

Corollary 3.8. 1. Tx,0(Xy) = {([P,A¢],[P,Bo),[P,C0]) | P € T1¥}
2. (Tx,(0(Xo)) " ={(X.Y,Z) € M| [X*,Ag] +[Y*, Bo] + [2*, Co| = 0}

Remark 3.9. Let Xy = (X?, . ,X,(Bl) be an n-tuple of matrices and we consider X; = (0,...,0,X;,0,...,0) an m-tuple of matrices such that
Xio + X; is a miniversal deformation ole-O. Then X; € (TXO(ﬁ(Xo))L and consequently X =Y X; € Ty, (0(Xo))* .

Consequently, we have the following proposition.

Proposition 3.10. Let Xy = (X?, . ,X,(B,) be an n-tuple of matrices. Then, for all € > 0 there exist X = (X1,...,Xm) such that XI-0 +X; is
diagonalizable, foralli=1,... m.

Remark 3.11. Given any n-tuple of matrices, we can find in a neighborhood, an n-tuple of matrices in which all matrices are diagonalizable
but not necessarily all matrices in the n-tuple diagonalize simultaneously.
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Example 3.12. Consider the following pair of matrices ( (f g) , <(3) g’)) that they are no diagonalizable, and the following family of

. . 2+¢ 0 3+& L
perturbations of the pair: < ( 1 24 82) ) ( 0 3+¢&

Clearly, both matrices are diagonalizable.
For simultaneously diagonalization it is necessary that both matrices commute, but

2+¢ 0 3+& 1, £ 3+ & 1, 24¢& 0
1 2+82 0 3+84 0 3+€4 1 2+82

for all €1, &, so both matrices diagonalize but not diagonalize simultaneously.

Now, we consider the following perturbation ((? 821) , (j 13’)) for all € with €1 - & # 0. Clearly, both matrices are diagonalizable.
2

(2@ 3@ HEY)

So, taking €| = & = 1, both matrices diagonalice simultanoeulsy, (it suffices to consider P~' = G _11) )

The near pair of matrices in this family diagonalizing simultaneously is with (€1,&,) minimizing distance of the variety V. = {(€1,&) |
& =1}

>) Sfor all € with €| # & and €3 # &.

Analyzing commutativity

equivalently €16y =1

In general, a lower bound at the distance of the a n-tuple of matrices to a one n-tuple diagonalizing simultaneously is given tn the following
proposition

Proposition 3.13. Let T = (X1, ...,Xy) be a n-tuple of matrices and T(A) = (X1 (A), ..., Xm(L)) with A € C* a family of n-tuples such that
in a neigborhood of 0 € Ct is a miniversal deformation of the given n-tuple. A lower bound at the distance of the a n-tuple of matrices to a
one n-tuple diagonalizing simultaneously is

inf{dist(0,1),0,4 € C | X;(A)X;(A) = X;(A)X;(A) V1 < i, j < m}
Example 3.14. Let T = (((1) 8) , (8 (1)) , (8 (1))) be a triple of matrices no diagonalizing. Let us consider the family of triples T (€) =

& & 0 1+&
The subset of the commuting triples in the family is

(( lilé‘z 2) (& ! ), <83 0 )) in such a way that for some € with ||€|| > 0 is a miniversal (no orthogonal) deformation.

pi(e)=&-&—&—1 =0,
¢(e)=¢€1—&—&-&5+8&-& =0,
P3(e)=¢€4-8— €1 &+ (2+1)—¢&-(2+1) =0,
ps(e) =g —egg+1 =0.

V=.Te{TeT(e)]|

We can compute the minimal distance by means the Lagrange’s undetermined multipliers method, from the function:

©
IS

fle.2) =Y &+ higi(e)

i=1 i=1

The minimal distance is \/3/2, a triple minimizing this distance is a triple of commuting matrices with & = —1, gg=1/2 = —gy and € =0
fori=1,3,4,5,6,7 but no diagonalize simultaneously.

1
Taking the solution &3 = € = V2, e =1, 6= 7= —&g, and & = 0 for i = 1,4,5,7 with distance \/11/2 we have a triple of commuting

1 1
matrices and they diagonalize simultaneously with P~ = ( 2l/4 gl /4).

References

[1] M. L. Garcia-Planas, M.D. Magret, Polynomial Matrices and Generalized Linear Multivariable Dynamical Systems, N. Mastorakis (editor) Recent
Advances in Applied and Theoretical Mathematics, Wseas Press, Athens, 2000, pp. 17-22.
[2] M. L Garcia-Planas, S. Tarragona, Perturbation Analysis of Eigenvalues of Polynomial Matrices Smoothly Depending on Parameters, N. Mastorakis, V.
Mladenov et Al. (Eds), Recent Researches in System Science, Wseas Press, Athens, 2011, pp. 100-105.
[3] J. C. Zadiga-Anaya, Structural properties of polynomial and rational matrices, a survey, Math. AEterna, 1(06) (2011), 361-403.
[4] R. Guralnick, A note on commuting pairs of matrices, Linear Multilinear Algebra, 31 (1992), 71-75.
[51 Y. Han, Commuting triples of matrices. Electron. J. Linear Algebra, 13 (2005), 274-343.
[6] A.Marrani, P. Truini, Exceptional Lie algebras, SU(3) and Jordan pairs part 2: Zorn-type representations, (2014), arXiv:1403.5120v2.
[7] S. Okubo, Introduction to Octonion and Other Non-Associative Algebras in Physics, Cambridge University Press, (1995).
[8] K. C. O’Meara, C. Vinsonhaler, On approximately simultaneously diagonalizable matrices, Linear Algebra Appl., 412(1) (2006), 39-74.
[9]1 Sh. Friedland, Simultaneous similarity of matrices, Adv. Math., 50 (1983), 189-265.
[10] V.I. Arnold, On matrices depending on parameters, Russian Math. Surveys, 26(2) (1971), 29-43.
[11] A. Tannenbaum, Invariance and System Theory: Algebraic and geometric Aspects, Lect. Notes in Math. 845, Springer-Verlag, (1981).



Fundamental Journal of Mathematics and Applications, 2 (1) (2019) 56-62
Research Article

FUIMA Fundamental Journal of Mathematics and Applications

&

Journal Homepage: www.dergipark.gov.tr/fujma
ISSN: 2645-8845
DOI: https://dx.doi.org/10.33401/fujma.541721

Difference Sequence Spaces Derived by using Pascal Transform

Saadettin Aydin' and Harun Polat>"

I Department of Mathematics, Faculty of Science and Arts, Kilis 7 Aralik University, Kilis, Turkey
2Department of Mathematics, Faculty of Science and Arts, Mus Alparslan University, Mus, Turkey
*Corresponding author E-mail: h.polat@alparslan.edu.tr

Article Info Abstract
Keywords: Difference operator, matrix The essential goal of this manuscript is to investigate some novel sequence spaces of pe (A),
mappings, Pascal difference sequence pe(A) and pg (A) which are comprised by all sequence spaces whose differences are in

spaces, -, B- and y-duals

2010 AMS: 46B45, 46B15, 46B50.
Received: 19 March 2019
Accepted: 28 May 2019

Available online: 17 June 2019

Pascal sequence spaces p., p. and pg, respectively. Furthermore, we determine both y-,
B-, a- duals of newly defined difference sequence spaces of p. (A), pc (A) and pg (A). We
also obtain bases of the newly defined difference sequence spaces of p. (A) and pg (A).
Finally, necessary and sufficient conditions on an infinite matrix belonging to the classes
(pe (A) : ls) and (pe (A) : ¢) are characterized.

1. Introduction

Real or complex valued sequences spaces are represented by w along with the manuscript. Each sub-classes of real or complex valued
sequences spaces is known as a sequence space. A sequence space of null, convergent, and bounded sequences are respectively demonstrated
by ¢ , ¢, and l. Moreover cs, [1, bs depict convergent, absolutely convergent, and bounded series respectively.

K space is defined by any sequence space A with a linear topology satisfying following transformation for a continuous term of py (m) = m;
s € N such that ps: Aa — C, where N = {0, 1,2,...} and C represents the set of complex number. If A is a complete linear metric space then
K-space is named by FK- space. BK-space is defined as normable topological space of FK-space [1].

Infinite matrix of complex or real numbers A = (a,,;) is defined for n, k € N. Let X and Y be any two sequence spaces. Then, A is defined as
a transformation between X to Y such that following equality holds.

(Ax), = Y auxi (1.1)
k

foreachn € N. (X :Y), shows the family of matrices where A : X — Y. Hence series given by the (1.1) converges for every x € X and each
neNiff A€ (X :Y). One also has Ax = {(Ax),} € Y. Here collection of entire finite subsets on K and N is denoted by F, where N C F.
Studies on the sequence space have been mainly focused on some elementary concepts which are inclusions of sequence spaces, matrix
mapping, determination of topologies, [2]. Let X be a sequence space and A be an infinite matrix in X then the domain of matrix is determined
by

Xq={x=(x) ew:Ax e X}

In general limitation matrix A produces novel sequence space X4 and it is either contraction or the expansion of the original space. Indeed, it
is obviously clear that inclusion relations of X C X and Xg C X are decidedly satisfied for X € {c,/w,co} [3]. In particular, the the difference
operator and sequence spaces which are fundamental samples for the matrix A and they have been investigated comprehensively through the
mentioned methods.

Let P represeents the means of Pascal which is described by the matrix of Pascal [4] then it is defined by

P=toml={ U OIS ke

Email addresses and ORCID numbers: saadettinaydin @gmail.com, https://orcid.org/0000-0002-9559-0730 (S. Aydin), h.polat@alparslan.edu.tr, https://orcid.org/0000-
0003-3955-9197 (H. Polat)
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and the inverse of matrix of Pascal P, = (p,) is defined by

P*1=[p,,k]*‘:{ (*1)"7k(nfk)7((]?>§f§") (k€ N).

Pascal matrix contains some fascinating features. For instance; we can form three types of matrices: symmetric, lower triangular, and upper
triangular, for any integer n > 0. The n-th order symmetric Pascal matrix 7 is given by

i+j—2
Su = (si)) = (”L,J : ),fori,j: 1,200, (1.2)
ji—
n—th order lower triangular Pascal matrix is presented by
i—1 s
, 0<j<i)
L, = (l:)= (171)’( —J = , 1.3
n = (lij) { 0, (j>i) (1.3)
and the n-th order upper triangular Pascal matrix of order is presented by
N 0<i<j)
U — (=L (o) 0<i<)) 14

We notice that U,, = (Ln)T, n is any natural number.

i. Let S, be the n-th order symmetric Pascal matrix given by (1.2), L, be the n-th order lower triangular Pascal matrix given by (1.3), and U,
be the n-th order upper triangular Pascal matrix given by (1.4), then S, = L,U, and det(S,) =1 [5].

ii. Let S, be the n-th order symmetric Pascal matrix given by (1.2), then S, is similar to its inverse S,; 1151,

iii. Let A and B be n x n matrices. It is already known obviously that A is similar to B if one can define n X n invertible matrix Pi which
satisfies following

P lAP=B]6).

iv. Let L, be the n-th order Pascal matrix. Itis also assumed that it is a lower triangular matrix which is given by (1.3), then L, ! = ((—1)'=71;;)
[71.

Recently, Pascal sequence spaces was investigated by Polat [8] pe, p. and pg like as follows:
E\n—k k )

. n n .
Pe= {x = (xx) ew: r}g{}okgb(n—k)xk ex1sts} ,

Poo = {x:(xk)ew:sup

n

and

. n
Po= {x:(xk) Ew:r}l_r&k;)(n_k)xkzo},

lo(A) = {xew: (0 —xp41) €Elw}, c(A) = {x€w: (5 —x341) €c} and ¢o (A) = {x € w: (xx —xx41) € co} are known as difference
sequence space and they are firstly defined by Kizmaz [9]. Further, various authors have defined and studied the difference sequence spaces,
which can be seen in the following papers [10]-[15].

In this manuscript, Pascal difference sequence spaces of pe (A), p.(A) and pg(A) are defined. They contain entire sequences whose
differences are in Pascal sequence spaces p-, p. and pg, respectively. What is more, we determine the bases of the novel difference sequence
spaces p. (A) and pg (A), and the a-, B- of the difference sequence spaces pe (A), p. (A) and pg (A). Finally, we give the characterization
of the necessary and sufficient conditions on an infinite matrix belonging to families of (p. (A) : l) and (p. (A) : ¢).

2. Inverse formula of the Pascal matrix and Pascal sequence spaces

We define the operators A : w — w here and after it may be written for the sequence (x; —x;_1) that (Ax), = Ax. The well known difference
matrix and the inverse of the difference matrix are defined as follows:

()= 0 0ex ST mkew
((A(l))”)nk {é(ofii’g (mkeN).

Pascal difference sequence spaces are defined by pe (A), pc (A) and pg (A) by

and

P (B) = {x = (x) €w: (% —Xk-1) € oo},
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pe(A) ={x=(q) €Ew: (xx —xt_1) € pc},
and
po(A) ={x=(x) €w: (xx —xx_1) € po}-

Let be a sequence y = {y, }, which is generally utilized as H- mapping or H- transformation of a sequence x = (x;) and H = PAW je.,

Y = (Hx), = i(nik) (e —Xe—1) 2.1

k=0

5 16)- ()]

for each n € N. It can be easily shown that p. (A), p. (A) and pg (A) are linear and normed spaces by the following norm:

Ixlla=l¥lw=suplyal. 2.2)
n
Theorem 2.1. p. (A), pc (A) and po (A) sequence spaces are Banach spaces provided with the norm function given by (2.2).

Proof. In the space of p.. (A), let we define following sequence and suppose that it is a Cauchy sequence {xi } such that {xi } = {x}(} =
x(()i) ,x<1i> ,xg), } € Pw (A) for every i € N. For a given € > 0 it may be found a positive integer Ny(€) such that fo fx;-’H A < €forallk,

n > Ny(e). Hence

‘H(x]-‘—xf') <e

13

for all k, n > Ny (&) and for each i € N. Therefore, following sequence is a reeal Cauchy sequence {(ka),} = {(on),-7 (Hx");, (Hx?);, .}
for every fixed i € N. Since real number of set R is complete, it converges, say

lim (Hx'); — (Hx);

1—00

for each k € N. So, we have

<e
n—roo

lim ’H(x,* _—

— |H )

for each k > Ny(¢€). This implies that ka —xHA < ¢ for k > Ny(e), that is, x' — x as i — o,
Now, we must show that x € p.. (A). We have

[Ixlla = [1Hx]l = sup
n

¥ (") o)

k=0

;()KZ)*(/«L)}”

H(x;, —xk)) + sup ‘Hx;(
n

= sup
n

= sup
n

< sup
n

<| <o

% —xH + ‘foc
A

for all i € N. This implies that x = (x;) € pe. (A). Therefore po. (A) is a Banach space.
It can be shown that p. (A) and p (A) are closed subspaces of p. (A) which implies that p. (A) and pg (A) are also Banach spaces. Moreover,
D (A) is a BK- space due to the fact that it is a Banach space with continuous coordinates O
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3. The Bases of the sequence spaces p.(A) and py(A)

In this part, it is firstly gien the Schauder basis for the spaces po(A) andp.(A). In normed sequence space X, Schauder basis (or briefly bases)

is a sequnce of {h(k) }k N such that x € 4 and (A) of scalars such that
€

,}E}; lx — (Apxo + Arx1 + ... + Anxn)|| = 0.
Theorem 3.1. Ler b(¥) = { ﬁ,k) } N be the sequence of elements of the space pg (A) for each k € N by
ne

w_ 0 (0<n<k)

L), nzk

Then the following assertions are true:

i. The sequence {b<k> }k N is a basis for the space pg (A), and for any x € po (A) there exists a unique representation of the given form
€
x=Y A (a)p0.
k

ii. The set {t,b(l) , b2 , b(3)., } is a basis for the space p. (A), and for any x € pg (A) there exists a unique representation of the given form

x=1+Y (A4 (8)—1)p,
k

where t = {ty} withty = ¥, {f (—1)f*’<(i_"k)}, 2 (8) = (Hx)y, k€ N and 1= lim (Hx),.
0 Li=k —yoo0

Theorem 3.2. The sequence spaces pe (A), pc (A) and po (A) are linearly isomorphic to given spaces le, ¢ and cq respectively, i.e., poo (A) &
loo, pc (A) = ¢ and po (A) = cy.

Proof. To begin the proof of pg(A) 22 ¢y, it is firstly needed to indicate the presence of a linear bijection among spaces pg (A) and c¢g. Let
we also take the map T described by the (2.1), from pg (A) to cg by x — y = Tx . T is trivially linear. It is also evident that x = 0 since

Tx =0 and thus T is an injective.
n ik l
n= ¥ R0 ) e
=0 |i=k L=

Let y € co and define the sequence x = {x, } by
L n L n
pim 0 = i (" Jaw= 3 (" Jos e

SRR

Thus, we have x € pg (A). Finally, T is is norm preserving and surjective. Thus, T is a linearly bijective. Therfore pg (A) and ¢( spaces are
linearly isomorphic. Similarly, it might be demonstated that p., (A) and p. (A) are respectively linearly isomorphic to /. and c. O

=

Then,

4. The a-, B- and y- duals of the sequence spaces p.. (A) , p. (A) and pg (A)

Here we present some facts together with their proofs to determine a-, - and y- duals of Pascal difference sequence spaces pe. (A), pe (A)
and po (A). Let A and u be two sequence space and let we determine the set S (A, 1) where

SA,u)={z=(zx) ew:xz=(xz) € u forallxe1}. 4.1)

From the (4.1), duals of a-, B- and - of the sequence space A that are denoted severally by A%, AB and A7 formed by Garling [17] as the
following manner,

A% =S(A,1), AP =S(A,cs) and 1Y = S(A,bs).
Following facts presented by Tietz and Stieglitz [18] are useful to prove following theorems.
Lemma4.1. A € (co: 1) if and only if

sup Z

KeF pn

Z An

kek

< oo,
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Lemma 4.2. A € (co : ¢) if and only if
sup ) |ane| < o,
nok
nlgIgoank — O = 0.
Lemma 4.3. A € (¢ : L) if and only if

sup . ] < =
nok

Theorem 4.4. Let a = (ai) € w and the matrix B = (by) by

bok = L—ik(_l)ik (l, k)an} :

Then the o- dual of the spaces pw(A), pc (A) and pg (A) is the set

EXE( S o

KeF n |keKi=

b—{a (an) ew: supz

Proof. Let us assume to have a = (a,) € w and specially defined matrix B such that rows of the given matrix are the products of the rows of

-1
the given matrix (A(l)) P!, From the (2.1), it is derived immediately that

n n . l‘ n

AnXn = Z |:Z(_1)l k ( k) an] Yk = Z bukyk = (By),, (4.2)
k=0 |i=k b= k=0

i, n € N. We therefore see from the (4.2) that ax = (ayx,) € [ when x € pe. (A), pc (A) and pg (A) iff By € [} whenever y € I, ¢ and cj.

Consequently, it is obtained from the first lemma that

sup ) < oo

KeF n

ZZ ( 'k>an

keK i=

which yields the consequence that [pe (A)]* = [pc (A)]* = [po (A)]* = b.

Theorem 4.5. Let a = (a;) € w and the matrix C = (c,x) by
n i k . .
Y Y (=D )aiifo<k<n,

Cnk = i=k j=k
Oifk>n,

and define sets c1, ¢, c3 and c4 by
c1= {a_ (@) ew:sup)feu] < °°},
nok

= {a = (ay) € w: lim ¢y, exists for each k € N} ,
n—oo

2

3= {a = (ak) Ew: nlilgo;kn” = ; ’r}glgccnk

and

cy = {a =(ar)ew: rllgr;ozk"cnk extsts} .

Then [pg (A)]B, [Pe (A)]ﬁ and [pe (A)]ﬁ is ¢ Ncy, ¢ NeaNeq and ¢y N3, respectively.
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Proof. We solely present the proof for pg (A) space. Since the rest of proof is accomplished by using the similar argument for p. (A) and
Peo (A). Let we take the following equation

A

k=0 |i=k j=k

=

= ké) L kjik(l)jk <jik)ai:| Yk

= (Cy)n :

Hence, it is deduced by the second lemma and aforementioned equality that ax = (a,x,) € c¢s when x € pg (A) iff Cy € ¢ whenever y € ¢g.
Consequently, it may be shown due to the second lemma that { pg (A)}ﬁ =cjNey. O

Theorem 4.6. The y-dual of the spaces po. (A), pe (A) and po (A) is the set c)
Proof. Proof is accomplished by utilizing the similar method as in the above case. O

5. Some matrix transformations on the sequence spaces p. (A)

We shall for brevity that

Gk = i i(—nf—k (jfk)am-

i=k j=k

and

Gni = i i (—1)7* (jik) apj

i=k j=k

In this part, some classes (p¢ (A) : l) and (pc (A) : ¢) are characterized. Following proofs of theorems is finalized by considering familiar
approaches. Detais left to the reader.

Theorem 5.1. A € (p.(A) : lw) if and only if

sup ) [8i| < oo, (5.1)
nok

”lgrgo;gnk exists for all m € N, 5.2)
sup Y |dy| < oo, (nEN) (5.3)

neN

and
lgn dyy exists foralln € N. 5.4)
n—soo

Theorem 5.2. A € (p.(A) : ¢) iff (5.1)-(5.4) hold, and
nlg]go;dnk =0,

lim (dnk) = O, (kEN)

n—ro0
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1. Introduction

The discovery towards the end of the 19th century by Poincaré [1] that complete integrability is an exceptional a phenomenon for Hamiltonian
dynamical systems marked the end of a long and fruitful interaction between Hamiltonian mechanics and algebraic geometry and the interest
in integrable systems disappeared almost completely; it has been a dormant subject for more than half a century. In fact many algebraic
geometrical results such that elliptic and hyperelliptic curves, Abelian integrals, Riemann surfaces, etc., have their origin in problems of
mechanics. Fortunately the discovery, 50 years ago that the Korteweg-de Vries (KdV) equation [2] could be integrated by spectral methods
have generated an enormous number of new ideas in the area of Hamiltonian completely integrable dynamical systems. The resolution of
this problem has led to unexpected connections between mechanics, spectral theory, Lie groups, algebraic geometry and even differential
geometry, which has provided new insights into the old mechanical problems of the last centuries and many new ones as well. With respect
to this, some questions arise: how do you decide about the complete integrability of a Hamiltonian system? Once you have found necessary
conditions of complete integrability on the parameters involved in a Hamiltonian system, how do you prove that the system is effectively
completely integrable and how to determine its solutions explicitly? It is well known that solving explicitly a nonlinear Hamiltonian system
by quadrature (i.e., by a finite number of algebraic operations including the inverting of functions), was a central theme in mechanics during
the 19-th century but the methods of resolution were something very unsystematic and required a great deal of luck and ingenuity. Jacobi [3]
himself was very much aware of this difficulty in his famous ”Vorlesungen iiber Dynamik”, in the context of geodesic flow on the ellipsoid
(before introducing the elliptic coordinates). Difficulties come from the fact that in most problems the quadratures were obtained in terms
of elliptic or hyperelliptic integrals and where it was often necessary to find remarkable coordinates algebraically related to the originally
given ones, in which the Hamilton-Jacobi equation could be solved by separation of variables. In recent years, important results have been
obtained following studies on the Korteweg-de Vries (K-dV) and Kadomtsev-Petviashvili (KP) hierarchies. The use of tau functions related
to infinite dimensional Grassmannians, Fay identities, vertex operators and the Hirota’s bilinear formalism led to obtaining important results
concerning these algebras of infinite order differential operators. In addition, many problems related to algebraic geometry, combinatorics,
probabilities and quantum gauge theory,..., have been solved explicitly by methods inspired by techniques from the study of dynamical
integrable systems. An account of these results will appear elsewhere. This circle of ideas are far from being completely understood, but it is
a gold mine of research problems.

Email addresses and ORCID numbers: lesfariahmed @yahoo.fr, https://orcid.org/0000-0001-6213-4301, (A. Lesfari)
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The purpose of this paper is to describe some connections between spectral theory, Jacobi matrices, continued fractions and difference
operators and it is organized as follows: Section 2 concerns nonlinear integrable dynamical systems which can be written as Lax equations
with a spectral parameter. Such equations have no a priori Hamiltonian content. However, through the Adler-Kostant-Symes construction, we
can produce Hamiltonian dynamical systems on coadjoint orbits in the dual space to a Lie algebra whose equations of motion take the Lax
form. We outline an algebraic-geometric interpretation of the flows of these systems, which are shown to describe linear motion on a complex
torus via the van Moerbeke-Mumford linearization method. We also present Griffith’s method of studying these problems without reference
to Kac-Moody’s algebras. These results are exemplified by several problems of dynamical integrable systems: Euler-Arnold equations for
the geodesic flow on the special orthogonal group (the rotation group), Jacobi geodesic flow on the ellipsoid, Neumann problem on the
sphere, Lagrange top, periodic infinite band matrix, n-dimensional rigid body and Toda lattice. Section 3 is devoted to the study of some
connections between continued fractions, isospectral deformation of Jacobi matrices, difference operators, Cauchy-Stieltjes transform and
Abelian integrals from an algebraic geometrical point of view. In Section 4 the notion of algebraically completely integrable Hamiltonian
systems are explained and techniques to solve such systems are presented. Some important problems will be studied such that: the periodic
S-particle Kac-van Moerbeke lattice, generalized periodic Toda systems, Ramani-Dorizzi-Grammaticos (RDG) series of integrable potentials
and a generalized Hénon-Heiles system.

2. Coadjoint orbits in Kac-Moody Lie algebras, isospectral deformations and linearization

Assume a Hamiltonian system having the Lax form (with a rational indeterminate /) :

A=—=JA.Blor [B,A A=
o = lABlor [B.A] py

A n . n .
d Ajh/, B=Y Bji, @2.1)
L =

where A j and B are matrices.

Theorem 2.1. For every h € C, the flow (2.1) preserves the spectrum of A. For almost all (z,h) € C?, the spectral curve defined by
C={(z,h) € C*: P(z,h) = det(A—zI) =0}, 2.2)
is time independent and its coefficients tr (A™) are first integrals.

The matrix A — zI, has a one-dimensional null-space, defining a holomorphic line bundle on the curve C. Whenever the entries of the A;
are moving in time, the curve C does not move, inducing a motion on the set of line bundles. The set of holomorphic line bundles on an
algebraic curve form a group for the operation of tensoring & and the full set with a given topological type is parametrized by the points
of a g-dimensional complex algebraic torus, where g is the genus of the curve. This torus that we note, Jac(C), is the Jacobian or Picard
variety of the curve. When C is an elliptic curve, Jac(C) is isomorphic to C. Since the flow (2.1) induces deformations of line bundles, their
topological type remains unchanged and therefore it induces a motion on the Jacobian variety; under some checkable condition on A and B,
du to Griffiths [4] (see further for details).

We state the Adler-Kostant-Symes theorem [5]-[7] valid for any Lie algebra :

Theorem 2.2. Let 4 be a Lie algebra with a non-degenerate, ad-invariant metric {,). Assume that ¢ = £ ® ¥ as a vector space
decomposition, where £ is an ideal and ¢ is a Lie sub-algebra.

a) Then we have the split ¢ = 9* = L+ + L+ ~ %™ coupled with # via an induced form ({,)) inherits the Kostant-Kirillov
coadjoint symplectic structure. The Poisson bracket of the latter, between functions F and G on J*, is given by

(F,G}A) = (A, [V 4 FV 4-Gl)), Aei™
b) Let M C 2 be an invariant manifold under the above coadjoint action of J# on J¢*. Then the functions H defined on a neighborhood

of M invariants under the coadjoint action of 4, lead to commuting vector fields of the Lax isospectral flows

. dA

A= di = [A7prff(VH)]7
t

where pr o is the projection on L.

The reader interested in the most general form of this theorem can consult with profit the recent paper [8]. This is a general theorem for
constructing fully dynamical Hamiltonian integrable systems on the coadjoint orbits of a Lie algebra. We will see explicitly how to apply,
with some precautions, this theorem to certain Lie algebras of infinite dimension.

Any finite dimensional semi-simple Lie algebra ¢ leads to an infinite dimensional Lie algebras, the so-called Kac-Moody extensions (that
we also note ¢) :

n .
9 = {ZAjh/|n €z free} ,
with bracket

(TAd Y B | =Y ¥ (48]

k i+j=k

and ad-invariant, symmetric forms

<ZA,»h".,Zthf>k = ¥ (4.B)),

i+j=—k
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Let 47 (r < s) be the vector subspace of ¢, corresponding to powers of & between r and s. A first interesting class of problems is obtained
by taking 4 = ¢I(n,R) and by putting the form (, ), on the Kac-Moody extension. Then we have the decomposition into Lie sub-algebras

depending on k € Z. Obviously if the form (,) is non degenerate, then the form (, ), is also.

G=Gr+9 =L+ X,

with & = 2+, % =+ and & = .
Another class is obtained by choosing any semi-simple Lie algebra ¢. Then the Kac-Moody extension ¢ equipped with the form (,) = (, ),
has the natural level decomposition

9 = Z G, [Gi’Gj] - Gi+jv [Go,Go] =0, G:f =G_;.
i€Z

LetAL = Z GiandA_ = Z G;. Then the product Lie algebra ¢4 x ¢ has the following bracket and pairing
i>0 i<0

[(a1,a2) , ((b1,b2)] = ([a1.b1], —[az,b2]), ((a1,a2),(b1,b2)) = (a1,b1) — (a2, b2).
It admits the decomposition into . + %~ with

L ={(a,—a):ac¥}y, L+={(a,a):1€%},

H ={(c1,c2) 1c1 EA_,cr €A1, Pro(cy) =Pro(ca)}, A ={(c1,c2) 11 EA_,cp €A1, Pro(ca+c1) =0},

where Pry denotes projection onto Gy. Then from the last theorem, the orbits in .#™* = .2~ possesses a lot of commuting Hamiltonian
vector fields of Lax form.
We consider the invariant manifold M,,, n > 1, in .£ = J¢* defined by the set of

n—1
A=) Ajh +uh/, p=diag(uy,..., 1) fixed, diag (Ap—1)
j=1

Il
[=)

as well as the J# -invariant manifolds M’j y defined by

k
M =Y Licy~2t
i=j

We state the following theorem [9]-[11] :
Theorem 2.3. a) Let H = < f (Ah_j ),hk>1, be functions defined on the manifold M, where f are differentiable functions. Then, the equations

n—1
A= [APry(FARDID] A=Y A+ i,
i=0
determine integrable Hamiltonian systems whose linearization is carried out on the Jacobian of the curve C of genus (m — 1) (mn—2) /2
defined by (2.2). Moreover, especially for j =n, k =n+1, the flow

A= [A , ady ady'A, 1 + vh] 7 2.3)

depends on f by the relation v; = f' (u;) only.
b) Let H(ay,a2) = f(a,), be functions defined on the manifold M* ; where f are differentiable functions. We have

a= [a, (Prt— %PVO)VH(a)] ;

where Pr™ is the projection onto A and these Lax equations are linearized on the Jacobian of a curve whose affine equation is given by the

characteristic polynomial of elements in M gt considered as functions of h.

Using the van Moerbeke-Mumford approach [11], one can construct an algebraic map from the complex invariant manifolds of linearizable
dynamical systems to the Jacobi variety Jac(C) or one of its sub-manifolds such as Prym varieties, associated with an algebraic curve
determined by the spectral curve C (2.1). The equations that linearize the dynamic system are given by

S ps;(t)
Y [ Ce—an 1<k
j=175i(0)

where (@), ..., @) is a basis in the space of holomorphic differentials on the curve C of genus g.

1) As a first example for M| in the above theorem, we consider A = X + wh, with X € so(n). It is deduced that the Hamiltonian flow (2.3),
where ; and v; can be taken arbitrarily, is the 0"-order in h
Vi—V '

X=X, AX)], AX)ij=XjXijs Aij=Aji, Aij= ;
M — Uj
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and an identity to first order in A. This flow expresses the Euler-Arnold equations [12] for the geodesic flow on the group SO(n), for a left
invariant diagonal metric A. The algebraic curve

C={(zh) € Cc?: det (X 4 puh—zI) =0},
has an involution
06:C—C, (z,h)— (—z,—h),

exchanging sheets of C over Cy = C/o. In such a situation, this involution extends by linearity to a map (which will again be denoted by
0), 6 : Jac(C) — Jac(C) and up some points of order two, the Jacobi variety Jac(C) splits into an even part, i.e., Jac(C) and an odd part
(Prym variety) denoted Prym(C/Cp) and defined by

Prym(C/Cy) = (HO (c,gzl)_> ' /H, (C,Z)",

where Q! is the sheaf of holomorphic 1-forms on the curve C and — means the —1 eigenspace for a vector space on which the involution &
acts. We have

Jac(C) = Jac (Cp) & Prym(C/Cy).

The phase space for this problem is an orbit defined in the group SO(n) by [] orbit invariants. By Theorem 2.3, the problem linearizes on
n(n—1) 1

2

Prym(C/Cyp) of dimension —2——2

2) For another example, consider the case of M; in the above theorem with
A= [.Lh2 —y®y—hxAy, (x,yeR"),
where (x,y) € R?". In this case, equation (2.3) is reduced to the study of
A= A,Vh+advad,11(y/\x) ,

where v; = f/(1;). Explicitly, we can rewrite this equation in the form of a nonlinear dynamic system :

. OH -

5 = _ 8yv =—vy— (advadﬂl(y/\x))x’
, OH -

y = &XV = —(adyad, ' (y Ax))y,

where
1 Xiyi—XiVi 2
Hy= v (e g i),
i J#i Hi— y’j
Note that in the particular case where

1
Wi’

then this problem is reduced to the study of the well known Jacobi geodesic flow on the ellipsoid :

f(z)=logz, v;=

2 2
X X,
S+ =1
Vi \Z

1
Another special case is where f(z) = 2 v = U;. Here the problem is reduced to the study of the Neumann movement (under the influence

of the force —tx) of a point on the sphere [13] :
R N Ny

According to theorem 2.3, the linearization of the problem related to these two cases is carried out on the Jacobi variety Jac(.5¢), where 3¢
is a hyperelliptic curve of genus n — 1. For an interesting geometric interpretation of these motions and their relationship with confocal
quadrics, theorem of Chasles, geodesic, intersection of two quadrics, K-dV equation, etc., see for example [13]-[17].

3) Another example of M;, n = 3, in the above theorem, concerns the Lagrange spinning top [18]. It expresses a particular case of the
rotational motion of a solid body around a fixed point. Here, we have

A=mh+y+1h,

where m € so(3) (angular momentum), ¥ € so(3) (unit vector in the direction of gravity), [ = (& + f3)€ with € € so(3) (coordinates of the
center of mass) and where (o + 3,0+ 3,2¢) (inertia tensor in diagonalized form). Here, the linearization of the problem takes place on the
Jacobi variety of an elliptic curve, i.e., on the curve itself (see [19] and for higher-dimensional generalizations [20]).
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4) As an example of ij in theorem 2.3, b) (see [9]-[11]), we consider the periodic infinite band matrix M of period n having j+h+1
diagonals; the spectrum of M is defined by the points (z,h) € C? such that

Mv(h) =zv(h), v(h) = (...,h v hy,..), veC"
Let M}, be the square matrix obtained from M and let C be the curve whose affine equation is det(Mj, —zI) = 0. Then the set of infinite band
matrices with j+ k+ 1 diagonals, in higher dimensions many partial results seem to lead to rigidity. In fact, it was shown that a discrete
2-dimensional Laplacian cannot be deformed, given its periodic spectrum; the proof can be summarized by the observation that the Picard
variety of most algebraic surfaces are trivial; the proof that the specific spectral surface defined by the 2-dimensional Laplacian has trivial
Picard variety is based on the technique of toroidal embedding, which reduces cohomological computations to combinatorial questions.
Finally, inspired by the dynamical systems, Mumford [21] has given a beautiful description of hyperelliptic Jacobians of dimension g.
Griffiths [4] has given a necessary and sufficient condition on B (easily checkable), for an equation of the type (2.1) to be linearizable on
the Jacobi variety Jac(C) of its spectral curve defined by (2.2) (although, without reference to Kac-Moody Lie algebras). Indeed, suppose
that for every p(z,h) belonging to the curve C of affine equation (2.2), with dimker(A — zI) = 1 (i.e., the corresponding eigenspace of A
is one-dimensional) and generated by a vector v(z, p) € C". So, we can find a family of holomorphic mappings which send (z,4) € C to
ker(A—zI)

¢ :C—P"(C), p+—Cv(t,p),

called the eigenvector map associated to the equation (2.1). Let

W(1) = 07 (Gpicy (1)) €PicS(C), s =deg 4/(C),

where Pic®(C) = Jac(C) is the Picard variety of the curve C and Opx(c)(1) is the hyperplane line bundle in P*(C). Obviously the degree of
Y(t) does not vary with t Let H be the hyperplane class in P (C). The Poincaré dual of the class [C] of C coincides with the degree of C,

deg ¥(1) = /C¢,*H=/¢(C)H=deg(C).

Since W(t) moves in Pic*(C) when ¢ varies, then by fixing a line bundle ¥(0) € Pic*(C), the line bundle ¥(0)~' @ W(r) moves in the
Jacobian variety Jac(C). We will determine a necessary and sufficient condition of a cohomological nature on B so that the flow

t— Y1), 2.4)

is linearizing on Jac(C). By applying cohomological techniques of the theory of deformation, we can find necessary and sufficient conditions
to linearize the flow (2.4). Indeed, this is because the tangent space for any deformation is in a proper cohomology group, and according to
the theory of duality on algebraic curves, the higher cohomology can always be eliminated. Let’s see that with a little more detail. Let X be a
complex manifold and

¢9:C—X, (2.5)

a non-constant holomorphic map. Let 6¢, Ox be the respective tangent sheaves and ¢, the differential of ¢. The normal sheaf of C in X is
defined by the following exact sequence
0—8c 25 ¢ 0y — Ny —0 2.6)

and let H 0(C7N¢) (that we also note H° (Ny)) be the Kodaira-Spencer tangent space [22] to the moduli space of (2.5). Let ¢, : C — X,
¢o = ¢, be a deformation of (2.5). In local product coordinates (z,7) on |, C;, w = (w!,w?,...,w") € X, we show that ¢ is given by
(t,&) — w(t,€), ie., the section ¢ € HO(N,) and is locally given by

ow(t,8) &) modulo Lw(t’é) .

ot |- d
The corresponding cohomological sequence of (2.6) is
0 e 0 9,

Consider the tangent space H' (6¢) to the moduli space of the curve C as well as the tangent C = d(¢) € H' (6¢) to the family of curves
{C/}. Hence, HO(9*0x)/H®(6c) C HO(N,) is the tangent space to deformations of (2.5) where, according to theorem 2.1, the curve C is
independent of ¢.

Consider now the Euler exact sequence of vector bundles

0— ﬁ]pn((c) LN C"® ﬁpn(c)(l) SN ﬁ]}Du(C) —0
Therefore, the following sequences (¥(0) = ¢* Opn(c)(1)) :

Oc
v
C"®W¥(0)

0 — GC &qj*@]?u((c) — N¢ — 0
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are exact and the cohomology diagram corresponding to these sequences contains the following part :

HO(C7(C"®‘I’(O))
IE )
HO(C,6c) — HO(C,0"6mc) L+ HOCNy) 5 H'(C.6)

16
H(C,0¢)

Let (¢,£) — v(t,&) € C"\{0}, be a position vector mapping with & a local coordinate on C. In other words, a local lift v; (which is a
time-dependent map C — C"\{0}) of the family of holomorphic maps ¢; : C — IP"(C), to C"\{0}, such that

¢ (&) =Cu(t,5) cC".
As this lift exists only locally, it will have to find an independent object of this lift but which exists globally. The solution is to use this lift to
determine such an object that we note v. Notice that the space Cv;(p) and the fibre of ¢* Op.(c)(—1) at a point p € C identify and define the
maps ¢ Opi(c)(—1)C" ® Oc and
vi:Oc — C'@¥(t), ¢+ v,
(here, v coincides with the application v mentioned in the previous diagram). In the case where 11 will be another lift such that :

n(,8) =x(,&v(r,5), x#0,

then we will have 7 = kv + kv. The inclusion O¢ < C"® L, L = f* Opn(c)(1), is locally given by Oy > ¢ — ¢.v, and then (modulo
v(t,£€)), the expression

€eH(C,C"®L/Oc) =H"(C, f*0p(c))
t=0

is well-defined independently of the choice of the lift, and we have o (v) = ¢. We are interested in the tangent vector

d¥(r)
dt

ceHY(C,Of).
t=0

P(0) =

Theorem 2.4. If v is an infinitesimal variation of ¢ : C — P"(C), then

d¥(t)
dt

¥(0) = =8(v)eH'(C,0¢).

t=0

In addition if T is the map mentioned in the diagram above, then there is an equivalence between the fact that ¥(0) = 0 and v = t(w) for
some w € HO(C" @¥(0)).

Let hg, i be homogeneous coordinates and consider / as an affine coordinate on P! (C) which is the base of the covering 7 : C — P!(C).
Note that B(¢, /) can be written in the form

u e N\ o
B(t,h) =Y Bi(t)h* =Y By(t)h (}T) € H(C,Hom(.Z,.# (N))),
k=0 k=0 0

where .7 is the sheaf of sections of the trivial bundle C x .. We have . (D) = .% ® O¢(D) and B(t,h) can be seen as a holomorphic
section of the bundle Hom(.%#,.%) ® O¢(N), Oc(N) = * Opi (N). In other words, we visualize i = [hg : ;] as a homogeneous coordinate
B
on P! (C) pulled up to C. We have % € H%(C,Hom(.%,.% (D))), v € H(V ® L) where D = (hY)), is the divisor N.7t ! (c0) on the curve C
B
and .# (D) = #(N) are the sections of .# ® O¢(D). It should be noted that here W is a matrix in Hom(.%,.% ) with meromorphic functions
0

h B

in HO(C, 0¢(D)) as entries, i.e., h—l is seen as a function on H?(C, 0¢(D)). We deduce that <hN> v € HY(C,.# @¥(0)(D)) and the Lax
0 0

equation can be interpreted in cohomological form as follows:

Theorem 2.5. The following conditions are equivalent :

(i)

B
(ii) There is a meromorphic function ¢ € H?(C, Oc(D)) such that @ v+ v e HY(C,.Z @ L(D)) is holomorphic.
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By differentiating the eigenvalue problem Av(z, p) = zv(¢, p) (in the neighborhood of the point p = (h,z) € C) with respect to ¢, and taking
into account the Lax equation in the form A = [B,A], we immediately obtain the expression A(v — Bv) = z(v — Bv). Since eigenvalues have
(generically) a multiplicity of 1, then for a some A, we have

By =v+Av. 2.7)

This equation can be written in the form Bv = v+ A;v, where A; is the main part of Laurent series expansion of A in the neighborhood of p.
Then given the curve C defined by (2.2) and p € C, Griffiths defines

L, = [Laurent tail(B)], = {main part of Laurent series expansion of A in the neighborhood of p},

and shows that the linearization of the Lax flow takes place on the Jacobi variety Jac(C) if and only if p € (h).. (divisor of the poles of /), we
have for any meromorphic function f on C such that : (f) > n(h)e,

dL,

7 € linear combination {L,; Laurent tail at p of f}.

Let P(h,g) € C[h,g] and note that if we replace B by B+ P(h,A) in equation (2.1), we see that this equals invariant which shows that B is
not unique and that its natural place is somewhere in a cohomology group.
Consider a positive divisor

1
D= (ﬁ) (e0) = Z"jpjv nj >0,
j

n
on C, where & is seen as a meromorphic function. The polynomial B(z,h) = Z Bih* of degree n should be interpreted as an element of
k=0
HO(C,Hom(V, V(D)) where V is the sheaf of sections of the trivial bundle C x V and V(D) = V ® €¢(D). A section of &p(D) is written

—1
=Y 0, 0= Y a,

k:—n,-

where z; is a local coordinate around p;. This is a principal part (Laurent tail) centered on p;. A question arises : Given a main part ¢;,
determine conditions for a function ¢ € H(C, 6¢(D)) such that ¢ — ¢; is holomorphic in the neighborhood of p;. The answer to this
question (known as the Mittag-Leffler problem) is provided by

Theorem 2.6. Let {@;} be a Laurent tail and let D =Y ;a;p;. The following conditions are equivalent :
(i) There exist ¢ € HO(C, Oc(D)) such that ¢ — @; is holomorphic near p;.
(ii) For every holomorphic differential ® on C, we have

ZRespj((pj.w) =0.
J

The residue of B, denoted by ¢(B) € H(C, 0p(2), is the collection of Laurent tails {A;} given above, where A; is the main part of the
Laurent series expansion of A around p.
We will say that the flow W(z) (2.4) is linearized if there is a complex number ¢ such that

a*¥()  d¥()

a2 Tar
The Griffiths theorem is as follows :
Theorem 2.7. 1) We have
d¥(t
(o) = PO 5 cm)
=0

2) The following conditions are equivalent :
(i) The flow ¥ (1) (2.4) is linearized in Pic*(C).
(ii) We have
¢(B) =0 mod.(g(B),Im res),

where Im res C H'(C, Op(D) is the Laurent tails of meromorphic functions in H’(C, Op(D)).
(iii) We have

Y Resy, (4(B)) @) =1 Y. Resy, (5;(B))w), o€ H(C,Qc)
J J



70 Fundamental Journal of Mathematics and Applications

It follows from the above theorem that the linearized flow on Jac(C) is provided by the bilinear map
(t,®) — tZResp/(gj(B))a)) = tZResp/(/'ij). (2.8)
J J
As an example, consider Euler’s problem of a free rigid body in R”. This one is described by the following equations :
M= [M,Q], M=QJ+JQ € so(n), Q(r) € so(n),

where J = diag(Ay,...,4,), 4; > 0. These equations form a Hamiltonian system on each adjoint orbit of so(n) and whose Hamiltonian
is explicitly described by H(M) = E(M ,Q) = —iTr(MQ). Manakov [23] observed that these equations admit a Lax equation with an
indeterminate parameter /,

—

(M+J%h) = [M+J?h,Q+Jh).

1
Hence D = (ﬁ) (o)=Y ;j Pj» is the divisor with n distinct points p; located on 1 = co. We deduce from equation (2.7) with B = Q+ Jh,

the following relation : g(B) = Z—J, where z; = 7 is a local coordinate on C around p;. We have ¢(B) = 0 since A; are constant,
~ Zi
j <

and consequently, the flow is linearized on Jac(C). Taking into account that A = M +12h, M+MT = 0, J2 - J2T = 0, we obtain
P(h,z) = (—1)"P(—h,—z). The curve C has an involution 6 : C — C, (h,z) — (—h,—z). Here the linearization of the problem
necessitates the knowledge of 3 dim & independent first integrals and in involution (this is because  moves on an adjoint orbit & C so(n)).
In general, we have

dimo = "(”2_1) - [g] 2.9)

—1)(n-2
Let g(C) = uz(") be the genus of the algebraic curve C and g(Cy) the genus of the quotient Cy = C/c of C by the involution ©.
Using the Riemann-Hurwitz formula, we get

g(C)—g(Co) = % (n(nz_ b _ [g]) : (2.10)

Note that 6(g(B)) = —¢(B) and the linearization of the problem in question is carried out on the Prym variety Prym(C/Cy) of the curve C
for the involution o, interchaging the sheets of the double covering C — Cy. From (2.10) it follows that

2122) = 0 mod.2
dim Prym(C/Cp) = { oy (2.11)
Vi n=1 mod.2

1
and taking into account (2.9), we finally get dim Prym(C/Cy) = 3 dim &'. The linearization of the Euler equations is carried out on the Prym
variety Prym(C/Cp) of exactly the correct dimension.

3. Infinite continued fraction and spectral theory for periodic Jacobi operators

A Jacobi matrix is a doubly infinite matrix (a;;) with entries i, j such that : a;; = 0 for |i — j| large enough. The set of these matrices is an
associative algebra and consequently a Lie algebra by anti-symmetrization. Consider the Jacobi matrix

bl aj 0 - 0
ay, by a

I = 0 a O 5
0 0

where all the b; are real and all the a; are positive, and let

0(z2) = . 3.1
T

R

2 Z*b3*

be the associated continued I'-fraction, where aj is a positive real number. By cutting off the I'-fraction ¢(z) at the k-th term, we obtain the
Ax(2)
By(z)

k-th Padé approximant of 9(z), i.e.,

(3.2)
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We show that ¢(z) admits formal series expansion arount the point z = 0 (pole),

¢@:%+%+%+mzziﬁ
Note that the characteristic polynomial
by —z a 0 0
aj br—z a
By (z) = det 0 a5 0 ,
: . : ag—1
0 e 0 a1 br—z

of T, is the last term of the second order recursion

Bi(2) = (bx — 2)Bi—1(2) — aj_ Bx_2(2).

The polynomials Ay (z), By (z) form a pair of solutions of a finite difference equation of the second order (the eigenvectors of the Jacobi
matrix from which we remove the first row and the first column) :

g1 Yk+2 +Dr1yer1 Hayk = k1, kKEN

with the boundary conditions : yg # 0, y; =0, yy41 = 0. In addition, these solutions are linearly independent and we have also the following
relation :

ar—1 (Ar-1(2)Bi(2) —Ak(2)Br-1(2)) = 1, keN"
The polynomials By form an orthogonal system with respect to the Stieltjes measure do(x) on R,
| BeoBido(x) = 6.
Conversely, if a family of polynomials P, (x) is orthogonal for do(x), then P, (x) satisfies the following recurrence relation :

Pr(x) — (Agx — pj) Pe— 1 (x) + Ve 1 Pea(x) = 0,

where A > 0, u and ¥, > 0 are constants. Moreover, if we consider the continued fraction

)
y(z) = T
A'lz — M1 — 2 "
22— My —
A3z — M3 —
and realize an equivalent transformation
Y
v(z) = T
M Midy
T %
& _ 1,213
< L o
X3
we reconstruct the I'-fraction corresponding to do(x) (where we can put 1 ;[k = a,% and % = by). As aresult, there is a one-to-one
kAk+-1 k
correspondence between the set of orthogonal polynomial systems on R and that of Jacobi matrices. In fact, if the orthogonal polynomials
P, = n}—/()l anl(x)v l<n<eo
Hk:l Aag

form a basis of the vector space consisting of all the polynomials, then the Jacobi matrix represents the multiplication by x.

As an example of V_; ; (theorem 2.3, b)), consider the infinite matrix :

bg ay O e 0
ap b1 a :
A= 0 a 0 . (ai,bi €C) (3.3)
an-1
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The matrix A is N-periodic when
aiyN = ai, biyn = bj,

for all i € Z. We denote by f = (..., f-1, fo, f1,---) the (infinite) column vector and by D (shift operator) the operator passage of degree +1,
Df; = fi11. Since the matrix A is N-periodic, we have ADY = DVA. Reciprocally, this relation of commutation means that N is the period of
A. Consider the finite Jacobi matrix (symmetric tridiagonal and N-periodic) :

by a O ayh™!

a by ap

A(h) = 0 ar 0 )
: ay-1
ayh -+ 0 ay_y by

where h € C*. The determinant of the matrix

by —z ajy 0 e aNh*I
ay bry—z ap
A(h)—z = 0 a 0 , (34)
: an—1
aNh s 0 anN—1 bN —Z
is
_ N+1 -1 — -1
det(A(h) —f) = (~ 1)V (a1 )—PN(Z)) =F(hh !, z), (3.5)
where (z,h) € Cx C*, o« = aja; - --ay, and P(2) is given by the following polynomial of degree N (with real coefficients) :
bi—z @ 0 0 bh—z a 0 0
aj b2 —Z a an b3 —Z as :
P(z) = det g - — a3 det - . =Ny
0 a) . . 0 0 0 as . . 0
. . an—| ; aN-2
0 0 av-1 bvn—z 0 0 av—2 byn-1—2
Let C be the Riemann surface defined by the set of (z,h) € C x C* such that: Af = zf and DN f = hf. In other words, we have
C:{(z,h)e(Cx(C*:F(h,h’l,z)zo}. (3.6)

Assuming that @ # 0, we derive from (3.5) and (3.6) the following relation :

P(z) £/P%(z) — 4a?

h=
20

Note that C is a hyperelliptic curve with 2N branch points over the roots of the equation : P(z) = +2a and two points at infinity & and 2,
the point & covering the case z = oo, h = oo while the point 2 is relative to the case z = oo, h = 0. The hyperelliptic involution on the curve
C maps (z,h) into (z,hil) and C can be singular. Using Riemann-Hurwitz formula, we find g = N — 1 (= genus of C). The meromorphic
function 4 has neither zero nor poles except in the neighborhood of z = co. When z " oo, we have

P Y

hzizf_‘_’
o a

on the sheet +, which shows that 4 has a pole of order N. Similarly, when z * o0, we have

e P(z) —/P2(z) —4a? 2a ~az V...

= ~ 0z
20 P(2)+/P*(z) —4a?

)

on the sheet -, and therefore % has a zero of order N. Let &2 be the point covering e on the sheets + and 2 the two point covering e on the
sheets -. Therefore the divisor (%) of the function % on the curve C is

(h)=-NZ+N2.
The curve C has an antiholomorphic involution
~C—C (mh)— E1/h),

i.c., the map ~: p —> p is such that : & = 2. Since the finite matrix A(h) for |h| =1 is self-adjoint, then it admits a real spectrum.
Therefore, the fixed points of this involution form a set that we write C™. The latter is determined by the set of p € C such that : p = p, or it
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is the set of (z,4) such that : &= 1/h and Z = z, or what amounts to the same, is the set of (z,4) such that : || = 1. Let Cy (repectively
C_) the set of p € C such that : |h| > 1 (repectively |h| < 1). Note that C contains the point &7 and C_ contains the point 2. We have
C\C™~ = C4 UC_, which shows that the set C™ divides C into two distinct regions C+ and C_, and so

C=C,UC~UC-_.

In fact, C™ is homologous to zero because ¢~ can be thought of as the boundary between C, and C_. Moreover, the involution ~ extends to

an involution * on the field of meromorphic functions as follows: ¢@*(p) = @(p), and on the differential space as follows : (pdy)* = ¢*dy*,

1
which shows that : #* = — and z* = z. The matrices A and D" have an eigenvector f = (..., f_1, fo, f1,-..) in common. Such a condition is

parameterized by the Riemann surface C (3.6). In the following, appropriate standardization is used by selecting fp = 1, from where Fy = h.
Let us therefore f = (fi, f2, ..., fy—1) | . Since f satisfies (A(h) —zI)f = 0, then we have

Cix Cox Cn x

fk:;flzi’fl:...:
Ciy Cyy Cny

fi, 1<kI<N,

where Cy; is the (k,1)-cofactor of (A(h) —zI), that is to say,
Cry = (=1 My (3.7

where Mj; is the (k,I) minor of the matrix (A(k) —zI) , i.e., the determinant of the N — 1 submatrix obtained by removing the k*-line and
the /"-column of the matrix (A(h) —zI)). In particular, we have

Cn i Crke
Ji==""h=—"h

Cvwn Cen

According to matrix (3.4), we note that

Cni = alaz"'aNfl'i‘(—l)NafNPNflv
Cin = aay-ay_1+(—1)NayhPy_,,
where Py_1 = (—z)V~2 + -+, and similarly, CyN = (—z)N=1 ... To determine the divisor structure of f;, one proceeds as follows : for
f1, we have
(fi)o = (CNn1)eot (M) = (CNN)o,
= —(2N-2)2-NZ+N2+(N-1)Z+(N-1)2,
2-2,

and for the other f;, we consider first the matrix (3.4) shifted by one, i.e.,
by—z ap 0 o a1h71

a b3—z a3

0 a0 0
: by—z ay
alh 0 an b1 —Z
Hence,
bzfz ap 0 alh_' b
, A
ar bs—2z a3 : %
0 as 0 :Ov
I
: by —z2 an h
a]h 0 an b] —Z h

and as above, we have (%) = 2 — 2, which implies that

(f2)ee = (%>w+(f1)w =22-22,

and in general, we get
(fi)oo =k2—kZ.
Note that the degree of a minimal positive divisor D on the curve C such that : for all k € Z, (f;) + D > —kZ + k2, is given by

degD=g=N—-1.
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We have
dmZ(D+kZ — (k+1)2) =0,

for all k € Z, i.e., the divisor D is regular. To be convinced of this, it suffices to show that the divisor D is general. It means that
(01(p1);---, 0(pg)) # (0,...,0) where (@;, ..., ®g) is a normalized base of differential forms on C and py,, ..., pg € C, or what is equivalent
if dim £ (D) = 1 where .Z(D) denotes the set of meromorphic functions f such that : (f)+ 2 > 0, or what amounts to the same if
dimQ(—D) = 0 where (D) denotes the set of meromorphic differential forms @ such that the divisor (@) + D > 0. From the regularity of
the divisor D and the Riemann-Roch theorem, we deduce

dim Z(D +k2?) dimQ(-D—kP)+g+k—g+1,
= dimQ(-D—kP)+k+1,

for an integer k > g — 2. Therefore, we have dim ¥ (D + kZ?) = k+ 1, because dimQ(—D — k&?) = 0. Moreover, £ (D + j7) is strictly
larger than £ (D + (j — 1)&?), and therefore by lowering the index j down to 0, it follows that dim.Z (D) = 1, which shows that the
divisor D is general. Let’s show now that 2 is regular. It suffices to proceed by induction. We have just shown that dim.#(D) = 1. Since
fo=1¢ Z(D—2), it means that Z(D — 2) & (D) and that the function fs = 1 does not belong to the first space but belongs to the
second and then, dim (D — 2) = 0. Assuming that dim.Z (D + k% (k+1)2) = 0, we obtain (taking into account the Riemann-Roch
theorem) immediately

dmZ D+ (k+1)2 — (k+2)2) <dimZL(D+kZP — (k+1)2)+1=1,
which implies equality because fj.| belongs to the first space. In addition, we have
dimZ D+ (k+1)Z — (k+2)2) =0,
because fj| does not belong to the space £ (D + (k+1)% — (k+2)2), but belongs to the space £ (D+ (k+1)2 — (k+1)2).

Consider now, the differential of F (3.5) while taking into account that z appears only on the diagonal of the matrix A(h) — zI. Therefore, we
have

N OF dh

- Y CGidz+h—-— =0,
= oh h

and either

—iCyndz
oF
h5n

We have

—i%
R
i
T el
,i%h
Iy, g

Taking into account that Cjy = CXH, 1 <i <N, we obtain

—i%
TG (%)W
,i%
L fif
Cnndz

P2(z)— 402

From this we deduce that ®* = @ and in addition, we have @ > 0 on C™~. We also have a relation which shows that the scalar product
between f; and f; is

. 0 ikl
<f/<7fl>:/émfk'ﬁw:{ >0 :kil

That is, the functions f, k € Z, are orthogonal to ¢~ with respect to ®. We deduce from these properties that the divisor of ® is
(w) =D+D— Z — 2, for the involution ~ introduced previously. Given a matrix of the form A (3.3), we have obtained a series of data
{C,z,h,D,w}. What is remarkable is that the reverse is also true (for further information, see [11]) :
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Theorem 3.1. Consider the following two sets of data :

1) Let aj,b; € C, a; # 0, where aj1n = a;, bitN = bj, —o0 < [ < +oo. An infinite N-periodic matrix

by ay O .- 0

a by a

0 a 0 ;
an-1

0 0 ay_i by

modulo conjugation by N-periodic diagonal matrices with real entries.
2) Let & and 2 two points on a curve of genus N — 1 and D be a divisor of degree N — 1 on C such that:

(h)=-NZP+N2, (2)=—L—-2+5,

where h, z are two meromorphic functions on C and S is a positive divisor not containing the points &2 and 2. The curve C is equipped with
an antiholomorphic involution ~: (z,h) — (Z, %),for which C =€+ UC~UC_, where € is the set of p € C such that : p = p, i.e., the set
of (z,h) such that : |h| = 1, and C4. (repectively C_) is the set of p € C such that : |h| > 1 (repectively |h| < 1) containing & (repectively 2).
By introducing an involution x acting on the space of all meromorphic functions on C and on the differential space in a way ¢*(p) = (;(;:7')
and (@dw)* = @*dy*, then h* = h™' and z* = z and the divisor of a differential form @ on C is

(0)=D+D—P - 2.
Then, there is a one-to-one correspondence and equivalence of these sets of data.

For any difference operator X, we define

X sii< ],
(Xy)i =4 X sii=j, . X =x-xU.
0 sii>j,

Let ./ be the vector space of infinite N-periodic matrices A such that for some k, a;; = 0 if |i — j| > K. On .#, we introduce the following
scalar product :

(A,By=Tr(AB")= Y a;bi.
(i,j)ez?

oF
We call a functional F differentiable if there exists a matrix —— in .4 such that :

0A
lim F(A+¢eB)—F(A) _ <9i73>7
£—0 € 0A

for every B. The following bracket

var-((3).(9) [ () ). oen

satisfies the Jacobi identity. Let P(A,S,S~!) be a polynomial in S+ S~! and A with real coefficients. Consider the following Lax equation:

A= [P(A7S,S_1)+—P(A,S7S_l)_,A}. (3.8)
When the matri;g A(t) deforms with ¢, then only the divisor D varies while {C,z,h, &7, 2} remain fixed. As we have already shown, the
coefficients of z'A/ in equation (3.5) are invariants of this motion. The divisor D(¢) evolves linearly on the Jacobi variety Jac(C). Any linear

flow over Jac(C) is equivalent to equation (3.8) and can be written in the form of a Hamitonian vector field with respect to the above bracket.
For example,, the flow

A= a7l ],
is written as follows :

1
a;j = {F,aij}, F:71+1Tr(kaAl+1>.
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The (Poisson) bracket of two functional of the form T'r (S’kAl“) is zero, which means that we have a set of integrals in involution. Let
(@1,..., ®g) be a holomorphic differential basis on the hyperelliptic curve C. We have

Zk—l

N o Tk
P2(z) — 402

k=1,2,....8

and let ¢ = Resp(a)kzj), 1 < j < g. Since the order of the zeros of @y at the points at infinity &2, 2 is equal to g — k, then ¢; = 0 for
k=1,2,....g— j+1and ¢ # 0 for k = g — j+ 1. Therefore, the flow which leaves invariant the spectrum of A and X is given by a polynomial
P(z) of degree at most equal to g :

A= PA) —P(A) ],

where P(A) is the upper triangular part of P(A) and —P(A)_ is the lower triangular part of P(A), including the diagonal of P(A).
The (Poisson) bracket between two functional F and G can still be written in the form

G

war-((2 ) 5 )
adb

JdF JdF JdF JF
where — = | =— ) and —— = [ =— | are the column vectors, while J is the following 2n-order antisymmetric matrix :
da da; b obi

aj 0 0 —an

—a; a 0
0 o
J:( -7 0 )’ =210 —ay a3

0 —AanN—1 an

The symplectic structure [24] is given by

N

d .
o=Yda;n ¥ = (3.9)

j=2 j<i<n %

Flaschka variables [25] :
1, 1
aj:iexj Xﬂrl7 bjzfiyj7

applied to the form (3.9) with xy1 = 0, leads to the symplectic structure
1 N
o= 5 Z dxjNdyj,
=2

used by Moser [26, 27] in the study of a dynamic system describing the motion of N — 1 particles on a line, interacting under an exponential
potential. See also the example below concerning the study of Toda lattice. We have

det(A —2)|jei = (=N + BV T+ B+ + By,

where B, ..., By are the g invariant, functionally independent and in involution. These are given by the branch points on the hyperelliptic
curve % or by the quantities TrAF for k = 2,3,...,N, i.e., by the g = N — 1 points chosen from the spectrum of A; and A_,. With Jacobi’s
matrix, we can associate an operator 7" on a separable Hilbert space E as follows,

Teg = boeg + apeq, Te,-:b,-ej+a,~_]e,~_1+a,~e,~+1, i=1,2,..

where (e1,ez,...) is an orthonormal basis in E. The operator T is symmetric. Indeed, we have (Tu,up) = (uy,Tup) for any two finite
vectors, according to the symmetry of the Jacobi matrix. Moreover, if the Carleman’s condition :

1 1 1
— 4 — 44— 4 =+
ap  ap an
is satisfied, then the spectrum of the self-adjoint operator 7' (with e a generating element) is simple. In this case, the information about the
spectrum of T is contained in the following function,

0(z) = <(T—z1)_leo7eo> = /oo dcr(x)7 (3.10)

—o0 IT—X

defined at z ¢ o(T) where o(x) = (Iyeg,ep) and Iy is the resolution of the identity operator 7. Recall that the infinite continued fraction
converges if the limit (3.2) exists. If the operator 7 is self-adjoint, then the continued fraction ¢(z) converges uniformly in any closed
bounded domain of z without common points with real axis, to the analytic function defined by (3.10). If the support of do(x) is bounded,
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A(z)

then the sequence ( m) converges uniformly to a holomorphic function near z = oo. Moreover, if a Jacobi matrix is bounded, i.e., if
k(2
p

there exists p > 0 such that, for all j, bj| < =, then the associated I'-fraction converges uniformly on the domain {z: |z > p}

aj) <.

and the support of do(x) is included in [—p, p]. The fraction I" associated with a periodic Jacobi matrix (this case is obviously bounded )
converges near z = oo. In addition, the function ¢(z) is written in the form (3.10) (Cauchy-Stieltjes transform of do(x)), which shows that
¢(2) has a first-order zero at z = e and for any point z belonging the upper-half plane, the imaginary part of ¢(z) is non positive.

We will now extend the Jacobi matrix I" to the infinite symmetric, tridiagonal and N-periodic Jacobi matrix A (3.3) and use the results
obtained previously. We consider ¢(z) (3.1) as being the associated N-periodic I'-fraction. The latter converges near the infinite point
z =0, An analytic extension of the function ¢(z) allows us to see that this coincides with the meromorphic function agf; on the genus
(N — 1)-hyperelliptic curve C (3.6). This curve is branched at the 2N real zeroes &1, &.,...,Exx of the polynomial P?(z) — 4a®. We define the
stable band as being the interval [&;;_1,&;], 1 < j < N, and the unstable band the interval [§57,&85;11], 1 < j <N —1.

Theorem 3.2. Each zero 61 < 03 < --- < Oy_1 of C; (3.7), belongs to the j-th finite unstable band [Azj,A2j11], 1 < j <N — 1.

We will see below (theorem 3.3) how to express the function ¢(z) in terms of Abelian integrals on the hyperelliptic curve C (3.6). Note that
for N = 1, By (x) is the well-known Chebyshev polynomial of the second kind. In addition, Kato [28, 29] discovered, for N > 1, new results
related to discrete measurements. We have seen that

Cni
¢(z) =aofi =ao Cf’h
N,N
belonging to £ (D + & — 2). Then, we have
Theorem 3.3. We have
Resg-(z) Resq 9(z) (—)N*1 [ & \/P2(x)—4a2 &y /P2(x)— 402
Pz) = — NE—— +( )_ / ) dx+~-~+/ VPR —det , (3.11)
z—0y 2= ON-1 27 1 (2=x)Cyn(x) vt (2= X)Cvv (%)
where,
ah(c;)+(—1)Na3.A
Res.-¢(z) = J , j=12..N-1
o #(2) [Tizj(0j—o0y)
and
b2 —0j ap 0 s 0
ap by — o; a3
A = det 0 as N e 0
aN-2

0 0 anN—» bN,I—GJ'

The differentials obtained in the previous section,
CN,N(X) P2 (x) — 402 »
P2(x)—402 Cyn(x) '

(a and b are constants) are positive mesures on each stable band [£; j—1s & ;). Therefore, the expression (3.11) means that ¢(z) can be
obtained by the Cauchy-Stieltjes transform of

do NiR (2),0;).C(x—oj)dx+ (=)™ P —402 |\ disoret + conti
= es, . — 7).C(x—0;)dx . x = discrete mesure + continuous mesure
= ; ¢2).9; J 2mi CN7N()C) ’
as follows,
* do
92) = Lw 7—x

The function ¢(z) belongs to £ (D' + & — 2) where D' = 6] + -+ 05 _, is contained in C;. = {p € C: |h| > 1} (see previous section).
From expression (3.11), we have

D=0cj +--+0; +0; +--+0},

Ji+1 IN-17
where ji < j» < ... < j; denote the numbers for which Res - ¢(z) >0 and j;1| < ji42 <... < jy—1 the numbers for which Res - ¢(z) = 0.
J 7
Hence,
2(6-) — Ao
P*(o;) —4a

Res.-¢o(z)=0or - ————
o; 2) [Tixj(0j—o1)
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The Toda lattice equations [30] describe the motion of » masses with exponential restoring forces :

N N

H= % j; y? + ,; i 7%i+1 | (Hamiltonian).
We noted above that Flaschka variables [25] : a; = %e"" A ) == % ¥j» can be used to express the symplectic structure @ (3.9) in terms
of xj and yj,

daj=aj(dxj—dxj;1), 2db; = —dyj,
then

1 N
wZEdej/\dy} (G =xj—x1, Yj=Y))-
j=2

We will study the integrability of this problem with the Griffiths approach. There are two cases :
(7)) The non-periodic case, i.e., xg = —oo, xy4] = +oo, where the masses are arranged on a line. In term of the Flaschka variables above,
Toda’s equations take the following form

aj = aj(bjr1-bj),

i 2 2

bj = 2(aj—ajy),

with ay11 = aj and by = b;. To show that this system is completely integrable, one should find N independent first integrals in involution.
From the second equation, we have

(bl +b2+"'+bN) =bi+by+---+by=0,
and we normalize b;’s by requiring that b + by + - - + by = 0. Applying this fact to (3.9), leads to the following symplectic form :

1 N
= Ejg’zdxj/\dyj'

We have obtained a first integral of the system and it will be necessary to determine N — 1 other integrals that are functionally independent
and in involution. We further define N x N matrices A and B with

by a O ay 0 ap - —ay
ap by —a; 0
A=1 o 0 B=
by-1  an-i ; o T ayog
ay - 0 ayv-1 by ay -+ - —ay-1 0

. 1
The system in question is written in the form A = [B,A]. Since [; = ztrAk, k=1,2,...,N, are first integrals (see theorem 2.1), then

I = tr(A.A*Y) = 1r([B,A].AK"1) = tr(BAK —ABAF 1) = 0.

Notice that /; is the first integral already know. These N first integrals are functionally independent and in involution, the system in question
is thus completely integrable.

(if) The periodic case, i.e., yj 1§ =¥, Xj4n = x;, the connected masses will be arranged on a circle. We show that in this case, the spectrum
of the periodic matrix

by a 0 - ayh’!
a b
am=1| o -
: by-1  ayn-i
avh - 0 ay_y by

remains invariant in time. The matrix B(h) depending on the spectral parameter 4, has the form

0 a - —ayh™!

ayh - - —ay_q 0
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and the rest follows from the general theory. Note that if a;(0) # 0, then a;() # 0 for all ¢. Since AT (h) = A(h™"), the spectral curve C is
given by

0=det(A(h)—zl) =P (%,z) = P(h,2).

By the antisymmetry of A, the curve C has an involution

1
7:C—C, (hz)r— (ﬁ,z). (3.12)
We choose
by a
0 ayn ag b2 0 0
Ahy=1 : - |h'+ + o |
0 0 bN—l anN_—1 an 0
bN an

Note that here the matrix A is meromorphic (whereas previously we considered it to be a polynomial in /) but we will see that we can adopt
the theory explained in this section, to this situation too . We have

1
P(h,z) = —aj.ay...any_1. (h+ ﬁ) +zN+clzN*1 +-tep.

Let us assume that a;.a;...ay—1 # 0 and pose

P(h,z 1 NN+ | B
Q(h,z)z%:;urfJr 1 — CN:h+7+d0ZN+dIZN L fetdy.
Hj:l aj h Hj;l a; h

In IP?(C), the affine algebraic curve of equation Q(h,z) = 0, is singular at infinity and to determine the genus g of its normalization, we
proceed as follows : note that the curve C appears as a double sheeted covering of P! (C) branched into 2N points coinciding with the fixed
points of involution o (3.12), that is, points where & = +-1. Using the Riemann-Hurwitz formula, we obtain

g:2<g(P1(C))—l>+l+?:N—l.

1
Consider the covering C — P!(C) below and &2, 2 located on two separate sheets. By putting —(e0) = & + 2, we see from the
z

equation Q(h,z) = 0, that the divisor of & is (h) = N9 — N2 and in that case, the divisor D is written D = N7 + N2, which implies
that B € HO(D,Hom(V,V (D)). The residue ¢(B) € H(D, 0p (D) satisfies the conditions of theorem 2.7, and consequently the linear flow
is given by the application (2.8). To compute the residue g(B) of B, we will determine a set of holomorphic eigenvectors, using the van
Moerbeke-Mumford method described above. Let us calculate the residue in 2 and the result will be similarly deduced in &?. Consider a

3
general divisor E of degree g, of the form E = Z rjsuch that : dim Z(E + (k—1) % —k2) =0, for all k. We deduce from Riemann-Roch’s
j=1
theorem that dim £ (E + k%7 —k2) > 1, and therefore dim .2 (E + k% —k2) = 1, for all k. Let

(fo) € L(E+kP —k2) =H(C,Oc(E+kP —k2)), 1<k<N

be a basis with fy = h. We can choose a vector v of the following form v = (f7, ...,fN)T, such that v is an eigenvector of A, i.e., Av = zv,
(h,z) € C. Hence, V = h™!v is a holomorphic eigenvector. Without restricting generality, we take N = 3. The system Av = zv, is written
explicitly

bhifitafr+az = zf1,
arfi+bafrt+ah = zfy,
ashfi+axfr+bsh = zh.

1
By multiplying each equation of this system by W everything becomes holomorphic except the last equation, i.e., az f| = z+ Taylor. Recall
that the section of &p(D) induced by A in the equation (2.7) : Bv = v+ Av, is the residue ¢(B) of B. In other words,

Bv = g(B)v+ Taylor,

and therefore

arfp __ a3 0
h h
“hta, | =] 0 |+Taylor
afi— Gk z

We deduce that g(B) = % and ¢(B) = 0. The same conclusion holds for the residue in 2. Consequently, the flow in question linearizes on

the Jacobian variety of C.
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4. Algebraically integrable systems

Consider the nonlinear system of differential equations :

dz
7; = fl (t>zl7“'7zn)7
4.1)
dz
7: = fn([7217"'7zn)7
where fi,..., f are functions of n+ 1 complex variables ¢,zy, ...,z, and which apply a domain of C"*! into C. The Cauchy problem is the

search for a solution (z (¢),...,zx(f)) in a neighborhood of a point f, satisfying the initial conditions : z; (o) = 2}, ...,zx(to) = 23. The system
(4.1) can be written in vector form in C",

dz

E:f(tvz(t)% Z:(Zlv"'7zl’l)7 f:(f17--~7fn)~
In this case, the Cauchy problem will be to determine the solution z(z) such that z(z9) = zo = (z?, ..,2Y). When the functions fi, ..., f, are
holomorphic in the neighborhood of (t07z(1’, ...,12), then the Cauchy problem admits a holomorphic solution and only one. A question arises

: can the Cauchy problem admits some non-holomorphic solution around (to,z(l), ...,zg) ? When f1, ..., f are holomorphic, the answer is

negative. Other circumstances may arise for the Cauchy problem concerning the system of differential equations (4.1), when the holomorphic
hypothesis relative to the functions fi, ..., f,; is no longer satisfied in the neighborhood of a point. In such a case, it can be seen that the
behavior of the solutions can take on the most diverse aspects. In general, the singularities of the solutions are of two types : mobile or fixed,
depending on whether or not they depend on the initial conditions. Important results have been obtained by Painlevé [31]. Suppose that the
system (4.1) is written in the form

dz _ Pitz1,-020)
dt Q](I7Z]7~~-7Zn)’
dﬁ _ Pn(t7zl7-“7zn)
dt On(t,21,.20)
where
& . .
Pe(t,21,zn) = Y Afh)_“’in ()2} ..zy, 1 <k<n,
0<iy,csin<p
— B(k) jl jn l < k<
Qk(t7zl7'“azn)_ Z jlwujn(t)zl Zny LKA,
0<ji s fn<q

polynomials with several indeterminate zy,...,z, and algebraic coefficients in . There are two cases: (i) the fixed singularities are

constituted by four sets of points. The first set contains the singular points of the coefficients Al(]k) i (), By]{)m i (¢) intervening in
the polynomials Py (,z1,...,z4) and Ok (,21,...,z»). In general this set contains r = co. The second set consists of the points ; such

that : Qg (¢,21,-..,2n) = 0, which occurs if all the coefficients Byl() i (t) vanish for = «;. The third is the set of points 8; such that

for some values (zy/,...,z,) of (z1,...,2n), We have P (Bl,zyw.wzn/)': O (Br,z17, -, zw) = 0. Then the second members of the above
system are presented in the indeterminate form g at the points (f,21, ...,z ). Finally, the set of points ¥, such that there exist uy, ..., up,
for which Ry (Y, u1, .., tn) = Sk (Y, u1,...,un) = 0, where Ry and Sy are polynomials in uj,...,u, obtained from P, and Qy by setting
71 = i, ...,zn = —. Each of these sets contains only a finite number of elements. The system in question has a finite number of fixed

u u

singulalrities. (ii) thg:Z mobile singularities of solutions of this system are algebraic : poles and (or) algebraic critical points. There are no
essential singular points for the solution (zy,...,2x)-

We will use the method of indeterminate coefficients to find sufficient conditions for the existence and uniqueness of the meromorphic
solution of the Cauchy problem concerning the system (4.1). The solution will be expressed in the form of Laurent expansions in ¢ and such
a solution is formal because we obtain it by performing on various series, which we assume a priori convergent, various operations whose
validity remains to be justified. The problem of convergence will therefore arise. The result will therefore be established as soon as we
have verified that these series are convergent. This will be done using the majorant method [32]-[34]. Without restricting the generality, we
consider the Cauchy problem relative to the normal system (4.1) where f1, ..., f, do not depend explicitly on ¢, i.e.,

dz; .
d[ - fl(Z17~"7Zn)7
4.2)
dz
= faenm).

We suppose that f1, ..., f,, are rational functions in zy, ..., z, and that the system (4.2) is weight-homogeneous, i.e., there exist positive integers
l1,...,1, such that :

ﬁ(allzl7~'~7 alnzl'l) = ali+1fi(zl7~'~7zn)7 1 <i< n,
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. . dfi .
for each non-zero constant o. Note that if the determinant det ( fi —&f; # 0, then the numbers sy, ..., s, are unique. In order

Zj
0z 1<i,j<n
to facilitate the notations, we will assume (without loss of generalities) that ) = z9 = 0.

Theorem 4.1. Suppose that
| =
a=g YA 1<i<a {920 “3)
k=0

(ki € Z, some k; > 0) is the formal solution (Laurent series), obtained by the method of undetermined coefficients of the weight-homogeneous
system (4.2). Then the coefficients z(o)

i satisfy the nonlinear equation

kiZEO) +ﬁ(2(10)7...,z,(10)) =0, 1<i<n,
(1 ()

while z; ' ,z;”’, ... are solution of the following system of linear equations :

(L— k,ﬂ)z(k) = some polynomial in the z(j)7 0<j<k,

= (z§k>, ...,zg,k))T and L = (g—f(z((’)) + 5,-jki> i i is the Jacobian matrix. Moreover, the formal series (4.3) are convergent.
J sStLjsn

where z(¥)

(k)

The coefficients z; are determined unequivocally with the adopted method of calculation which explains why the series (4.3) is the only
meromorphic solution. Moreover, the result of the previous theorem applies to the following quasi-homogeneous differential equation of

ordern :
d'z dz a1z
ar I\ Far o aT )

a"'z o dz o d"lz
—— and z(0) =73, E(O) =2 o

d
f being a rational function in z, d—j, ey 0)= zg. Indeed, the differential equation above reduces

to the following system :

dz "1z
2(t) =z (1), E(t):12(t)7...,W(t):zn(t).
We thus obtain
da o B A )
dt *Z27 dt *Z37'“7 dt *va dl - ZI7Z27'~'7ZH .

Such a system constitutes a particular case of the normal system (4.2).

Let Xy be a Hamiltonian vector field defined by
d

=

=J

& &

z fz), zeR" @4

N3]

4

JdH JF

2 Ja—Z > satisfies the
Jacobi identity. The system (4.4) is algebraic complete integrable (in abbreviated form : a.c.i.) when J has polynomial entries and when the
following conditions hold :

i) The system is completely integrable with polynomial invariants Hy, ..., H, . It means that besides the k invariants Hj, ..., H (Casimir

where J = J(z) is a skew-symmetric matrix polynomial in z of rank 2n, such that the Poisson bracket {H,F} = <

OH: _
functions), i.e., such that J 3 '(z) =0, 1 < i<k, the system admits n = e
z

{Hi,H j} = 0. These give rise to n commuting vector fields. For generic c¢;, the invariant manifolds (level surfaces)

invariants Hy| = H,...,Hy, in involution, i.e., such that

n+k
ﬂ{ZGRmiHi:C,‘},

i=1
are compact, connected and therefore real tori according to the Arnold-Liouville theorem [12].
ii) The invariant manifolds (level surfaces) thought of as lying in C",

n+k
m{ZGCmIH[ZCi},

i=1
are related, for generic ¢;, to Abelian varieties 7" = C" /Lattice (complex algebraic tori) as follows :

n+k

{z€C":H;=c;} =T"\D,

i=1
where D is a divisor (codimension one subvarieties) in 7". The coordinates z; are meromorphic on 7" and D is the minimal divisor on 7"
where the variables z; blow up. The flows (4.4) run with complex time are straight-line motions on 7".
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As the reader has surely noted, we have insisted in the above definition that invariants must be polynomials. But it must be understood that
the existence of a sufficient number of polynomial invariants does not necessarily imply the algebraic complete integrability of the system in
question. To convince ourselves of this, it is enough to consider the following Hamiltonian system whose Hamiltonian is

2
H((wy) =5 +Pal),
where P, (y) is a polynomial in y of degree n. We show that such a system is algebraically completely integrable if and only if n = 3 or 4, and
the explicit resolution of the system is done using elliptic functions. So a natural question arises : given a completely integrable system with
polynomial invariants, what makes it algebraically completely integrable? Mumford gives in his book [21] a definition of the algebraic

complete integrability including also non compact and explains (although it has nothing to do with the system above) this extra feature as
ntk

follows : the vector fields Xp, ,...,Xg, define on the real torus M, = ﬂ {Hi=c¢i} C R?" an addition law
i=1

@M x My — Mc, (x,y) — x®y = gris(p), pEM,,

with x = g:(p), y = gs(p), &:(p) = g?](‘ ...g?:” (p), where gf" (p) denote the flow of Xz.. From the polynomial nature of the vector fields X, this
addition law will always be real analytic. The algebraic complete integrability of the system in question means that this law of addition is
rational. In other words, we have (x®y); = R;(x;,yi,c), where R;(x;,y;,c) is a rational function of the coordinates x;, y; forall i = 1,2, ...,n.
Putting x=p,y= gf(" (p), in the above formula, we notice that on the real torus M., the flows gf(" (p) depend rationally on the initial condition
p. Moreover, a Weierstrass theorem on the functions admitting a law of addition, affirms that the coordinates x; restricted to the real torus :

R"/lattice — M, (t1,...;tn) —> 2i (t15 s 1n)

are Abelian functions. Geometrically, this means that the real torus M, ~ R" /lattice is the affine part of an algebraic complex torus
(Abelian variety) T" ~ C" /lattice and the real functions z; (¢, ...,f,), (t; € R), are the restrictions to this real torus of meromorphic functions
zi (f1,...,1n), (t; € C) of n complex variables, with 2n real periods (of which n real periods and n imaginary periods). It must be said that
Mumford’s explanation of the algebraic complete integrability of a completely integrable Hamiltonian system with polynomial invariants, is
of purely theoretical interest. Indeed, how do you recognise from the differential equations that, on a given level manifold, the commuting
vector fields define a rational addition law ? Painlevé [31] provides the following provocative example, among many others not necessarily in
the context of Hamiltonian mechanics. Consider on C2 the two polynomial commuting vector fields :

X ¢ xXx=x,  y=xy,
X, : x=0, y=.

The flow
1
&5 (x0,y0) = <x0€’~,yf)°(e >> ,

doest not depend rationally on the initial condition (xg,yq). Therefore, simply looking at the face of the equations does not answer the
question of whether the problem is algebraically completely integrable. The only method was to solve the problem explicitly in terms of
Abelian integrals.

Now if the system (4.4) is algebraically completely integrable, it means that the variables z; restricted to a generic complex invariant manifold
of the flows, are meromorphic functions on a complex torus C" /lattice; in fact these are Abelian functions. By compactness, these functions
must blow up along a divisor (a codimension one subvariety) D C C"/lattice. Expanding the solutions of the system (4.4) near this divisor
and allowing the constants of the motion to vary, one gets meromorphic solutions depending on dim D + §H; = m — 1 parameters, because
dimD = n—1 and #§H; = n+ k is the number of constants of the motion. The fact that algebraic complete integrable systems possess
(m — 1)-dimensional families of Laurent solutions, was implicitly used by Kowalewski [35] in her classification of integrable rigid body
motions. The following necessary condition was developed and used by Adler-van Moerbeke [36] :

Theorem 4.2. Suppose that the Hamiltonian system (4.4) is algebraically completely integrable with Abelian functions z; and for generic c,
the invariant tori related to this system do not contain elliptic curves. Then this system must admit enough meromorphic Laurent expansion
solutions int € C such that : each z; blows up at least once and Laurent expansion of z;, depend on m — 1, free parameters. In addition, the
system in question has families of Laurent solutions depending on m —2, m — 3, ..., m — n, parameters and the coefficients of each of these
solutions are rational functions on affine algebraic varieties of dimensions m—1, m—2, m—3,...m—n.

The question is whether this criterion is sufficient and how it can be used to detect algebraically completely integrable systems. The idea of
the direct proof given by Adler-van Moerbeke[37, 38] is closely related to the geometric spirit of the real Arnold-Liouville theorem [12].
Namely, a compact complex n-dimensional variety on which there exist n holomorphic commuting vector fields which are independent
at every point is analytically isomorphic to a n-dimensional complex torus C"/Lattice and the complex flows generated by the vector
fields are straight lines on this complex torus. Now a complex affine algebraic variety is never compact, unless it is O-dimensional. So the

n+k
main problem will be to complete the affine variety M. = () {z € C", H; = ¢;}, into a non-singular compact complex algebraic variety
i=
M, = M_.UD in such a way that the vector fields extend holomorphically along D and remain independent there. If this is possible, M is
an Abelian variety (an algebraic complex torus) and the coordinates z; restricted to M, are Abelian functions. To compactifize M, into an

algebraic complex torus, a naive guess would be to take the natural compactification

. n+k deo 11
M= ({zeP"(©).H(2) = cizy2 ™},
i=1
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of M, by projectivizing the equations. Indeed, this can never work for a general reason: an Abelian variety M, of dimension bigger or equal
than two is never a complete intersection, that is it can never be described in some projective space P"(C) by n-dim M, global polynomial
homogeneous equations. In other words, if M, is to be the affine part of an Abelian variety, M, must have a singularity somewhere along the
locus at infinity, i.e., along all or part of the hyperplane section {Zy = 0} at infinity. The trajectories of the vector fields (4.4) hit every point
of the singular locus at infinity and ignore the smooth locus at infinity. In fact, the existence of meromorphic solutions to the differential
equations (4.4) depending on some free parameters can be used to manufacture the tori, without ever going through the delicate procedure of
blowing up and down. Information about the tori can then be gathered from the divisor. A partial converse to theorem 4.2, can be formulated
as follows [36] :

Theorem 4.3. We assume that condition i) in the above definition of the algebraic complete integrability is satisfied. In addition, suppose
that the system (4.4) with k +n polynomial invariants have a coherent tree of Laurent solutions, i.e., it possesses families of Laurent solutions
int, depending on n— 1, n—2,..., m — n, free parameters. Then, this system is algebraic complete integrable and moreover, there are no
other Laurent solutions of m — 1 dimension than those provided by the coherent set.

The study of the algebraic complete integrability of Hamiltonian systems, includes several passages to prove rigorously. Here we mention
the main passages. We saw that if the flow is algebraically completely integrable, the differential equations (4.4) must admits Laurent series
solutions

i
al) = & <z§°)+z§”+~-), KeZ, i=1.2,..

l(»o),zl(-l), ... are rational functions depending on m — 1, free parameters. We must have k; = [; and coefficients in the series must satisfy

at the 0""'step nonlinear equations,

where z

i

fi (77t +gid” =0, 1<i<m, @.5)

and at the k"step, linear systems of equations :

0 fork=1
kD0 = 4.6
(A )2 polynomials in z<1>, ...,z(k*” fork > 1, (4.6)
af . . . . . .
where 4 = 5 + gl |,_,0 is the Jacobian matrix of the equations (4.5). If m — 1, free parameters are to appear in the Laurent series,
Z

they must either come from the nonlinear equations (4.5) or from the eigenvalue problem (4.6), i.e., .# must have at least m — 1, integer
eigenvalues. These are much less conditions than expected, because of the fact that the homogeneity k of the constant H must be an
eigenvalue of L. The formal series solutions are convergent as a consequence of the majorant method. By substituting these series solutions
into the constants of motion H;(z), 1 <i < n+k, one eliminates some parameters linearly, leading to an algebraic relation between the
remaining parameters, which is nothing but the equation of the divisor D along which the z; blow up; if the differential equations admit /
families of Laurent meromorphic solutions of the form above, it means that D is formed by [/ algebraic curves. More precisely, you have to
prove that the set

D = {zi(t),1 <i < m, Laurent solutions such that : H; (z;(¢)) = c;j -+ Taylor part}

n+k
defines one or several n — 1 dimensional algebraic varieties ("Painlevé” divisor) having the property that (| {z€ C": H; =¢;}UD, is a
i=1

smooth compact, connected variety with n commuting vector fields independent at every point, i.e., a complex algebraic torus C"/lartice.
Note that the system of coordinates zy,...,Z, can be enlarged to a new set z9 = 1,z1,...,zy having the property that for fixed but arbitrary

0<j <N, we have
—~— . .
Zj ZiZj —ZiZj Zk 2]
(3)-"5" -z (2)(3):
Zi

i.e., the ratios — form a closed system of coordinates under differentiation. Indeed, consider a point p € D, a chart U; around p on the torus

Zj
1
and a function z; in L(D) having a pole of maximal order at p. Then the vector ( —, Z—l, ey Z—N) provides a good system of coordinates
Zj % Zj
—~
in U;. Then taking the derivative with regard to one of the flows (ﬂ) are finite on U; as well. Therefore, since z% has a double pole
Zj
along D, the numerator must also have a double pole (at worst), i.e., Z;zj — ziz; € L(2D). Hence, when the divisor D is projectively normal,
i.e., whenever L(kD) = L(D)®* which means that the space L(kD) is generated by homogeneous polynomials of degree k in some basis

elements of L(D). At the bad points, the concept of projective normality play an important role: this enables one to show that “isa

J
J0Hy.; dH,
bona fide Taylor series starting from every point in a neighborhood of the point in question. Therefore, the flows J %,..., J %
z b4

are straight line motions on this torus (for concrete applications, see for example [32, 36, 39, 40, 41, 42, 43]). Let’s point out that having
computed the space of functions .Z (D) with simple poles at worst along with the expansions, it is often important to compute the space of
functions .Z (kD) of functions having k-fold poles at worst along with the expansions. These functions play a crucial role in the study of
the procedure for embedding the invariant tori into projective space. As mentioned previously, the idea of the Adler-van Moerbeke’s proof
[37, 38] consists of using arguments similar to those used in the proof of the real Arnold-Liouville theorem [12], and we can call this result
the Liouville-Arnold-Adler-van Moerbeke theorem:
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Theorem 4.4. Let M be an n-dimensional complex compact manifold with n independent meromorphic functions. Assume that :

(i) For some divisor D, there exist n non-vanishing holomorphic vector fields X1, ..., X, on the affine variety 117I\D = M which commute and
are independent at every point.

(ii) One vector field, say X (where 1 < k < n), extends holomorphically on M and having the property that, for all p € D,

{gffk(l?) 0<|r]<ete C} cM,

where gik denote the flow of Xy. This condition means that the orbits of Xy through D go immediately into the affine part M and in particular,
the vector field X does not vanish on any point of D. _
Then, M is an Abelian variety and the vector fields X1, ..., X, extend holomorphically and remain independent on M.

1) As an example, consider the Kac-van Moerbeke periodic lattice [44] given by the following system :
xXj=xj(xj_1—xj41), j=1,...,5
where (x1,...,x5) € C and x j = xj+5. This vector field forms a Hamiltonian system for the Poisson structure
{0} = xjx(Sj a1 — i1 k), 1< j,k<S

and admits three independent first integrals

Hp = x1x3+X2X4 +X3%5 +x4X] + X5X2,
H, = xi+x3+x3+x4+2xs,
Hy = Xxjxpx3xaxs.

Note that H; and H; are involution while Hj is a Casimir, and the system in question is therefore integrable. The affine manifold

3
N {x: (x1,%2,%3,%4,x5) € C° : Hj(x) = Cj}7 (c1,02,¢3) €C?, 3 #£0
j=1

is isomorphic to Jac(C)\D where C is a curve of genus 2 given by the equation.
> (3 2 2
w = (z —c1z +sz> —4z,

and D consists of five copies of C in the Jacobian variety Jac(C). The flows generated by H; et H, are linearized on Jac(C) and the system is
algebraically completely integrable. The reader interested in the study of this system via various methods can find further information with
more detail in [39] as well as in [45].

2) The problem we are going to study now is the generalized periodic Toda systems. We consider / 4 1 vectors ey, ..., e; in the Euclidean
vector space (R'*1,(.].)), 1 > 1, linearly dependent and such that they are / to  linearly independent (i.e, for all j, the vectors eg, ..., é},...,¢;

1 1
are linearly independent). Suppose that the non-zero reals &, ..., satisfying Z &jej =0 are non-zero sum; that is, Z £i#0. Let
j=0 Jj=0
Q = (aij)o<i,j</ be the matrix where

We consider the vector field Xg on Cz(”l), defined by
i=xy y=Ax,  (xyeC'th,

where x.y = (xoy0, ...,x;y;). It has been shown [32] that if X, is an integrable vector field of an irreducibly algebraically completely integrable
system, then Q is the Cartan matrix of a twisted affine Lie algebra. Specific detailed results concerning this problem can be found on the
technical paper [39] and also in [32, 46] and references therein, about link between Abelian varieties, Dynkin diagrams, singularities and
Toda lattice. The periodic / + 1 particle Toda lattices are associated to extended Dynkin diagrams. They are completely integrable and have
as many polynomial invariants as points in the Dynkin diagram. The affine variety defined by the intersections of the constants of the motion
is completed into an Abelian variety by the addition of a specific divisor D. The latter consists of / + 1 irreducible components D; each
associated with a root a; of the extended Dynkin diagram A. The intersection of k components Dj,, ..., D, satisfies the following relation :

der(W

the intersection multiplicity of the intersection of k components of the divisor equals % where W and A are the Weyl group and the
e

Cartan matrix going with the sub-Dynkin diagram ¢, ..., o, associated with the k components. The intersection of all the divisors except

one is a discrete set of points whose number is explicitly determined, but on the other hand the intersection of all the divisors are empty. The
set-theoretical number of points is given (in terms of the Dynkin diagram) by

Number of ﬂ Dﬁ

_ Pa <order(Wey1 group of the Dynkin diagram A\ ) )
pta po

order(Weyl group of the Dynkin diagram A\ @)

where the integers pq, are given by the null vector of the Cartan matrix (going with the extended Dynkin diagram A). The singularities of the
divisor are canonically associated to semi-simple Dynkin diagrams and those of each component occur only at the intersections with other
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components and their multiplicities at the intersection with other divisors are expressed in terms of how a corresponding root is located in the
sub-Dynkin diagram determined by this root and those of the members of the above divisor intersection. We have

sing(Dy) CDxkN Y, Dy, k=0,...,1
0<j<I
Jk
and this inclusion is valid for the singular locus sing(Dy) of Dy. The multiplicity of the singularity of a particular component Dy, at
its intersection with m other divisors is entirely specified by the way the corresponding root ¢, are located in the sub-Dynkin diagram
O, Oy 5 ..., O, . (See [39], for proof of these results as well as other information).

There are many examples of Hamiltonian systems, called algebraic completely integrable in the generalized sense, for which all movable
singularities of the general solution have only a finite number of branches and the complex invariant manifolds are coverings of Abelian
varieties. These systems of differential equations possess solutions which are Laurent expansions containing n-th root terms of type /¢ (¢
being complex time) and whose coefficients depend rationally on certain algebraic parameters. In other words, for these systems just replace
in the above definition of the complete algebraic integrability of Hamiltoian systems, the condition i) by by this one,
n+k
iii) the invariant manifolds ﬂ {z € C™ : H; = ¢;} are related to an [-fold cover T" of the torus T" ramified along a divisor D in 7" as follows
i=1

n+k ~
({z€C":H;=¢;} =T"\D.
i=1

Let H,, be a family of Hamiltonians [47, 48] :

1
Hm(xvy):E(p,%+p§)+am%7l(x7y)a m:1727"'

where

[’"/2] (m _ k) !2m—2k

Vin(x,y) = X
(x,3) ,;0 k! (2k —m)!

Zkyn=2k o =1,2,...

It is easy to verify that the associated Hamiltonian systems have a second first integral :

Fm(x7)7) = px(xpy _ypx) +amx2Vm—l(x7Y)7 m=1,2,..

and they are Liouville integrable. The study of the systems corresponding to the cases m > 3 is not obvious contrary to the cases m = 1 and
m = 2 whose study is immediate. For m = 3, the study is reduced to that of the Hénon-Heiles system [49]:

o= x,

V2, = X, .7
X1 = —&1—2y1)2,

Xy = —y% — 16ey, — 16)/%7

corresponding to a generalized Hénon-Heiles Hamiltonian

s

1 16
H =2 (x +23) + 2 07 +16y3) + 3D + 293,

2

where y|,y2,x1,X; are canonical coordinates and momenta respectively and € a constant parameter. The associated Hamiltonian system has
the following second constant of motion :

2
F = 3x{+6exiy] + 12xyiys — dxixay] —deyiya — 3 +3e%) - 3.

2 (0H OF OJH JOF
The functions H and F commute : {H,F} = Z (— — = —) = 0. The system (4.7) admits Laurent solutions in /¢, depending
=\ Ox; Iy Iy Iy

on three free parameters : o, 3, y and they are explicitly given as follows

2 2
o o 5 oE” 5 o B 4
= 4BtV Vi PV SR
i \ﬁ+ﬁ\/ Vit gtV TtV
3 e a 282, af; 4
- g s 0P 48
» g2 2t T s T @9
= BV —ouVit —ag? i — o B+
x| Zt\ﬁ+2ﬁ\/ 36oc\f+20ae Vi 1B Vit
3 1 4
X = 4=t a4y’

43 12 5



86 Fundamental Journal of Mathematics and Applications

As previously mentioned, the convergence of these series results from the majorant method. By replacing these series in the equations H = a,
F = b, one eliminates one parameter linearly, leading to an algebraic relation between the two remaining parameters, which is nothing but
the equation of an algebraic curve D along which the (y;(¢),y2(¢),x1 (¢),x2(¢)) blow up. To be more precise, we have

1, 21 13 , 4,4
H = Z—ag?-""yp = P
0% TG VT o T3E T4
294 8
F = —14406[33-1-?063[382-1-5056—337/064:b,
which implies that
294g2 143 4 44
144083 — 3 —87—6—<437)4b:.
of 5 aﬁ+504a T +21 e —3a)a"+b=0
Let
2
A= ﬂ{(y]7y27xl7x2) €C4 :H(y17y27xl7x2) :a7F(y17y27xlax2) :b}y (49)

k=1

be the smooth affine surface defined by putting the two invariants H and F equal to generic constants a and b. The Laurent expansions above
where (y{(¢),y2(t),x1(t),x2(¢)) blow up contain square root terms of the type /¢ and admit three free parameters and in addition these
solutions restricted to the surface A are parameterized by the curve D. We will see that (4.7) is in fact a generalized algebraic completely
integrable system but is part of a new system that is algebraically completely integrable. This latter is a system of five nonlinear differential
equations with five unknowns having three first integrals, two of which are cubic and one is quartic. By inspection of the expansions (4.8),
we look for polynomials in (yy,y2,x1,x2) without fractional exponents, which suggests considering the following change of variables :

7=y} 22 =y, 3 = X2, 24 = y1X1, 25 = 3x} + 2y (4.10)

Note that this change of variables determines a morphism on the affine variety A (4.9). Using the two first integrals H, F' and differential
equations (4.7), we obtain the following system :

21 = 2z,
2 = 3,
3 = —z1—16€z — 1623, 4.11)
4 = —€z1— §Z1zz + lZs»
3 3
5 = 2z123 — 8224 — 6€24,
having two cubic and one quartic invariants (constants of motion),

G = %821 + ézs + 88z% + %z% + %mzz + ?zg,

G, = 9821% +z§ +6€7125 — 22? — 2481%12 — 12212324 + 24122421 - 162%2%,

Gy = z1z5— Szi — ZZ%Zz‘

This new system is a completely integrable Hamiltonian system where G is the Hamiltonian whose structure is determined by the bracket

.7y = (2 2
) - aza aZ )

the anti-symmetric matrix J defines a Poisson structure for which the corresponding Poisson bracket satisfies the Jacobi identity. The two
first integrals G| and G, are in involution while the latter G is trivial (i.e., a Casimir function). For generic values of constants ¢y, ¢; and c3,
the invariant variety

B=({(z1,22,23,24,25) € C° : Gi(21,22,23,24,25) = &} (4.12)

e

k=1

is a smooth affine surface. The differential equations (4.11) admit Laurent series expansions restricted to the surface B (4.12); these solutions
can be read off from (4.8) and the change of variable (4.10) and depend on four free parameters. We have shown that the change of variables
(4.10) transforms the system (4.7) into an algebraic completely integrable system (4.11) of five differential equations in five unknowns and
parallel to that, the affine variety A (4.9) is transformed into the affine part B (4.12) of an Abelian variety B. The Hamiltonian system (4.7) is
a generalized algebraic complete integrable system, the invariant surface A (4.9) can be completed as a cyclic double cover A of an Abelian
surface B and in addition, 4 is smooth except at the point lying over the singularity of type A3 whose resolution A of A is a surface of general
type. This explains (among other) why the asymptotic solutions to the differential equations (4.7) contain fractional powers. All this is
summarized as follows [50] :

Theorem 4.5. The system (4.7) admits Laurent solutions with fractional powers depending on three free parameters and is algebraic
complete integrable in the generalized sense. In addition, this system is part of a new system of differential equations (4.11) in five unknowns
having two cubic and one quartic invariants (constants of motion). This last system possesses Laurent expansions (but without fractional
powers) depending on four free parameters and it is algebraically completely integrable.



Fundamental Journal of Mathematics and Applications 87

The case m = 4 corresponds to Ramani-Dorizzi-Grammaticos (RDG) potential [47, 48], whose corresponding system is given by

i—a (d+333) =0, - (3g1+843) =o0. (“.13)
These equations can be written in the form of an integrable Hamiltonian system whose Hamiltonian is given by

14
i

—qt—245.
4(1 q2

1 3
Hy =S (pi+p3) ~ 54143~

The second first integral being
1
Hy = pi —641g3pt + 4145 — qip} + 4143 + 44121 p2 — 4ip3 + 74
The first integrals H; and H, are obviously in involution. For generic (by,b,) € C2, the affine variety B defined by

2
B=({z€C*: Hi(z) = by}, (4.14)
k=1

is a smooth surface. The solutions of the differential equations (4.13) in the form of Laurent’s series depend on three free parameters u, v, w.
and are written

1 Ly o S5 973 1 35 7 4 4
= —(u——ir+v*— —d"P  u(Gutv— ——u® +3xw)t -
a \ﬂ<u 7! +v 28" +8u(4uv 2564 +3Kkw)t + )
(L 1K2t+1K4t2+1K'(1 S 3P 4wt 4 (4.15)
@ = | FK Rt gk g (g —3v W ) .
1 13 2 25597 7 (35 T 3 4
= —u——wt+3vt° — —t “ul -wv——— 3 A
)4 2t\ﬁ( u 4u + 3v 128 u+8u 4uv 256M+ Kw + )
L1 1 4n 1 L s 3 4

where Kk = +1. The convergence of these series derives from the the majorant method. Note that these solutions contain square root terms of
type v/#, and we will see that these terms can be removed by introducing the variables z1,25,23,24,25 (4.17) which restores the Painlevé
property (that is, the only singularities are poles) of the system in question. Substituting (4.15) in the invariants H| = b; and H, = b, after
eliminating the parameter w, we obtain the following equation (of a curve of genus 16 denoted I') connecting the parameters u and v :

aluv3 +a2u6v2 — a3u”v+a4b1u3v — a5u16 — a6b1u8 +by+ay;=0. (4.16)
where a; = %, a) = %, ay = %, as = %, as = égggg, ag = %, a; = %. Consider on the variety B (4.14), the following
morphism

v:Z—C, (q1,92.p1.P2) — (21.22,23,24,75),
where

u=q, n=q, B=p, W=qP1, 5=Dp—QE @.17)

These variables are easily obtained by simple inspection of the series (4.15). By using the variables (4.17) and differential equations (4.13),
one obtains

i = 2z,

2 = 3,

= 2(371+82), (4.18)
u = z%+4zlz%+zs,

s = 2714+ 4z%14 —27212223-

This new system on C> admits the following three first integrals

1 1, 1
S —uB+ 53— 4 -2,

F =
! 2 294
1
B = Z-Zzs+dnnnuy—048+ Zz‘f — 42322, (4.19)
B = ziz +z%z%—z421.

The first integrals F; and F, are in involution , while F3 is trivial (Casimir function). The invariant variety A defined by

{(z1,22.23,24,25) € C° : F(21,22,23,24,25) = €k} (4.20)

e

A=

k=1
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is a smooth affine surface for generic values of (c1,¢p,¢3) € C3. The system (4.18) is completely integrable and possesses Laurent series
solutions which depend on four free parameters o, 3,y et 0 :

1 1 3 2, .3
- lg-2 4 ) o
7] o 2a +pBr— 16 (a +4B )ty +
= e Lot Lo lK'( a3+12ﬁ)t2+9t3+
2T Tty 32 ’
! Lo 1 3 2
5 = gkt gKa _RK(—a +12ﬁ>t+39t oo, @.21)
1 1 1 3
4 = f?a+fﬁf—a<a3+4ﬁ)t+fyt2+-~-,
1 1
5 = 2720(2_5@ +4B)+4a<a +2ﬁ) (azﬁ—2y+4xea>t+~-~,

where Kk = £1. The convergence of these series is guaranteed by the majorant method. By replacing these series in the equations F| = ¢y,
F, = ¢y, F3 = c3 one eliminates two parameters ¥ and 6 linearly, leading to an algebraic relation between the two remaining parameters,
which is the equation of an algebraic curve C of genus 7,

64B° — 16032 — 4 (a6 ~3202¢; — 1663) B+a (3202 —32ac; +ad - 16a%3) —0. 4.22)

The Laurent solutions restricted to the surface A (4.20) are thus parameterized by two copies C_; and C; of the same Riemann surface C
(4.22) and we embed these curves in a hyperplane of P! (C) using the sixteen functions :

I, z1, 2, 25—z, z3+2Kkz, utkun, WLfH), A+2kfk), HUA+2Kkf),  za(fs +2Kf),
5(f3+2xfe),  fs(fi+2kfs), AL +2Kfe),  fafs+W(,fa), WAL +2kW(fiLfe), f5—225+4f7,

where W (s, 5r) = §sx — 5 is the Wronskian. The curves Cy and C_; have double points in common where they are tangent to each other
and which are a singularity of type A3 of C; +C_;. The Hamiltonian system (4.13) is algebraic complete integrable in the generalized sense
and the invariant surface B (4.14) is completed as a cyclic double cover B of the Abelian surface A, ramified along the divisor C; +C_j.
In addition, B is smooth except at the singularity above and the resolution B of B is a surface of general type. Let G be a cyclic group of
two elements {—1,1} on Vi =U} x {t€C:0<|t| < 8}, where T = /7 and U{ is an affine chart of I'¢ for which the Laurent expansions
(4.21) are well defined. Since the action of G is defined by (—1) o (u,v,7) = (—u, —v,—7) and is without fixed points in V. then the quotient
ng /G identifies itself with the image of the smooth map hé : ng — B defined by the Laurent series (4.21). We have

(-1,1).(uyv, 7) = (—u,—v, 1), (1,=1).(u,v, 7) = (u,v,— 1),

which means that G X G acts separately on each coordinate and so,, identifying vl / G? with the image of yo h] in A. Note that, except for a
finite number of points, Bj V] /G is smooth and the coherence of the B’ follows from the coherence of V’ and the action of G. After
gluing various varieties Bg\{ some points} on B, we obtain a smooth complex manifold § which is a double cover of the Abelian variety A
ramified along C; + C_1, and therefore can be completed to an algebraic cyclic cover of A. We would like to know information on the points
that are missing. For this, we must examine the image of I x {0} in UBé. The quotient I' x {0} /G is birationally equivalent to the curve Y
defined by the equation :

a1y3 + a2x3y2 - a3x6y +a4b]x2y — (a5x8 + a6b|x4 —by — a7) x=0,
and its genus is 7, where aj,...,a7, have been defined above and y = uv,x = u®. The curve Y is birationally equivalent to C and the
only points of Y fixed under (u,v) — (—u,—v) are the points at . These correspond to the (double) ramification points of the map
['x {0} — Y: (u,v) — (x,y), and coincide with the points at co of the curve C. The variety B constructed above is birationally equivalent
to the compactification B of B and B is a cyclic double cover of the Abelian surface A. The system (4.13) is algebraic complete integrable in
the generalized sense and B is smooth except at the point lying over the singularity (of type A3) of C; +C_;. The resolution Bof singularities
of B, is a surface of general type with invariants : Euler characteristic of B=1and geometric genus of B=2. In conclusion, we have [51],

Theorem 4.6. The Hamiltonian system (4.13) is algebraic complete integrable in the generalized sense and possess Laurent expansions
depending on three free parameters : u,v,w, and containing square root terms of type \/t. These Laurent solutions restricted to the affine
manifold B (4.14) are parameterized by two copies I'y and I'_1 of an algebraic curve I" (4.16) of genus 16. This system is part of a new
algebraically completely integrable system (4.18) in five unknowns and having three quartics invariants (4.19). The complex invariant
manifold A (4.20) defined by putting these polynomial invariants equal to generic constants is the affine part of an Abelian surface A with
A\A = Cy +C_1, where the divisor Cy + C_y is very ample and consists of two components Cy and C_y of a genus T curve C (4.22). In
addition, the invariant manifold B is completed into a cyclic double cover B of the Abelian surface A, ramified along the divisor C; +C_| in
such a way that the vector fields extend holomophically alond this divisor and remain independent there. Moreover, B is smooth except at
the point lying over the singularity (of type Az) of C1 +C_ and the resolution B of B is a surface of general type with invariants : Euler
characteristic of B=1and geometric genus of B=2.

5. Conclusion

At the end of this paper, it is worth to mention some similar problems as well as recent results. Abelian varieties, very heavily studied by
algebraic geometers, enjoy certain algebraic properties which can then be translated into differential equations and their Laurent solutions.
Among the results presented in this paper, there is an explicit calculation of invariants for Hamiltonian systems which cut out an open set in
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an Abelian variety and various algebraic curves related to these systems are given explicitly. The integrable systems presented here are
interesting problems, particular to experts of Abelian varieties who may want to see explicit examples of correspondence for varieties defined
by different algebraic curves. The methods used are primarily analytical but heavily inspired by algebraic geometrical methods. The concept
of algebraic complete integrability is quite effective in small dimensions and has the advantage to lead to global results, unlike the existing
criteria for real analytic integrability, which, at this stage are perturbation results. In fact, the overwhelming majority of dynamical systems,
Hamiltonian or not, are non-integrable and possess regimes of chaotic behavior in phase space. The methods used are primarily analytical
but heavily inspired by algebraic geometrical methods. Abelian varieties and cyclic coverings of Abelian varieties, very heavily studied by
algebraic geometers, enjoy certain algebraic properties which can be translated into differential equations and their Laurent solutions.

In recent years, other important results have been obtained following studies on the KP and KdV hierarchies. The use of tau functions related
to infinite dimensional Grassmannians, Fay identities, vertex operators and the Hirota’s bilinear formalism led to obtaining remarkable
properties concerning these algebras of infinite order differential operators as for example the existence of an infinite family of first integrals
functionally independent and in involution. The elaboration of powerful methods and the discovery of their common algebraic structures
led to important developments concerning the study of nonlinear problems. The functions 7(¢) are specific functions of time, constructed
from sections of a determinant bundle on an infinite-dimensional Grassmannian manifold. These functions generalize the Riemann theta
functions and they are solutions of the KP hierarchy, i.e, solutions of an infinite series of nonlinear partial differential equations connecting
infinity of functions of infinity variables. The functions 7(z) can be Schur polynomials, falling within Fredholm’s group representation
theory or determinants. Recently, a new type of tau function has appeared, within the framework of quantum gauge theory with gauge group
SU(N) when N is large. This led to the so-called matrix models (quantum gravity) for counting triangulations on certain surfaces (topology).
The underlying models have remained relatively intractable except in two space-time dimensions; although being physically toy models,
their structure is still very rich. The first tau function was introduced by Sato, Miwa, and Jimbo in relation to the theory of isomonodromic
deformations. It has been defined as a correlation function of certain quantum fields associated with the poles of a Fuchsian system on the
Riemann sphere. These functions give information on the topology of moduli spaces of Riemann surfaces and are closely related to the
theory of representations of Virasoro algebras and W-algebras. The 7(¢) functions play an important role in a large number of branches of
mathematics and theoretical physics, such as integrable systems, string theories, quantum-gauge theories, isomonodromic deformations,
matrix models (quantum gravity), the associated matrix integrals which have power series expansions (perturbative series) and whose terms
count the triangulations on surfaces (Feynman graphs), the module problems and in many other domains. Many problems related to algebraic
geometry, combinatorics, probabilities and quantum gauge theory,..., have been solved explicitly by methods inspired by techniques from the
study of integrable systems. In particular, the study of random matrices, a domain that establishes links with several problems, for example
with combinatorics, probabilities, number theory, models of growth and random tailings and questions of communication technology. The
functions 7(¢) are the source of inspiration for many mathematicians and physicists in search of new algebraic structures appearing in
mathematics and physics. The vertex operators give a good device to the investigation of the matrix models and the spectrum of the stochastic
matrices. An account of these results will appear elsewhere.
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provided in the Nigerian Pension Reform Act of 2004. The plan member is free to invest in
risk-free asset and two risky assets. A stochastic differential equation of the pension wealth
that takes into account certainly agreed proportions of the plan member’s salary, paid as a
contribution towards the pension fund, is presented. The Hamilton-Jacobi-Bellman (H-J-B)
equation, Legendre transformation, and dual theory are used to obtain the explicit solution
of the optimal investment strategies for CRRA utility function. Our investigation reveals
that the inflation has significant negative effect on optimal investment strategy, particularly,
the CCRA is not constant with the investment strategy since the inflation parameters and
coefficient of CRRA utility function have insignificant input on the investment strategy.

1. Introduction

There are two major designs of pension plan, namely, the defined benefit (DB) pension, and the defined contribution (DC) pension plan. As
the names implies, in that of the DB, the benefits of the plan member are defined, and the sponsor bears the financial risk. Whereas, in the
DC pension plan, the contributions are defined, the retirement benefits depends on the contributions and the investment returns, and the
contributors (the plan members) bears the financial risk. Recently, the DC pension has taken dominance over the DB pension plan in the
pension scheme, since DC pension plan is fully funded, which makes it easier for the plan managers (Pension Fund Administrators (PFAs’)
and the Pension Fund Custodians (PFCs’) to invest equitably in the market, and also makes it easier for the plan members to receive their
retirement benefit as and when due.

Investment strategies of the contributions, which in turn is a strong determinant of the investment returns vis-a-vis the benefits of the
contributors at retirement must be given optimum attention. Recent publications in economic Journals and other reputable Mathematics and
Science Journals have brought to light, a variety of methods of optimizing investment strategies and returns. For instance, some researchers
have made various contributions in this direction, particularly, in DC Pension Plan. [1] did work on, “stochastic life styling: optimal dynamic
asset allocation for defined contribution pension plans. In their work, various properties and characteristics of the optimal asset allocation
strategy, both with and without the presence of non-hedge able salary risk were discussed. The significance of alternative optimal strategy by
pension providers was established.

In order to deal with optimal investment strategy, the need for maximization of the expected utility of the terminal wealth became necessary.
Example, the Constant Relative Risk Aversion (CRRA) utility function, and (or) the Constant Absolute Risk Aversion (CARA) utility
function were used to maximize the terminal wealth. [1]-[4], and [5] used CRRA to maximize terminal wealth. However, [6] used the CRRA
and the CARA to maximize terminal wealth.

[7] applied the well-known H-J-B equation, Legend transform, and dual theory to obtain the explicit solutions of CRRA and CARA utility
function, for the maximization of the terminal wealth. In 2012, Nan-wei Han et al took a different direction. The investigated optimal asset
allocation for DC pension plans under inflation. In their work, the retired individuals receive an annuity that is indexed by inflation and a
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downside protection on the amount of this annuity is considered. More so, in 2015, [1] considered an Inflationary market. In their work, the
plan member made extra contribution to amortize the pension fund. The CRRA utility function was used to maximize the terminal wealth.
This triggered our research. Ours is to investigate and view the extent of damage the inflation may have caused to enable us to introduce, not
just an amortization fund, but an optimum amortization fund that would sufficiently dampen the effect of inflation. The approach used here is
similar to that of [5]. The models we used is that of [8], though, we considered inflation of globally competing goods, and some real life
assumptions are made to buttress this fact.

2. Preliminaries

We start with a complete and frictionless financial market that is continuously open over the fixed time interval [0, T'], for T > 0, representing
the retirement time of any plan member.

We assume that the market is composed of the risk-free asset (cash), the inflation-linked bond, and risky asset (the stock price subject to
inflation). Let (Q, F,P) be a complete probability space, where Q is a real space and P is a probability measure, {Wj (¢), W;(¢)} are two
standard orthogonal Brownian motions, {Fj (t), Fy(¢)} are right continuous filtrations whose information are generated by the two standard
Brownian motions {Wj (¢), W (¢) }, whose sources of uncertainties are respectively to the inflation rate and the stock market. We assume also
that at the early stage of the inflation, before government intervention policy, {Wg (¢), Wi (¢)}, {W; (t), Wr(#)} are two standard orthogonal
Brownian motions, respectively.

Let C(¢) denote the price of the risk free asset at time ¢ and it is modeled as follows

=rg(t)dt,C(0) =1

r(t) is the real interest rate process and is given by the stochastic differential equation (SDE)

drR(t)

or = Vkirg(t) + ko , 1 >0,

where rg is a real interest rate, rg(0), k1, and k; are positive real numbers. If k; (resp., k) is equal to zero, we have a special case, as in [9],
[10] dynamics. So under these dynamics, the term structure of the real interest rates is affine, which has been studied by [7], [4], [11] and [2].
Let S(¢) denote the price of the risky asset subject to inflation and its dynamics is given based on a continuous time stochastic process at
¢t > 0 and the dynamics of the price process is described as follows

ds (l) o s 1 s 1 _

75(1‘) —(rR(t)qule + A0 Sej)dl‘+ o’ dWs+ o s dWy, S(O)— 1 2.1)
premium associated with the positive volatility constants 6,° and 6’ , respectively, see [4]. 6; represents the inflation price m with A; and >
represents the instantaneous market risk.

An inflation-linked bond with maturity 7', whose price at time ¢ is denoted by B(z,1(¢)), t > 0, and its evolution is given by the SDE below
(see [8])

(a — brg (t)) dt — ordWg(t),

dB(t, I(1)), )
B(t, 1(1)),

Let us denote the stochastic wage of the plan member, at time ¢, by P(r) which is described by

= (rr (1) + 0167)dt + crdWi(t), B(T, I(T))= 1 (2.2)

i’%) — wp(t) di+ 0 pdWy(1)+ ' ydWi (1),

where, 1, (t) denotes the expected instantaneous rate of the wage, while 6*, and o! p denote the two volatility scale factors of stock and

inflation, respectively. Since the wage is stochastic, we let the instantaneous mean of the wage to be up (t, r (t)) =r(t)+ uj,, where m, isa
real constant.

3. Methodology

3.1. Hamilton-Jacobi-Bellman (HJB) equation

Suppose, we represent u = (up, us) as the strategy and we define the utility attained by the contributor from a given state y at time 7 as
Gu(t,rr,y) = Eu V(X (T)) | rr (t) = rr,Y (1) =], (3.1

where ¢ is the time, rg is the real interest rate and y is the wealth. Our interest here is to find the optimal value function
G(E"RJ) = Squu(t7rR7y)
u
and the optimal strategy u* = (up*,us*) such that

Gu* (teray) = G(ter7y)'
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3.2. Legendre transformation

The nonlinear partial differential equation obtained in (3.1) above is transformed into a linear partial differential equation, using the Legendre

transform method and Dual theory.

Theorem 3.1. [12] Let f : R" — R be a convex function for 7 > 0, define the Legendre transform

L(z)= max {f») -2},

3.2)

where L(z) is the Legendre dual of f(y). Suppose, f(y) is strictly convex, then the supremum (3.2) would be attained at one point, denoted

by yo (i.e, the sup. exist). We write
L(z) =supy {f (v) —2v} = f (vo) —2¥0
By Theorem 3.1 and the assumption of convexity of the value function G(z,rg,y), we define the Legendre transform

G(t,rr,z) =sup G(t,rg,y) —zy |0 <y <o} 0<t <T.
y>0

Where z > 0 denotes the dual variable to y and G is the dual function of G.
The value of y where this optimum is attained is denoted by % (¢, r,z), so that

h(t,rg,z) = inf y |G(t,rr,y) > 2y +G(t,rg,2)} 0<t<T.
V>

from (3.4), we see that the function / and G are closely related, hence we write either of them as dual of G. To see this relationship,
G(t,rR,z) =G(t,rg,h) —zh.
where
h(t,rg,z) =y, Gy =z, and relating Gtohbyh=—G,.
Replicating the idea in (3.3) and (3.4), above, we define the Legendre transform of the utility function U (y), at terminal time, thus

U(z) =supyso U (x) —2x |0 <x < oo},

where z > 0 denotes the dual variable to y, and U is the dual of U.
Similarly, the value of y where this optimum is attained is denoted by G(z), such that

G(z) =supeso{w|U(x) >=x+U(2)}.

Consequently, we have

where G is the inverse of the marginal utility U.
Since h(T,rg,y) = U (y), then at the terminal time, 7', we can define

h(Ter7Z) = lgg{y‘U(y) Zzy+il(T7rR7Z)}
y

and

h(T,rg.z) =sup{ U (y) — 2y}
y>0

so that

h(T,rp,2) = (U) 7 (2).

(3.3)

(3.4)

(3.5)
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4. Model formulation

Here, the contributions are continuously paid into the pension fund at the rate of KP(z) where K is the mandatory rate of contribution. Let
W (t) denote the wealth of pension fund at time r € [0,7]. up (¢) and ug (¢) represent the proportion of the pension fund invested in the bond
and the stock respectively. This implies that the proportion of the pension fund invested in the risk-free asset uc (t) = 1 —up (t) — ug (¢). The
dynamics of the pension wealth is given by

ds(t)

dw (t) = ucW () S(t)

+usW (1)

dC (1) M +KP(t)dt 4.1)

cw +upW (1)
Substituting f(1), (2.1) and (2.2) in (4.1) we have
AW (1) =W (1) [rR (1) + 616yu + (xl o5+ ,1201‘?9,) us] dt +KP(t)dt +W () (oup + 6" sus)dWy (1) + W (1)0* susdWs (1) (4.2)

Let the relative wealth (¢)rbe defined as follows

Y() = VI%) @3)

Applying product rule and Ito’s formula to (4.3) and making use of (2.3) and (4.2) we arrive at the following equation

ay(t) = Y(@) {r(z) —pp+ (0, + (crlp)2 + {(Alc‘vs +AZGIX9,) - %Gl‘val,, - %GS‘YGXP:| us + (0161 - %G[GII,) uB}dt
+ Kdi+Y (1) (c,uB + ol ug — o’,,) AW, +Y (t) (0% us — 6° ) dW,  Y(0) =W(0)/P(0)
Simplifying,
dY (t) = X (c1 + caus + c3ug)dt + Kdt + Y (1) <G,u3 +olgug— of,,) AW, (1) +Y (1) (0% sus — 0* ) dWs (1), (“.4)

where

c1 =rr(t) = p+(c*,)’

) 1 1
¢ = <7Llo'és +1261561> - 56150"1, - 50550'51,

1
1
c3 = 019]— EGIG P

The Hamilton-Jacobi-Bellman (HJB) equation associated with (4.4) is

4.5)

1 y(c1 +uscr +upes)Gy+KG
G;—O—(a—er)Gr—i-ZG,RZGrRrR—O—sup{ O ’ )0y Y
u

+3921((orup+ o' sus — 6 ,)) + (0% us = 0°)*|Gyy =0

where G;, Gy, Grry , Gy and Gy are partial derivatives of first and second orders with respect to time, real interest rate, and relative wealth.
Differentiating (4.5) with respect to ug and ug, we obtain the first-order maximizing conditions for the optimal strategies ug™ and ug* , thus

3Gy +y01 (" + o' yus” ~ o) Gy =0 4.6)

3Gy +x0' (o,uB* +olus* —o! ,,) Gyy+y0%s (6%5us™ — 6%p) Gy =0 @.7

Solving (4.6) and (4.7) simultaneously we have

us* _ 61503 — )07 Gy 4 GSpGIS-i-GSpGSx—GIpGls 4.8)
= 2 2 :
(0%:)°0ry Gyy (o%)
I I (s I 5 I 1 I (0
ug* = op © s(o*po’s+0°,0°%—0o',0'y) o s(o'sec3 —cr01) Gy g Gy @9)

o1 (05)%0 (0%5)%y Gy 0%y Gy
Substituting (4.8) and (4.9) into (4.5), and assuming independent and identically distributed volatility scale of salary for stock and inflation
(ie., 6! = 0%)), we have
Gy + (a—brg) Gry + 10,2 Grpre + (K +y(Lps +p1)) Gy

2 G/ (4.10)
+ (2912 +3(olp) =610/, +p2 +P4) G, T 37%p3 =0,
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p1= %( p) +M0%50! 5010 + M (0! )91 0'1**310' ol 0'10' =32 (0!5)% 06,0107,

~1(c',)?6,010" P —1o%0! 0! 5006+ § (0 )2(61 201+ §0°5(0l5) %0l 50

2 2
( x) 9[5 P AZO_ 610_ P 9112( S) ( 1!’) (O-Il’) 0-15
+Ai0° pt (0°)? + [l - (o7, ~ 20, W
py =M olol,  2MMal6  M(0')'62 | Aa(aly) 60, 4 kol8ly 3(a'y)*(a’,)?
2 207, . o’ (0,)° (0%)? . 26% 40%,2
2 ¢
3 91(61A> o'lp GIGIPOJA‘ elz(olx)- [ (clp) (UIJ) <0"XF)ZGIA
-7 c N2 - 20° - 2 + o + ) + 405
(o) O’ (0%) s 2(o%s) s

14 2201 )2 .
p3 = (Gls)4619]2 o (613)401291011)4_ (d'y) Gz’x (c'p) + (0'*‘5)2(0"5)2612012 B (G%)ZO'ISGIZBIGIP
()’ (0’02 (c"))’ _ 2(0',) (")’
7

1 I s I !
+20'5076;0" ), —20°;0's01610" ), + (o7
s

1 \4n2 133 I
p4:(0'.r) ?11 _,’_(0';) 91;5'1;_’_

2 2 2 2
(e'9)"(c"y) _ 2912<0'1.r)2 o's0’,6 , o'y(dh) 6 _ o's(a’))
S

(%) (%) 4(0%y)" ()" (o) (@) 200
+2/lllzp"591 A O'lfclp + 112(013-) o _ A CR _ AZO—,X_GIO_IP + (c's)"(c')) + 0”s<°__1p)-
I o’y (0%,)’ (c%,)? o’ 4(0%,)? 207
13 06! 25! ) 0,2 1N\4 = T 0 133 1 3\2
(0's) c1010"y,  2(c's) 016°  (0's) 010,61 (0'5) or(c'p) 2
ps = 0] - 7 + 5 - 5 +29] G’( ) 91( ) 010 p
(o) (o) (o) 2(0%)
1 N2 132
o o) o
L @) E)a ")(2 s) L 20%0! 01610 —2(0'5)2 016,22 + 0* 50! s016107 , + 0° 56! s016167 21 + (61) 0r07 , 206
1\2 1 32 s 1 1 32 ! !
o'y) oi(o o’;ols0r(0 2A,0',6;0
_ ( s) [( p) _ sO s 1( P) —2GSS)L20'1561(711;+ 20 Y10 p
2 2 0¥

with G (T,rgy,) = U ().
Applying Legendre transform to (4.10), we have

G+ (a—brg(1)) GrR +

1 54 1 1 2 R
50 Grer +[K +y(5p +p)]Z— (26125 (o’p) — 66!+ +p4) e
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Differentiating equation (4.9) for G with respect to z we obtain a linear PDE in terms of / and its derivatives and using y = h = —G,, we have
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1 1 1
ht +(a—bl‘)/’er + EGrRZI’errR —Zh2 (EPS +p]) - |:k+/’l (EPS +P1)] -

@4.11)
1 2 1 h2hh
<2912*( 1p> — 66", +pa +P4) <hz22+22hzz> +5P3 <2h+ 2 ZZ) =0
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p1 = 3(0'p)? +A10%06' 5016 + M (07)26,% 01 — s A 0°56!so167 ), — 1 2a(014)2 60167,
—%(GIS)ZGIG]GIP 1o%50! 015016, + 1 (75) (0! )01 + Lo°s(0!s) %0 501
I I I I \2/ 1 \2 1 \2 1
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We will now solve (4.11) for /4 and substitute into (4.12) and (4.13) to obtain the optimal investment strategies.

5. Explicit Solution of the optimal investment strategies for The CRRA Utility Function

Assume the investor takes a power utility function

yl’
U(X):? p<l1, p#0 5.1)

The relative risk aversion of an investor with utility described in (5.1) is constant and (5.1) is a CRRA utility.
From (3.5) we have /1 (T,r,z) = (V')~! (z) and from (5.1), we have

h(T7rR>Z) = Zﬁ
We assume a solution to (4.11) with the following form
h(t,r,Z):g(N)[ " 1] +v(1), v(T)=0, g(T,s)=1.

Then

1 i
P SRV S o) PSR 7O ) (5.2)
I-p I-p
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hzz:( P8 |

1 L 1
X )7 hry = 8re27 1y Migrg = &rarg@? 1.

Substituting (5.2) into (4.11), we have

p: 2 2
g,R,,g,,Rz + gF+p1) % —epi+ 24(26,21 (0',)" =616 y+-p2-+pa)

1-p 1-p

&+ (afer)gVR -
(2-p)g(2624(0',)*~6,6" y+patps)
(1-p)®

L 1
zPl' + (1) —k— 5VPs —VPI =0

+y' (1) =p1y(t) = po=0 (5.3)
Splitting (5.3), we have

v (1)~ (395 +p1v(0) — k=0

2 2
g’R’I;‘TfRZ + s(B+p) _gps —epi+ 2(2671(c’,) —60" ,+patps)  (2-p)g(26°1(0!,) 010", +p2-tpa) -0 (5.4)

1-p 2 -

g+ (a—brr)gr, — I-p (1—p)?

Considering the boundary condition,

v(T)=0,
yields the solution
k
y(t)=——(1—ePT7) ,
0=~ )

where p3 =0, p, = 5ps +pi
Next, obtain the solution of (5.4), by assuming, a solution of the form

g(t,rr) =M(t) NORM(T) =1, N(T) =0

8re =M (ON ()", gy = M () N? (1) VO and g = rgM (t)N' (1) O + M (1) N (5.5)
Substituting (5.5) into (5.4), we have

MI 1 2 1 2 pS p] 1 1
N — +Na—Nb N7k —N~7k; —=p5— =
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Splitting (5.6), we have

M 152 p p_ 1 |
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—r (1-p)

1
N; —Nb+ 5Nzkl =0 (5.7
Solving (5.6) and (5.7), we obtain

2b[t—T]
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1
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5 2
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H= + P e i+
20-p) 1-p 2P 2P 1—p (1—p)

where



98 Fundamental Journal of Mathematics and Applications

a%(a®—2kH) 2 k[]t}

e 2b(t—T)
8(re:1) = | P R
{ai(uz—Zsz)ZszlT} 1
e
Therefore, the solution of (4.11) becomes
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1
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e

where p3 =0, p, = $ps +pi

Theorem 5.1. Let the optimal investment strategies for cash, bond and stock be given as follows
_ 2[t-T] 4b

uc* =1—up* —ug*.Then N (t) = = withd, = % anddr, =0.
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It therefore follows that
2b[t—T)]
N(t)=
(t) I
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! 2k
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O

Remark 5. 1

If we let o/ p= =0l p = 6; =0, the optimal strategies (5. 8) and (5.9) would be of the form of the [7]

Recall from [7], the coefficients d|, d, degenerates to 2k and zero, in the absence of the coefficient of the CRRA (i.e, as p — 0), however,
in this work, even in the presence of the coefficient of CRRA the coefficients d 1, dy are already degenerate. We therefore, conclude that,
under the inflationary market, the CRRA utility function has little or no effect on the investment strategy.

The associated optimal investment strategy for a logarithmic utility function, as p — 0 is given by

1 1
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6. Discussion and conclusion

6.1. Discussion

From Proposition 5.1, we deduced that in the absence of inflation, proportions of the pension wealth invested in stock and bond would be at
least at minimal returns, and the optimal investment strategy, with CRRA utility function, would be constant. From (5.10) and (5.11), we
observe that the optimal investment process is lumped with a lot of inflation radicals. More so, from remark 5.1, we discovered that the
CRRA utility function does not have much effect on inflation and its effect on wealth investment. From the analysis, we see that the returns
on investment of the pension wealth will reduce drastically, therefore, the contributor require the extra measure to dampen the effect of
inflation on the investment strategy. From this analysis, we deduce also that the more the returns on optimal investment degenerates, which is
as a result of inflation-affected optimal investment strategy, the more the price of stock becomes non-increasing, then the need for more
wealth investment in both stock and bond becomes necessary, in order to recover for the lost times, and pull down the price of stock, hence
the need for an amortization fund by the plan member becomes necessary.
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6.2. Conclusion

The optimal investment strategy for a prospective investor in a DC pension scheme, under the inflationary market, with stochastic salary,
under the affine interest rate model has been studied. Relevant to this work, the CRRA utility function was used and we obtained the optimal
investment strategies for cash, bond and stock using the Legendre transform and dual theory. More so, the effects of inflation parameters and
the coefficient of CRRA utility function were analyzed, with insignificant input on the investment strategy. We conclude, therefore, inflation
has significant negative effect on optimal investment strategy, particularly, the CRRA utility function is not constant with the investment
strategy.

6.3. Recommendation

From the result obtained in this work, we recommend the investigation of the effect of extra contribution on optimal investment strategy, in
DC pension scheme, under inflationary market.
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