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Article Info Abstract
Keywords: Artificial intelligence, Kine- This paper presents kinematics form of pronation and supination movement. The algorithm
matics, Modelling, Pronation, Stewart of Stewart platform motion can be used to create a new motion of supination (or pronation)

platform, Supination. motion. Pronation motion can be taken as Stewart motion which has not any rotation

2010 AMS: 53A04, 53A17, S7R25. on x-axis and y-axis. In this case, pronation motion has only one parameter. Supination

Received: 22 October 2020 movement creates a helix curve. Additionally, the correlation between rotation angle and

Accepted: 12 March 2021 extension is 1. This allows us to use artificial intelligence in pronation motion. In this

Available online: 30 April 2021 article, the algorithm and Matlab applications of pronation motion are given in the concepts
of artificial intelligence approach. This is a new and important approach.

1. Stewart platform

A Stewart platform is called a form of manipulator with six degrees of freedom, which allows one to provide a given position and orientation
of the surface in the vicinity of any point of the platform on its three cartesian coordinates and projections of the unit normal vector [1]. A
mathematical model of the mechanism of movement of an undeformed platform with six degrees of freedom is proposed [2].

The Stewart platform consists of two rigid frames connected by 6 variable length legs. The base is considered to be the reference frame work,
with orthogonal axes x, y, z. The platform has 6 degrees of freedom with respect to the base. The origin of the platform coordinates can be
defined by 3 translational displacements with respect to the base, one for each axis [3, 4].

Three angular displacements then define the orientation of the platform with respect to the base. A set of Euler angles is used in the following
sequence:

1. Rotate an angle y (yaw) around the z-axis,

2. Rotate an angle 6(pitch) around the y-axis,

3. Rotate an angle ¢ (roll) around the x-axis.

P=iX+jyY+kK!=ix+jy+kz

x = OA—BC=xcosy—ysiny

y = AB+PC=xsiny+y cosy
/

z = ¢

(Figure 1.1). The rotation matrix of the platform relative to the base is given by

PRp = RA(w)R,(6)R:(9)
cosy —siny 0 cos@ 0 sin6 1 0 0
= siny cosy 0 0 1 0 0 cos¢p —sing
0 0 1 —sinf 0 cos6 0 sing coso

cosOcosy —cos@siny+sinBcosysing  sinysin@ 4 sin 6 cos ycos @
= cosOsiny  cosycos@+sinBsinysing@  —cosysin@+sinfcos@siny
—sin 6 cosOsin@ cos O cos @
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0 A

Figure 1.1: Rotation around z-axis

[5, 6]. Now consider a Stewart platform. For the i —th leg (Figure 1.2):

Platform

Figure 1.2: Stewart platform

The coordinates g; of the anchor point with respect to the base reference framework are given by the equation
qi = T+PRB'pi3i = 17273

where T is the translation vector, giving the positional linear displacement of the origin of the platform frame with respect to the base
reference framework, and p; is the vector defining the coordinates of the anchor point p; with respect to the platform framework.
Similarly the length of the i —th leg is given by

li= T+PRB.pi7bi,l.= 1,2,3

where b; is the vector defining the coordinates of the lower anchor point B;. These 6 equations give the lengths of the 6 legs to achieve the
desired position and attitude of the platform.

2. Pronation motion in the concepts of artificial intelligence approach

In kinematics applications, axis, points, orbits are main and important. Especially orbits of points are important and informative. For
example, if the orbit of a point under a displacement is on the sphere with radius r and center P, then the displacement is a rotation with pole
point P. If the orbits of every points under the displacement is on the perpendicular circular cylinder then the displacement is a rotation with
translation. Stewart platform can make rotation, translation or rotation with translation. Let S be a cylinder in Figure 2.1.

Bottom cover is fixed platform, and top cover is moving platform. Every point moves during the movement, and movement is rotation with
translation.

Supination and pronation motions can be considered inverse motion each other [7, 8, 9]. So we study only one of them in this study as
modelling. Main structure of the model is as follows.

1. The forearm is considered as a cylinder or cone. We consider cylinder.

2. The planes at the elbow and wrist are considered as fixed and moving planes of Stewart platform. The elbow plane is fixed and wrist
plane is moving plane.

3. Suppose that the forearm is the cylinder (Figure 2.1).

In (Figure 2.2), L line part is

L:(r,0,z2)
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Figure 2.1: Elbow and wrist plane

z=d

6o =AT,0,20)

/ (r,0,0)

Figure 2.2: y(z) rotating angle

a<z<b, a,becR. AsaStewart platform, the matrix of displacement is

T +R(W)Ry(0)R:(9).

There are not rotation around x—axis and y—axis because fixed and moving platforms are parallel to each other. So, displacement matrix in
this case is

T+R (y).

Translation part of displacement, in case of pronation motion, must be evaluated in pronation. Rotation angle is limited yy and v,
Yo < y; <y, where yy = 0 and y, is final value.
At the z = zg rotation plane, rotation angle is

2
Yo = Ve

So, P, pronation rotation matrix is given as follows

cosy, —siny; O
P,=| siny; cosy, O |. 2.1)
0 0 1

Let X be a representative point of the line d, d = {(xo,y0,2) | 0 <z < z.}, then we have

cosy, —siny;, O X0
a(z)=PuX = | siny;  cosy; 0 | | yo |, X=(x0.0,2) Xo+y5="r"
0 0 1 z

and

0(2) = (X0 cos Y — yo Sin Yz, X0 Sin Y + yo cos Yz, 7). (22
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3. Properties of the motion

We will give some theorems about the motion using the equations (2.1) and (2.2).

Theorem 3.1. o(z) = Py (d) is a helix.

Proof.
((d) = (x0C0S Y — yoSin Ve, x0Sin Vi + 0 COS Y2, )
o'(z) = (—Axpsiny, — Aygcos Wy, Axgcos y; — Aygsinyg, 1)
a'(z) = (—Axgcosy + A2ygsiny;, —A2xgsiny, — A2y cos v, 0)
)] = A2 sin? yr, + A%y3 cos? w, + 242 xgyo sin ; cos v,

+12x0 cos? Y, + /lzy(% sin? y, — 2A%xgyo sin Y. cos Y, + 1)

= \/Azx(z) sin? y, + A2x3 cos? y; + A2yZ cos? y, + A2yZ sin® y; + 1
VAR + A2 +1
= VA2 +1.

Let k=+vA2r2+1, A = ¥, 50 we have Frenet vectors as follows.

=¥,
T = (~Axsiny. ~ Avocos i Axocos e — Aypsinys, 1
1 . .
TG = AT( A%xg cos yr, + A2yg siny;, —A%xg sin g, — A2yg cos y;, 0)
1 . .
= ;(_XOCOSWZ"’yOSInWZv_-xOSlnWZ_yOCOSWZvo)
— 1 . 1 . Ar
B = (rosin: +yoeos e), 1 (—spcos e +yosinys), )
X0 . Yo —X0 Yo . o Ar
= (? siny, + & COS Yz, ——cos Y + 7 Sinvz, 7)
The first and second curvature of ¢(z) are
ko= |lo"@)]|=2%=(¥y
)| = 22 = (Yo
A
v o= Pel=T =T
Therefore,
K _ Yk
T L
is fixed. Hence, a(z) is a helix. O

Theorem 3.2. Let X be series of z,and Y be series of the length of the curve o.(z). Then correlation between X and Y is equal to 1.
Proof.
o(z) = (xocos W, — yg sin Y, xq sin W, + yo cos Yz, )
is the picture of X.
o/ (z) = (—Axgsin y, — Ayg cos y;, Axgcos W, — Aygsiny;, 1)

and we calculate |a/(z)]| as

lo’@|| = vaze T, a=%.

Then every point at zp, we have

20
Ly, :/\/)Lzﬂ—i- ldz = /A2 + 1z,
0

In this case, the series X and Y are written.

X = {0,01,...Z},
Y = {0:--~7(Pe}7
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where Z, is the last value of z and ¢, is the last rotation angle. For every x;, we have y; = VA2 + 1x;, VA2r2 +1=¢c,c > 0.
We know that correlation of the series X and Y is given by

nYxiyi — (Exi)(Xyi) .
\EE = (L) fnEy? - (Ewi)?

cor(X,Y) =

For our series, we have
nYxi(exi) — (Xxi)(Xexi)

aniz — (Xxi)2/nY(cxi)? — (L exi)?
c(nEay — (Lx)?)

e\/nEx; — (Exi)2/nLxi? — (Lxi)?

= 1

cor(X,Y) = =

4. Application

Example 4.1. Let L =20cm, r =3cm, Yy, = %7 step=0.5. Then we have the series X and Y.

X={05 1, 15 2, 25 3, 35 4, 45 5 55 6, 65, .. 19, 195 20 }
Y ={ 050615, 1.0123, 1.51845, .., 18.2214, 18.72755, 19.2337, 19.73985, 20.246 }
Thus, we have cor(X,Y) = 1.

Matlab programme m-file and (Figure 4.1) of this example are as follows.
cc=5

grid on

axis([-cc cc -cc cc 0 4%*cc])

xlabel(’x axis’); ylabel('y axis’); zlabel(’z axis’)
line([2 2],[0 0],[0 20], LineWidth’,4, color’,[.2 .2 .5]);
line([0 0 1,[2 2 1,[0 20],’LineWidth’,4,’ color’,[.2 .3 .5]);
line([-2 -2],[0 0],[0 20], LineWidth’,4, color’,[.2 .4 .5])
L=20

for z=0:0.1:20

d=(pi/3)/20

r=3

c=((r"2*d"2+1))"(1/2)

u=((pi/3)/L)*z

A=[ cos(u) sin(u) 0

-sin(u) cos(u) 0

001]

P=[2:0; z]

Q=[0:2; 7]

D=[-2;0; z]

E=A*Q

B=A*P

C=A*D

hold on

plot3(C(1),C(2),C(3),.r’

plot3(B(1),B(2),B(3),’.r")

plot3(E(1),E(2),E(3),’.r")

pause(0.01)

end

hold on

text(2+0.5,0, 0, °’P’)

text(2,0,21,/Q’)

for t=0:1:360

r=2

plot3(r*cosd(t), r*sind(t), 0, .r")

plot3(r*cosd(t), r*sind(t), 20, .r")

end



Journal of Mathematical Sciences and Modelling

S.

z axis

y axis S5 5

X axis

Figure 4.1: Orbits of points

Conclusion

We can use the algorithm of Stewart platform motion to create a new motion of supination(or pronation) motion. Supination and pronation
motions are inverse motion to each other. So it is sufficient study only one of them. Pronation motion can be taken as Stewart motion which
no rotation on x-axis and y-axis. In this case pronation motion has only one parameter. Translation part of pronation motion is uploaded the
moving points. We give a relation between rotation angle and third component of moving platform which first and second components are
fixed. The Frenet elements of the curve of the motion are calculated. We prove that the image curve is a helix. The correlation between
rotation angle and extension of the image curve is exactly equal to 1.
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mass moving along a trajectory in space may be seen as a point of the trajectory. Therefore,
there is a very close relationship between the differential geometry of the trajectory and the
kinematics of the particle moving on it. One of the most important elements of the particle
kinematics is the jerk vector of the moving particle. Recently, a new resolution of the jerk
vector, along the tangential direction and two special radial directions, has been presented
by Ozen et al. (JTAM 57(2)(2019)). By means of these two special radial directions, we
introduce a new moving frame for the trajectory of a moving particle with non vanishing
angular momentum in this study. Then, according to this frame, some characterizations for
the trajectory to be a rectifying curve, an osculating curve, a normal curve, a planar curve
and a general helix are given. Also, slant helical trajectories are defined with respect to this
frame. Afterwards, the necessary and sufficient conditions for the trajectory to be a slant
helical trajectory (according to this frame) are obtained and some special cases of these
trajectories are investigated. Moreover, we provide an illustrative numerical example to
explain how this frame is constructed. This frame is a new contribution to the field and
it may be useful in some specific applications of differential geometry, kinematics and
robotics in the future.

1. Introduction and preliminaries

In differential geometry, the local theory of space curves plays an important role. The discovery of the Serret-Frenet formulas in 1847
was a milestone for the researchers who are interested in this theory. Despite its long history, it is still an issue of interest. The moving
frames adapted to curves are useful tools for investigating this theory. From the discovery of the Serret-Frenet frame until now, many
researchers have presented lots of interesting studies on this theory by using Serret-Frenet frame. Some of these studies can be found in [1]-[6].

From past to present, many researchers have developed new moving frames which have a common base vector with the Serret-Frenet frame.
For example R. L. Bishop introduced parallel transport frame (or Bishop frame) in 1975 [7]. The first base vector of Serret-Frenet frame is
included by this frame. A similar study was carried out by Yilmaz and Turgut in 2010 by using the third base vector of the Serret-Frenet
frame [8]. The authors called this frame as Type-2 Bishop frame. In 2019, a new version of Bishop frame was introduced by inspiring from
these studies and by taking into consideration the second base vector of Serret-Frenet frame [9]. This frame is called Type-3 Bishop frame.
There can be found many interesting studies such as [7]-[13] on various moving frames in the literature.

In Euclidean 3-space, a moving point particle of constant mass has a position vector according to the moving frame we are working
on. By this way, any point on the trajectory can be represented by this particle. So, there is a very close relationship between the kinematics
of a moving particle and the differential geometry of the trajectory which is the oriented curve traced out by this particle. As a result of this

Email addresses and ORCID numbers: kahraman.ozenl @ogr.sakarya.edu.tr, 0000-0002-3299-6709 (K. E. Ozen), tosun @sakarya.edu.tr, 0000-
0002-4888-1412 (M. Tosun)



https://orcid.org/0000-0002-3299-6709
https://orcid.org/0000-0002-4888-1412
https://orcid.org/0000-0002-4888-1412

8 Journal of Mathematical Sciences and Modelling

case, moving frames have been used as very useful tools to investigate the concepts on the kinematics of a moving particle such as position,
velocity, acceleration and jerk vectors. Kinematics equations are used to determine the motion and to reach a desired position in robotics. To
obtain an equation which includes all the position, velocity, acceleration and jerk, and to give the relationship between them provides various
advantages for investigating some concepts in robotics such as minimum jerk trajectory generation. These facts and the importance of the
position vector have motivated us in the process of preparing this study. We have constructed a new moving frame for the trajectories having
non-vanishing angular momentum by using the own position vector of the moving particle. We expect that for the researchers studying on
modern robotics, this moving frame will enable more convenient observation environment to understand the relationships between the basic
concepts of kinematics and the basic concepts of inverse kinematics in the future.

Let us take into consideration the 3—dimensional Euclidean space E3 with the standard inner product:

(K, L) =kily +kolp +k3l3 (1.1)

where K= (k1 , k2, k3), L = (I1, I, I3) are arbitrary vectors in this space. The norm of the vector K is expressed as ||K|| = / (K, K). If
a differentiable curve y = x (s): I C R — E3 satisfies the equality H ‘%

=1 for all s € I, this curve is said to be a unit speed curve. In that
case, s is said to be arc-length parameter of this curve. A differentiable curve is called regular curve if its derivative is nonzero along the
curve. Any regular curve can be reparameterized by the arc-length [14]. In the rest of this section, curves will be supposed to be regular and
unit speed. Another thing that can be of importance is that the differentiation with respect to the arc-length parameter s will be denoted by a
dash throughout the present study.

It is well known that the unit tangent vector T = &’ of a given curve & is determined uniquely. When the tangential components of
two moving frames are common, these frames are called as equivalent frames. For example, Serret-Frenet frame and Bishop frame are
equivalent frames.

Let {T, Ny, N} be a moving frame of a space curve which includes the unit tangent vector T and two normal unit vectors Ny, Nj.
These three vectors together form a positively oriented orthonormal basis of the 3—dimensional Euclidean space E> attached to each point of
the curve. Because of the orthonormality, the matrix form of derivative formulas are given as in the following:

T 0 ki k T
N/ | = | -k 0 k3 Ny (1.2)
N, —ky —k3 O N,

where k1, ko, and k3 are continuous coefficient functions. These coefficient functions are sufficient to characterize the geometry of the curve
[15].

For the Serret-Frenet frame k, = 0. Also, Nj,Nj»,k; and k3 are commonly denoted by N, B, k and 7, respectively. So, the derivative
formulas take the following form:

T 0 Kk 0 T
N|=|-«x 0 = N (1.3)
B’ 0 -7 0 B

Here, the vector N = % and B = T AN are specially called as principal normal vector and binormal vector of the given curve 8, respectively.

Also, the function k = (T’, N) is called as the curvature function, while the function T = — (B’, N) is called as the torsion function [14]. In
the rest of the study, we assume everywhere k # 0.

This article is organized as follows. In Section 2, we explain how our frame is constructed and give the relation matrix between this
frame and Serret-Frenet frame. Then, we obtain derivative formulas and complete the set of apparatus of this frame. Also, an illustrative
example is given and the angular velocity vector is obtained for this frame. In Section 3, we obtain some necessary and sufficient conditions
for the trajectory to be a rectifying curve, an osculating curve, a normal curve, a planar curve and a general helix. In Section 4, we define
slant helical trajectories according to this frame. Then we give a characterization for these trajectories and investigate some special cases of
these trajectories.

2. Positional adapted frame

Let us take into consideration a moving point particle of constant mass m in space E>. Choose an arbitrary fixed origin O in space and denote
by x the position vector of this particle at time 7. Let the curve o = o(s) be the unit speed parametrization of the trajectory of the particle
where the arc-length s of o corresponds to time . Then, the unit tangent vector, velocity vector and linear momentum vector at the point
o(s) (at time 7) are given by

dx
T(S) = a
V() = % = (%) T(s) @2.1)

respectively [16]. On the other hand, we can write the following:

x = (a(s), T(s)) T(s) + (ax(s), N(s)) N(s) + (a(s), B(s)) B(s) 22
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at the point a(s) (at time r) with respect to Serret-Frenet frame. By vector product of the position vector and the linear momentum vector at
time ¢, the angular momentum vector of the particle about O is obtained as follows:

d d
0O = (a(5). B)) () N5 = m{a(s),NG) (& ) BS), 3)
In the rest of the study, we assume that angular momentum vector of the particle never vanishes. That is, we restrict ourselves to the
trajectories having non-vanishing angular momentum. By this assumption, we ensure the coefficient functions {(@(s), N(s)) and {(a(s), B(s))
of the position vector not to be zero at the same time. In other words, we ensure that the tangent line never passes through the origin along

the trajectory. Here we will use the special radial directions discussed in the study [17].

Now we return to the position vector in the equation (2.2). The opposite of this vector is given by
—x = (=a(s), T(s)) T(s) + (=a(s), N(s)) N(s) + (—a(s), B(s)) B(s)- 24
The projections of this vector on the instantaneous osculating plane 7 (s) and instantaneous rectifying plane 7, (s) give us two vectors which

will play an important role to construct our moving frame. These cases are explained in detail below:

The vector, whose starting point is ¢ (s) and endpoint is the foot of the perpendicular that is from O to 7| (s), can be written as
r(s) = (—a(s), T(s)) T(s) + (= o(s), N(s)) N(s) (2.5)

and corresponds to the aforesaid projection on 7 (s). On the other hand, the vector, whose starting point is ¢ (s) and endpoint is the foot of
the perpendicular that is from O to m,(s), can be written as

r'(s) = (—afs), T(s)) T(s) + (—a(s), B(s)) B(s) (2.6)

and corresponds to the aforesaid projection on 7, (s). Since the coefficient functions of the unit tangent vector are same in both equations
(2.5) and (2.6), we can easily obtain the following vector

r(s) —r*(s) = (—a(s), N(s)) N(s) + (a(s), B(s)) B(s) 2.7

whose starting point is & (s) and which lies on the instantaneous normal plane 73(s). Notice that the vector r(s) — r*(s) is equivalent to the
vector whose starting point is the aforementioned foot on 7, (s) and endpoint is the other aforementioned foot on 7; (s) (see Figure 2.1).

Let us discuss on the determination of the unit vector in direction of the vector r(s) — r*(s). When both the planes 7y (s) and m(s)
do not contain the origin, the foots are distinct from each other and from the origin. Thus two distinct points (foots) generate the non-zero
vector r(s) —r*(s). So, the desired unit vector can be immediately determined. If only one of the planes 7 (s) and 7, (s) passes through the
origin, the foot of the perpendicular on the plane, containing origin, is taken as the origin. Of course, the other foot on the other plane is
distinct from the origin. Then, the desired unit vector is obtained similarly. The case both the planes 7 (s) and 7, (s) contain the origin
simultaneously causes not to be determined of the desired unit vector since the both of the aforementioned foots correspond to the origin in
this case. That situation occurs only when the tangent line passes through the origin. Fortunately, our assumption, on the angular momentum
vector, averts this case. Let the unit vector in direction of the vector r(s) — r*(s) be shown with Y(s). That is,

(5) _ (~a(s). N(s)) NG)+ (a(s), B(s))
O (a(s), NP + (a5, B/ (als), N(s))> + (als), B(s)?

By vector product the vectors Y(s) and T (s), we can obtain the another basis vector. We denote it by M(s). Then, we have

Y(s) r(s)

=T - : B(s). (2.8)

M(s) = Y(s) AT (s) = (a(s), B(s)) N(s)+ (a(s), N(s)) B(s). 2.9)
V0@(s) N6 + (), Bs)? 1/ (als), N())> + (as), B(s))?

This completes the positively oriented orthonormal moving frame {T (s), M(s), Y(s)}.

Since the vectors N(s), B(s), M(s) and Y(s) lie on the instantaneous normal plane 73(s), there is a relation between the Serret-Frenet frame
and this frame as in the following:

T(s) 1 0 0 T(s)
M(s) | =0 cosQ(s) —sinQ(s) | | N(s) (2.10)
Y(s) 0 sinQ(s) cosQ(s) B(s)

where Q(s) is the angle between the vectors B(s) and Y(s) which is positively oriented from B(s) to Y(s) (see Figure 2.1).

By using the matrix equations (1.3) and (2.10), we can easily write

M'(s) = (cosQ(s)N(s)—sinQ(s)B(s))’
= —Q/(s)sinQ(s)N(s) +cosQ(s) (—x(s)T(s) +T(s)B(s)) — Q' (s) cos Q(s)B(s) + 7(s) sinQ(s)N(s)
= —k(s)cosQ(s)T(s) + (t(s) — &' (s5)) [sinQ(s)N(s) + cos Q(s)B(s)]
= (—x(s)cosQ(s)) T(s) + (T(s) —Q'(s))Y(s)
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and
Y(s) = (sinQ(s)N(s) +cosQ(s)B(s))’
= —Q'(s)cosQ(s)N(s) +sin Q(s) (—&(s)T(s) + T(s)B(s)) — Q'(s) sinQ(s)B(s) — 7(s) cos Q(s)N(s)
= —K(s)sinQ(s)T(s) + (&' (s) — 7(s)) [cos Q(s)N(s) — sinQ(s)B(s)]
= (—x(s)sinQ(s)) T(s) + (' (s) — 7(s)) M(s).
Then, differentiating the vector M(s) A Y(s) yields the following:

T = (ME)AY(E)
= M(s ) ( )+M(s) AY'(s)
= [(—x(s)cosQ(s)) T(s) + (z(s) (5)) Y($)] AY(s)+M(s) A [(—K(s)sinQ(s)) T(s) + (Q'(s) — 7(s)) M(s)]
= (= ( )COSQ( N (T(s) A Y (s))+ ( K(s)sinQ(s)) (M(s) AT(s))
= (x(s)cosQ(s)) M(s) + (K (s) sinQ(s)) Y (s).

Thus, the matrix form of the derivative formulas is immediately given by

T'(s) 0 ki(s)  ka(s)\ [ T(s)
M (s) | = [ —ki(s) 0 k3(s) M(s) (2.11)
Y'(s) —ky(s) —ks(s) O Y(s)
where
ki(s) = K(s)cosQ(s)
ka(s) = «(s)sinQ(s)
ki(s) = 1(s)—Q'(s) (2.12)
_ kal(s)
tanQ(s) = 00
K(s) = k2 (s) + k2 (s).

Based on the relationship of the frame {T(s),M(s),Y(s)} to the position vector, we call it as *Positional Adapted Frame”. For con-
venience, we will use the abbreviation PAF instead of the “Positional Adapted Frame” in the rest of the study. Also, we call the set
{T(s),M(s),Y(s), k1 (s),ka(s),k3(s)} as PAF apparatus of the curve o = a (s).

T2(s)

T3(s)

T(s) T1(s)

—N(s)

Y(s)AT(s)=M(s) -B(s)

Fig. 2.1-A Fig. 2.1-B

Figure 2.1: An illustration for explaining the construction of PAF

It is well known from linear algebra that a vector can be written uniquely in terms of the basis vectors. This basic knowledge yields the
equations

sinQ(s) = —(a(s), N(s)) 2.13)
V{a(s), N + (a(s), Bs))?

cosQ(s) = (als), B(s)) (2.14)
V{@(s),N(5))? + {ax(s). B(s))?



Journal of Mathematical Sciences and Modelling 11

if we compare the equation (2.10) with the equations (2.8) and (2.9). Then, we get

tanQ(s) = — M. (2.15)

arctan <*

).N(s
a(s) = (o(s). B(s)) (2.16)

), B(s)) =0, {a(s), N(s)) >0, thePAFapparatus
imilarly, when (a(s),B(s)) =0, (c(s), N(s)) <0,
(5),0, K(s), 7(s)}.

One can easily complete the calculations by the aid Mathematica program. In the case

(a(s
{T(s),M(s), ¥(s),k1 (5),ka(s), k3 (s) } correspond to {T(s), B(s), =N(s),0, =K(s), 7(s)}. S
the PAF apparatus {T(s), M(s), Y(s), k1 (s), k2(s), k3(s) } correspond to {T( ), —=B(s),N

Now, we will obtain the angular velocity vector for PAF. A better insight into the structure of the derivative formulas, given in (2.11), is
presented by means of the angular velocity vector @(s). The evolution of PAF {T(s), M(s), Y(s)} is specified by its angular velocity via
following relations:

T'(s) = o(s)AT(s)
M'(s) = o(s) AM(s) (2.17)
Y(s) = o(s)AY(s).

Let us determine the vector @(s). Suppose that it is written with respect to PAF as in the following:

o(s) = a(s)T(s) +b(s)M(s) + c(s)Y(s)

where a(s), b(s) and ¢(s) are real-valued functions of the parameter s. Then (2.17) becomes

T'(s) = —b(s)Y(s)+c(s)M(s)
M'(s) = a(s)Y(s) —c(s)T(s) (2.18)
Y() = —als)M(s)+b(s)T(s).
By comparing (2.11) with (2.18) we get
= Iy
b = —k
c = k] .
Therefore, the angular velocity vector is given by
o(s) = k3(s)T(s) — ka (s)M(s) + k1 (s) Y (s) (2.19)

for PAF.

Example 2.1. In E3, assume that a point particle P of constant mass moves on the trajectory & : (0, k) — E3,8 (s) = (8cos 5,8sin 15,15 ),
which is a unit speed curve, where k is a positive real constant. See the trajectory 8 = 6(s) in Figure 2.2. The Serret-Frenet apparatus of this
trajectory are expressed as in [18]:

1
T(s) = (fﬁ m— — os%,%)
N@s) = ( 17 17@
1 K
B(s) = (*smﬁ’ 1? 1Y7’ %)
K(s) = @
15

T(s) = 789"
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560(s)=155/17

Figure 2.2: An illustration for the trajectory given in Example 2.1

Then, (6(s),N(s)) = —8 and (5(s), B(s)) = %s are easily obtained. Since (8(s), B(s)) > 0 for all s € (0, k), we get Q(s) = arctan (%).
The above information gives us the PAF apparatus as follows:

8 s 8 s 15
T(s) = [(-—sin—, = cos—, >
) (17 717 % 17)

M(s) = —cos rtn@ i—Ein rtn@ in > — rtn@ ini+E§in rtn@ Qi;gin rtn@
s) = cos | arctan | 5z | | cos = — 7= sin | arctan | 1= | | sin o, —cos { arctan | == ) ) sin 55 + 5 sin { arctan | = ) Jcos 15, o sin | arctan | -2
Y(s) = —sin ( arctan 2 cos — + Ecos arctan 29 sin — , —sin ( arctan 29 sin — — Ecos arctan 29 cos = 3 cos | arctan 289
Vo= 15s 17 17 15s 17’ 15s 17 17 15s 177 17 15s
8 289
ki(s) = 389 O (arctan (E))
8 . 289
ka(s) = 359 5 (arctan <E>>
15 4335
k = — 4=
3(5) 289 83521122552

in the light of the equations (2.10) and (2.12).

3. Some characterizations for the special cases of the trajectory

In this section, we obtain some conditions including the PAF apparatus for the trajectory to be a rectifying curve, an osculating curve, a
normal curve, a planar curve and a general helix in E3.
It is not difficult to see

6 — ) (x(s), B(s))
V{a(s), N> + (a(s), B(s))?
kQ(S) — K'(S) B <(X(S), N(S)>

V(@) N + (a(s), B(s))?

considering the above derivation. Then, by keeping k # 0 and the assumption related to angular momentum in mind, it can be said that k1 (s)
and k,(s) can not be equal to zero at the same time and they verify the propositions

ki(s)=0 < (a(s),B(s))=0
ka(s)=0 <« (a(s),N(s)) =0.
So, the equation kj (s) {(0(s), N(s)) + ko (s) (a(s), B(s)) = 0 is satisfied if k| (s) = 0. Also, from the above propositions and the equations
(2.12)4 and (2.15) we have the following:
ka(s) __ {afs),N(s))

ki(s) — (a(s),B(s)) 3.1

where k (s) # 0. Thus, the aforementioned equation
ki(s) (a(s), N(s)) +ka(s) (a(s), B(s)) =0 (3.2)

is satisfied for all the s values of parameter.

A curve @ = o (s) is called as osculating curve (rectifying curve or normal curve) if its position vector always lies in its osculating
plane (rectifying plane or normal plane) (see [4]-[6] for more details). Considering these definitions, the following theorems can be given.
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Theorem 3.1. In E3, suppose that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = o (s) be the unit speed parametrization of the trajectory with x # 0. Then, o is a rectifying curve if and only if ky = 0.

Proof. Let a = o (s) be the unit speed parametrization of the trajectory with x # 0. Assume that ¢ is a rectifying curve. Then its position
vector always lies on its rectifying plane. So, (ct(s), N(s)) = 0 for all the values s of the arc-length parameter. Taking into consideration the
equation (3.2), we get

ka(s) (e(s), B(s)) = 0 3.3)

for all 5. Due to the non-vanishing angular momentum, the tangent line never passes through the origin O. Thus, (c(s), B(s)) never vanishes
along the rectifying trajectory . Using this information in the equation (3.3) completes the first part of the proof.

On the contrary, assume that k, = 0. From (3.2), we get
Vs, ki(s){a(s),N(s)) =0.
We know that k{ (s) and k> (s) can not be equal to zero at the same time. So, we can ensure that k1 (s) never vanishes. This yields the following
Vs, (os),N(s)) =0
which means that o = o (s) is a rectifying curve. O

Theorem 3.2. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = o (s) be the unit speed parametrization of the trajectory with x # 0. In this case, & is an osculating curve if and only if ky = 0.

Proof. Let a = o (s) be the unit speed parametrization of the trajectory with x # 0. Suppose that « is an osculating curve. In that case, its
position vector always lies on its osculating plane. Thus, (a(s), B(s)) = 0 for all the values s of the arc-length parameter. Considering the
equation (3.2), we get

ki (s) (a(s), N(s)) = 0

for all s. Similarly previous proof, in the light of non-vanishing angular momentum we can ensure that the tangent line never passes through
the origin O. So, (o(s), N(s)) never vanishes along the osculating trajectory o.. Then we conclude

Vs, ki(s)=0
and finish the first part of the proof.

On the contrary, suppose that k; = 0. Then from the equation (3.2)
Vs, ko(s){o(s),B(s)) =0
can be written. Since k; (s) and k5 (s) are not equal to zero at the same time, we can say
Vs, kp(s) #0.
This gives us the following
Vs, {(o(s),B(s))=0
which means that o = o (s) is an osculating curve. O

Theorem 3.3. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = o (s) be the unit speed parametrization of the trajectory with x # 0. Then the following properties hold:

1. If & is a normal curve, then the differential equation koky' — kyky' — k3 (k 24 k22) — Q' (ky 24 k22) = 0 is satisfied along .
2. If the differential equation kyky' — kiky' — k3 (ky> +ko?) — Q' (k12 + ko?) = 0 is satisfied along o with ki ,ky # 0, then o is a normal

curve.

Proof. Before starting the proofs of items, we need some preparation. Let & = o (s) be the unit speed parametrization of the trajectory with
Kk # 0. One can easily find the equation

(kl k() +k22<s>) (uls), T(s)) + (ka 5) k() + € (5)) — ki (5)) {e(s), N(s)) + (ki () (ks 5) + Q/(5)) — k' (5)) (@(s), B(s)) =0 ()

by differentiating the equation (3.2) and using the relations between the PAF apparatus and Serret-Frenet apparatus. We can obtain the
equation

(—kl (8)ka (5)1/ k12 (s) + kzz(s)> (0(s), T(8)) + (ka ()1 (5) — k1 (8)k2' (5) — ka (k12 (5) + ko () — @ () (k1 () + ko (5))) (0x(5), N(5)) = 0 (3.5)

if we apply necessary operations to the equations (3.2) and (3.4) side by side. Note that the equation (3.5) plays an important role in the rest
of the proof. Now we can discuss the items:
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1. Assume that @ is a normal curve. Then its position vector always lies on its normal plane. So,
(a(s), T(s)) =0 (3.6)
for all the values s of the arc-length parameter. Taking into account of the equation (3.5), we obtain
(Kals)kt'(5) =k (k2 (5) = ks (ki (5) + K2 (5)) = € (5) (1 2(5) + ko(5)) ) (ex(s), N(s)) = 0 (37)

for all s. On the other hand, differentiating the equation (3.6) yields the following:

Vs, (a(s),N(s)) = f%s) #0. (3.3)

From the equations (3.7) and (3.8), we conclude
koki' = kiky' — k3 (ki® + ko) = @ (k1* +k2%) = 0

and finish the proof of this item.

2. Assume that the differential equation kok;’ — kyko' — k3 (k1% +kp?) — (k1% + kp?) = 0 is satisfied along o with kq, k> # 0. From the
equation (3.5), we can write

Vs, (—k1 (s)ka(s)\/ k12 (s) +k22(3)> (a(s), T(s)) =0.
Since k1, k; # 0, we obtain
Vs, (o(s), T(s))=0

which means that & = o (s) is a normal curve.

O

It is well known that a unit speed curve in E? is a planar curve if and only if the torsion vanishes along this curve (see [14]). Considering this
information and the equation (2.12)3, the following corollary can be given according to PAF without proof.

Corollary 3.4. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = a(s) be the unit speed parametrization of the trajectory with k # 0. In this case, & is a planar curve if and only if k3 = —€)'.

Another well-known class of curves is the class of general helices. In E3, a unit speed curve o = ¢ (s) is a general helix if the unit tangent
vector of this curve makes a constant angle 6 with a fixed unit vector u; namely,

(T(s),u) =cos6

for all the s values of parameter. Also, in E3, the necessary and sufficient condition for the curve with & # 0 to be general helix is that ratio
of torsion to curvature is constant (see [19]). In the light of this information, we can give the following corollary according to PAF.

Corollary 3.5. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = o (s) be the unit speed parametrization of the trajectory with x # 0. In this case, o is a general helix if and only if

ks +Q/

Vi ke’

Proof. Let the trajectory o = ot (s) be general helix in 3-dimensional Euclidean space E3. Then, we have a fixed unit vector u and a constant
angle O satisfying

= constant.

(T, u) =cos 6

from the definition. By differentiating this equation we obtain

(T )u) = (M + kY, u) = <\/k12+k22cosQM+ k2 +ko?sinQY, u> =\/k1? +ko? (cosQM +sinQY, u) = 0

and so
(cosQM +sinQY, u) = 0.

Since T A (cos QM +sinQY) = —sinQM + cos QY, the unit vectors T,cos QM + sin QY , — sinQM + cos QY compose a right-handed
orthonormal system. Then, we can conclude u € Sp {T, —sinQM + cos QY}. Hence

u=cosOT+sinO(—sinQM+cos QY).
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By differentiation we get

0 = cosOT +sinf(—sinQM+cosQY)’
= (kisinQ—kycosQ) T+ (ki cos® — Q' sin 6 cos Q — k3 sin 0 cos Q) M + (ky cos 6 — Q' sinQsin 6 — k3 sinQsin6) Y.

This last equation yields the equation system

ki sinQ — kp cosQ
ki cos @ — Q' sin @ cos Q — k3 sin O cos Q
kycos® —Q'sinQsin® —k3sinQsin@ = 0.

I
o

Due to the equation (2.12)4, the first equation of this system is satisfied always. Let us consider the second and third equations together.
Then, we can write

kjcos® = sinBcosQ(ks+ Q)
kycos® = sinBsinQ(k; +Q').

Applying necessary operations these two equations, we obtain
cos20 (k2 +kp?) = sin20 (ks + Q')
and so

ky + Q'

Vi +ko?
. In this case, we can write

VkiZ+ky?cos8 — (k3 +Q')sin = 0. (3.9)

Differentiating the vector u = cos 0 T +sin 0 (— sin QM +cos QY) and using the equalities k; = v/ k] 2 k22 cosQand k, = \/kj 24 k22 sinQ2,
we can easily obtain

u' = (k;sinQ —kycos Q) T + (\/k12+kzzcochosﬂ —sinBcos Q(k3 +Q')) M+ (\/kl2 +ky? sinQcos O — sin O sin Q (k3 +Q’)) Y.

This gives us the following

= coth = constant.

k3 +Q

vV k|2+k22

On the contrary, suppose that cot0 =

u = <\/ k12 +ky?cosO — (k3 + Q') sin@) (cosQM +sinQY).

Substituting the equation (3.9) in the last equation yields
u' =0.

This means that u is a constant vector. Thus the proof is completed. O

4. Slant helical trajectories according to PAF

Similar to general helix, the slant helix was defined in [20] as a curve whose principal normal vector makes a constant angle with a fixed
direction in E3. That is, if a unit speed curve o = ot (s) is a slant helix, then there exist a constant angle ¥ and a fixed unit vector w satisfying

(N(s), w) =cosy

for all the s values of parameter. Throughout the study, we refer it classic slant helix by following the known terminology. The characterization
for classic slant helices is given by the equation

K2 T

/!
S EE— (7) = constant
(k2 +12) 32 \k
in [20]. After this study, several kind of slant helices have been defined and studied (see [21]-[24] for details). In this section, we define and
consider the slant helical trajectories according to PAF and investigate some special cases of them. Note that similar methods and approaches,
given in [25], will be followed in this section.

Firstly, we define M—PAF spherical image of the trajectory. We give this spherical image since it is an important part of the charac-
terization of our slant helical trajectories. The remaining PAF spherical images can be topic of a different study of researchers interested.

Definition 4.1. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum. Let
o = o.(s) be the unit speed parametrization of the trajectory with x # 0. If we move the second vector field M of PAF to the center O of the
unit sphere S%, we get a curve which M(s) draws on S%. We call this curve as M—PAF spherical image of the trajectory o = o (s) and show
it with Eyy.
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For M—PAF spherical image of the trajectory o = @ (s)

Sm(s) =M(s)
can be written. If we differentiate this equation with respect to s, we obtain
E'uls) = —ki(s)T(s)+ks(s)¥ (s
() = [~k (5) = kas)ka(5)] T(s) = [ki () ks (5)] M(s) + [kt (5)ka(s) +k3'(5)] Y ()
E"uls) = [—kl”(s) —ka'(s)ks (s) — 2k3' (s)ka () + ki (s) (klz(s) +ko?(s) + k32(s))] T(s) =3 [ki (s)k1"(s) + k3 (s)k3" (s) | M((s)

+ [l (5) = k' (ki (5) = 2kt (9kas) = ks s) (i () + K (5) ks (9)) | Y (o).

These equations give us the curvature Ky, and the torsion 7ys of &y as follows:

SRR A LS N rowee )
€0
(€ (0) A&y (5), £ 0
5) = - 42)
) SN WO (15 (@rlo)?) (k20) k200
where
o= k3/k1k1’k3k2(k12+k32)> s 43
(o) ( R ) @

Now, we return to slant helices and define the slant helical trajectories having non-vanishing angular momentum according to PAF as in the
next definition.

Definition 4.2. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum.
Let o0 = a (s) be the unit speed parametrization of the trajectory with kK # 0. The trajectory o. = o (s) is called a slant helical trajectory
(according to PAF) if the second vector field M of PAF makes a constant angle with a fixed direction.

As a result of this definition, if the trajectory ot = o (s) is a slant helical trajectory according to PAF, then there exist a constant angle § and a
fixed unit vector g satisfying

(M(s), g) = cosf3
for all the s values of parameter.

Theorem 4.3. In E3, assume that a point particle of constant mass moves on its trajectory having non-vanishing angular momentum.
Let o0 = 0. (s) be the unit speed parametrization of the trajectory with Kk # 0 and (ky(s), k3(s)) # (0, 0). In that case, o is a slant helical
trajectory according to PAF if and only if the function, given in the equation (4.3), is a constant function.

Proof. Let the trajectory oo = a (s) with k # 0 and (k; (s), k3(s)) # (0, 0) be slant helical trajectory according to PAF in 3-dimensional
Euclidean space E3. In that case, from the Definition 4.2, the second vector field M of PAF makes a constant angle with a fixed direction.
Therefore, M—PAF spherical image &y of the trajectory ot = o (s) is part of a circle. In other words, it has constant curvature and zero
torsion. As we mentioned earlier, the curvature k), and the torsion Tys of & are as in the equations (4.1) and (4.2). Using the information of
constant curvature and zero torsion, we can immediately conclude {y(s) = constant.

On the contrary, assume that {y/(s) = constant. In that case, it is very easy to see that kj/(s) = constant and 7yy = 0. Thus, M—PAF
spherical image &) of the trajectory & = a (s) is part of a circle. This means that M makes constant angle with a fixed direction and the
proof is completed. O

Corollary 4.4. Let the trajectory o = o (s) be a rectifying curve with K, k; # 0. Then, . is a slant helical trajectory according to PAF if

and only if
k2 <k3 >’
— (= 4.4
((k12+k32)3/2 kl (S) (4.4)

Proof. Let the trajectory o = o (s), which is a rectifying curve with K, k; # 0, be a slant helical trajectory according to PAF. Since a = « (s)
is a rectifying curve we obtain ky = 0 according to Theorem 3.1. If k, = 0 is substituted in the equation (4.3), we get this equation as

_ ki? k'
S ((k12+k32)3/2 ("') ) o

Then, Theorem 4.3 finishes the first part of the proof. The other part of the proof can be completed in a similar way. O

is a constant function.

Corollary 4.5. Let the trajectory o. = ¢ (s) be a rectifying curve with x, k; # 0. Then, & is a slant helical trajectory according to PAF if
and only if o = o/ (s) is a classic slant helix.
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Proof. Let the trajectory o = @ (), which is a rectifying curve with k, k; # 0, be a slant helical trajectory according to PAF. Due to the
Theorem 3.1, we obtain k, = 0 for rectifying curve o = o (s). Considering k» = 0, we get sinQ = 0 and so k3 = 7, k; = £k. Letus
substitute this information in the equation (4.4) and remember the characterization of slant helices given in the beginning of this section.
Then, Corollary 4.4 finishes the first part of the proof. In a similar way, one can easily complete the other part of the proof. O

Corollary 4.6. Let the trajectory a = o (s) be an osculating curve with x, k3 # 0. Then, o is a slant helical trajectory according to PAF if

and only if
ko
() 45)

Proof. Let the trajectory @ = ¢ (s), which is an osculating curve with k, k3 # 0, be a slant helical trajectory according to PAF. Since
o = o (s) is an osculating curve we obtain k; = 0 according to Theorem 3.2. If k; = 0 is substituted in the equation (4.3), we get this

equation as
i) = (-2)

In that case, Theorem 4.3 finishes the first part of the proof. The other part of the proof can be completed in a similar way. O

is a constant function.

Corollary 4.7. Let the trajectory a = @ (s) be an osculating curve with x, k3 # 0. Then, o is a slant helical trajectory according to PAF if
and only if o = o/ (s) is a general helix.

Proof. Let the trajectory @ = a (s), which is an osculating curve with k, k3 # 0, be a slant helical trajectory according to PAF. Due to
the Theorem 3.2, we obtain k; = 0 for osculating curve @ = a (s). Considering k; = 0, we get cosQ = 0 and so k3 = 7,k = k. Let us
substitute this information in the equation (4.5) and remember the characterization of general helices given in the previous section. Then,
Corollary 4.6 finishes the first part of the proof. In a similar way, one can easily complete the other part of the proof. O

Now, we will discuss on the determination of the fixed direction (helix axis) for a slant helical trajectory according to PAF. Assume that a
point particle of constant mass moves on a slant helical trajectory (according to PAF) having non-vanishing angular momentum in £3. Let
o = o (s) be the unit speed parametrization of this trajectory with k # 0. In this case, there exist a constant angle 3 and a fixed unit vector g
satisfying

(M, g) =cosfp =1,
where g = A; T+ A,M + A3Y. From the last equation, we get
(ki T+k3Y, g) =0 (4.6)
by means of differentiation with respect to s. This time, let us differentiate the vector g. Then we get
(M = Aoky — A3ko)T + (Arky — Asks )M+ (As” 4 A1y + Azks )Y = 0.

This yields the following equation system:

M=ok =Mk, = 0
Mki—A3ks = 4.7)
M Mk + Ak = 0.

Here, we will follow similar steps given in [25] to solve this system. If we write A; = %13, ki (s) # 0 in the equations (4.7); and (4.7)3 and
multiply (4.7); with %, we get the differential equation

(2 )oY

One can find the general solution A3 = of this differential equation where U is the constant of integration. Then, it is not difficult

ky
H vV k|2+k32

to obtain A; = from the relation Ay = %13. Y is taken as a unit vector,

u\/ﬁ Sincethevectorg:uWT—O—cosﬁM—HL\/i

we can derive the integration constant as £ = +sin 3. So,

k ki
g= 173 smﬁT—o—cosﬁMiisinﬁY

\/k12+k3 k12+k3

can be written. Finally, we must determine the constant angle . By differentiating the equation (4.6) with respect to arc-length parameter s
of the trajectory,

<(—k1’ —kok3)T + (—k1 > — k3> )M+ (k3' —k1k2)Y, + sin BT + cos BM +

k3 k1
_— 7SinﬁY =0
\/k12+k3 \/k12+k3 >
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is obtained. So, we have

kiks' — ksky — koky % — koks?
isinﬁ( 173 31 2 203 —cosf (k12+k32) =0.

vV ki 2 + k32
This yields the following:

(klz +k32)3/2

tanf = + .
B kiks' —kski' — koky — koks®

In the light of the above information, one can easily find 8 and determine the fixed direction generated by the constant vector g (see g is
constant) for the slant helical trajectory according to PAF.

5. Conclusion

Since there is a very close relation between a moving point particle of constant mass and the trajectory of it, moving frames adapted to the
trajectories are very useful tools for studying the kinematics theory. Considering this relation, a new moving frame, which we call it PAF for
short, is introduced for the trajectories with non-vanishing angular momentum in this study. Then, some basic topics are investigated by
means of PAF. It may be useful for the researchers studying on modern robotics in their observation environment. Furthermore, we expect
that it will be one of the preferred tools for discussing many topics of kinematics and differential geometry.

A natural question is to investigate the special trajectories generated by the TM, TY, MY and TMY —Smarandache curves according to PAF
in Euclidean 3-space. We leave that as a future project.
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1. Introduction

Let p > 1 and @ denote the set of all real-valued sequences. The Banach space £, is the set of all real sequences x = (x);"_, € @ such that

o 1/p
xlle, = (Z m") <o,
k=0

We use the notations AP and AF to indicate the backward and forward difference matrices, respectively. These matrices are defined by

1 k=j 1 k=j
8 =5 -1 k=j-1 and 87, =% -1 k=j+1 (1.1
0  otherwise, 0  otherwise.

Also Roopaei in [2] has introduced the notations £, (AB) and ¢ p(AF ) for the backward and forward difference sequence spaces defined by,

ZP(AB)z{x:(xn) : i"l|xnx,,_||p<o°}7

and

gp(AF) = {x: (xn) = Z [n = X1 < o0 }7
n=1

respectively. The domains co(AF), ¢(AF) and £o(AF") of the forward difference matrix A’ in the spaces cg, ¢ and /., are introduced by
Kizmaz [3]. Aftermore, the domain bv), of the backward difference matrix APB in the space £ p have recently been investigated for 0 < p <1
by Altay and Basar [4], and for 1 < p < oo by Basar and Altay [5].

The infinite Cesaro operator is defined by

1 .
I e e
! 0 otherwise,

Email address and ORCID number: lkarimi@hut.ac.ir, 0000-0002-2725-7960 (L. Karimi), marysinaei@yahoo.com, 0000-0002-4414-524X (M.
Sinaei)
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for all j,k € N. That is,
1 0 0
1/2 1/2 0
C=11/3 1/3 1/3

This operator has the £,-norm [|C||;, = p*, where p* is the conjugate of p i.e. % + # =1.

Suppose that N > 1 is a real number. The generalized Cesaro matrix, CV = (cy o)

1 .
N ) Fn 0sksj
k 0 otherwise,

has the £,-norm ||CNng = p* ([6], Lemma 2.3), and the entries

1
N 0 0
1 0
oA B A A
2+N 2+N 24N
Note that, C! is the well-known Cesaro matrix C. For more examples
1/2 0 o - 1/3 0 0
/3 1/3 0 - 1/4 1/4 0

C=11/4 1/4 1/4 .| ad C=|1/5 15 1/5

There are several research on the problem of finding the norm of operators on matrix domains while there are very limited papers about the
norm of difference operators. Roopaei has recently computed the norm of backward difference operator on some sequence spaces and the
present study is a complement for those results obtained in [1].

2. Norm of operators on matrix domains

The operator 7' is called bounded, if the inequality ||7x|[s, < K||x[|¢, holds for all sequences x € £,, while the constant K is not depending on
x. The constant K is called an upper bound for operator 7" and the smallest possible value of K is called the norm of 7.
The domain X7 of an infinite matrix 7 in a sequence space X is defined as

Xr={xcew:TxeX}

which is also a sequence space. It is easy to see that for an invertible matrix T, the matrix domain 7}, is a normed space with |||z, := ||Tx]|,-
By using matrix domains of special triangular matrices in classical spaces, many authors have introduced and studied new Banach spaces.
For the relevant literature, we refer to the papers [7, 8, 9, 10, 11, 12, 13] and textbook [14]. Recently, Roopaei has computed the norm of
operators on several matrix domains in [2, 15, 16, 17, 18, 19, 20, 21].

Lemma 2.1 ([18], Lemma 3.1). Let U be a bounded operator on £, and A, and B), are two matrix domains such that A, ~ (.

- If BT is a bounded operator on Lp, then T is a bounded operator from L), into By and [T ¢, 5, = [|BT ||, -

- If T has a factorization of the form T = UA, then T is a bounded operator from the matrix domain Ap into £), and ||T|[4, ¢, = |U ¢, -

- If BT = UA, then T is a bounded operator from the matrix domain A, into B, and
1Ta,5,=Ule,-

In particular, if AT = UA, then T is a bounded operator from the matrix domain A, into Ap and ||T|4, = ||U||¢,- Also, if T and A commute
then [T |4, = IT|le,-

2.1. Norm of difference operator on the Hilbert sequence space

Recall the definition of Hilbert matrix H = (f; x), which is defined by

1
hig=—— i,k=0,1,...).
J.k j+k+1 (J7 s Ly )
That is
1 1/2 1/3
1/2 1/3 1/4

H=1|1/3 1/4 1/5
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We know that H is a bounded operator on £, with ||H||¢, = wese(m/p) ([22], Theorem 323).
The sequence space associated with the Hilbert matrix, H),, is defined by
p
< w} |
1

Illg, = (,i ) "

Theorem 2.2 ([22], Theorem 275). Let p > 1 and T = (t; ) be a matrix operator with tj > 0 for all j, k. Suppose that C, R are two strictly
positive numbers such that

oo

k_zb]—kk—i—l

Hp:{x— X)) EW: i

Jj=0

and has the following norm

; +k+1

Y tix<C forallk, Y tix <R forallj,
j=0 k=0

bounds for column and row sums respectively. Then
T, < RYVP'CYP.
»
The above theorem also known as Schur’s theorem.

Theorem 2.3. The {, norm of the backward difference operator on the Hilbert matrix domain H), is the {,-norm of forward difference
operator on H, and

@18%]| 1,11, = A" e,
B 8%, 1, < 1.
Proof. (a) Let A= HAP. The matrix A = (a; ;) has the entries
1 1 1

= i 15, - - .
ik j:%:grl MOKT k1 it k42 (i+k+D(i+k+2)

Obviously, A is a symmetric matrix which implies that HA® = AP H. Now,

|HA®X]|,, |A" Hxll,
1A%, m, = sup ———" = sup ————"
ver, X, xem, [Hx|e,
B 1AFyllg, 18P,
vet, |Vlle,

(b) Let A be the matrix defined in part (a). According to Lemma 2.1 part (i)
B _ By, _
[8%le, 11, = [1HA g, = [1Alle, -

By a simple calculation
e e L
k= k=
=0 k+1

where uy, is the k" column sum of A. Since 1 =ug > u; > --- and A is symmetric, hence R and C are both 1 in Schur’s theorem. Therefore
[Allg, <1. 0

2.2. Norm of difference operator on the Cesaro sequence space

In this part of study, we intend to compute the norm of backward difference operator on the Cesaro sequence space. To do this we need the
definition of the generalized Cesaro matrix domain.
The matrix domain associated with the generalized Cesaro matrix [15] is the set

= x|
Y = x:(xk)Ew:Z Z < oo
p . )
{ ol /N
which has the following norm

1

. N

oo J X P

Ixlley =1 X |X - :
=il

Note that, by letting N = 1 we obtain the well-known Cesaro sequence space.
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Remark 2.4. In [23], Ng and Lee introduced the Cesaro sequence spaces X, and X of non-absolute type as the domains of Cesaro matrix
Cy of order one in the spaces £, and l-, where 1 < p < oo, Recently, Sengoniil and Bagsar [24] studied the Cesaro sequence spaces co and ¢
of non-absolute type as the domains of Cesaro matrix Cy of order one in the spaces cy and c, also Roopaei et al [25] and Roopaei and Basar
[10] have investigated the Cesdro space Cz for p>1and 0 < p < 1, respectively.

Theorem 2.5. The backward difference operator AB is a bounded operator from ¢ p into the generalized Cesaro matrix domain CIJY and

1
B —
147}, cy = -

In particular, the backward difference operator is a bounded operator from £, into Cp, and || AB|| 0,c, = 1.

Proof. Let D = CNAB. By a simple calculation, we deduce that the matrix D = (d i k) is a diagonal matrix with entries

1
v 0 0
0 —= 0
1+N
D=1 0 ﬁ 2.1
Now, according to Lemma 2.1
1
B N AB
1A%l oy = IC™ A% lg, = IDll¢, = Sl;pdj.,j =5
In particular, for N =1, C, [1, is the well-known Cesaro matrix domain C,,. Therefore we have the result. O

Corollary 2.6. The generalized Copson operator is a bounded operator from (), into the forward difference matrix domain £, (AF ) and

1
Nt _
1E™ e, 0, 87) = -
In particular, Copson operator is a bounded operator from £, into £,(AF) and ||C' lle,.,ar) = 1.

Proof. According to Lemma 2.1 and previous theorem

1A CY g, = 1A I,
L
N7

IC¥ e, ¢, (a7)

[D']¢, = supd;,; =
J

where D is the diagonal matrix defined in the relation (2.1). O

Theorem 2.7. The backward difference operator is a bounded operator from the generalized Copson space into the generalized Cesaro
matrix domain and

B F
1% ey oy = 147 -

In particular, the backward difference operator is a bounded operator from the Copson matrix domain into the Cesaro matrix domain and
B F
1A%y, c, = 1A e, -

P’

Proof. Through the proof of Theorem 2.5 we knew that CN A8 = AFCN' | Now, according to Lemma 2.1 we have

||ABHCNACN = sup ”ABXHCSI = sup ”CNABXHZP
v wecy [Hley xecw ICVxlle,
-~ AT CNxl, 1Ayl
ey 1€V, yer, IV,
= 1A%,
that completes the proof. O

Corollary 2.8. The generalized Copson operator is a bounded operator from the backward difference matrix domain ¢ 1,(AB ) into the
forward difference space {,(AF) and

N
IC™ [l¢, (426, (a%) = P*
In particular, Copson operator is a bounded operator from €,(A®) into £,,(AF) and ||C' lle,(a2).0,(a) = P"

Proof. The proof is similar to the proof of Theorem 2.7. O
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In sequel we intend to generalize the result of Theorem 2.7 for the backward difference operator of order n. At first we need some definitions.
Let us recall the backward difference matrix of order n, A" = (5;1 «)» Which is a lower triangular matrix with the entries

{lk: (71)(]-_]()(]‘2]{) k<j<n+k,
S 0 otherwise.

This matrix has the inverse A™" = (6;]:‘ ) with the following entries

n+j—k—1 .
8/'{ ( 5‘61« ) izk 2.2)

ik otherwise.

Note that, for n = 1, the backward difference of order 1 is AB that was defined by relation (1.1).
The Hausdorff matrix H* = (h;)7_o. is defined by:

noo—d o ()6*(1—6)/*du(e) 0<k<j
*=0 k> j,

where (U is a probability measure on [0,1]. The Hausdorff matrix contains some famous classes of matrices. By letting du(60) =
n(1—0)"~1d8 in the definition of the Hausdorff matrix, the Cesaro matrix of order n, C" = (c? 1) is defined as follows

ntj—k—1
(’7” 0<k<,

0 otherwise.

Note that, C! is the well-known Cesaro matrix C.
The sequence space Cj, is defined as the set of all sequences whose C"-transforms are in the space £,; that is

p
<w},
p)l/p

The Copson matrix domain CZ’ is defined similarly which is isomorphic to the £, space by Theorem 2.3 of [18]. Roopaei in [17], through the
proof of Corollary 3.6, has showed that C" A" is a diagonal matrix. Hence C"A™ = A"F C™, where A"F is the forward difference operator of
order n.

Now, as a result of Lemma 2.1 part (iii), we have the following result.

CZ—{x—(xj)ea):i

Jj=0

which is a Banach space with the norm

HXHC; = (Z
j=0

()

j /) k=0

Theorem 2.9. The backward difference operator of order n, A", is a bounded operator from the Copson matrix domain into the Cesaro
matrix domain and

1A lcw cn = 1A™ |,

In particular, the backward difference operator is a bounded operator from the Copson matrix domain into the Cesaro matrix domain and
B F
1A%c, e, = 1A 1le,.-

We have also the following corollary which has a proof similar to the above theorem.

Corollary 2.10 ([18], Theorem 4.3). The Copson matrix of order n, C", is a bounded operator from £,(A"8) into £,(A"") and

o _ L+ 1r(1/p)
1€ ey amtyar) = —For 1y

In particular, the Copson matrix is a bounded operator from £ ,,(AB ) into £ p(AF ) and

*

IClle, (a8)6,(a7) = P"

Theorem 2.11. Let n,s and m are non-negative integers that n = s+ m. The backward difference operator of order n, A", is a bounded
operator from the matrix domain £,(A™") into the Cesaro matrix domain Cj, and

n —
1A |, ams) ¢y = 1-
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Proof. From the relation (2.2), one can see that the Cesaro matrix of order n and its inverse can be rewritten based on the backward difference
operator and of order —n and its inverse. For j > k, we have

n+j—k—1 —
N G —n_sn (MK
== and ¢, =0,
SN CH NG =\ )
J J
Let us first compute the matrix C°A"5.
—SB ANB
(CoAMY ;= Y DTk L m
ik T L (x+j) - (s+j) ok
! j J

Hence, C°A™ = UA™?, where U = (uj ) is the diagonal matrix defined as u; ; = (Jflj) Now, according to the Lemma 2.1 we have
i

Wl = s oG, [CAy,
P xet,(am) Xl ams)  xer,amsy 1A™5x]e,

B [UA™x|l,, (U,

ety IAmxlle, yer, Ve,

Ull¢, = supu;,j=1.
J

O

Corollary 2.12. Let n,s and m are non-negative integers that n = s +m. The backward difference operator of order n, A", is a bounded
operator from the matrix domain £,(A™?) into the matrix domain £,(A*®) and

1A ¢, (ams).,(a8) = 1.

Proof. The proof is similar to the proof of the above theorem. O
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{x_gsX_4a1,---,x0}. We study the dynamic behavior, the sufficient conditions for
the existence of the Neimark-Sacker bifurcation, and the direction of the Neimark-Sacker
bifurcation. Then, we give numerical examples with figures to support our results.

1. Introduction

The study of dynamical system is the focus of dynamical systems theory, which has application to a wide variety of fields such as mathematics,
physics, chemistry, biology, medicine, engineering and economics. Dynamical systems are a fundamental part of bifurcation theory which
studies the changes in the qualitative or topological structure of systems. A bifurcation occurs when a small change made to the bifurcation
parameter of a system causes a qualitative or topological change in its behavior.

In this paper, we will study the third order rational difference equation

a+Px, 2

- =0,1,2,.... 1.1
A+Bx, +Cx, 5’ LS (1.D

Xn+1 =

We focus on the dynamic behavior of the positive fixed points and the type of bifurcation exists where the change of stability occurs. Then,
numerical examples are treated to support our results.
Local and global stability, period two solutions, boundedness, invariant intervals and semicycles of

a +anfk

=— =0,1,2,... 1.2
A—Q—Bx,,—l—an,k’ n s Ly &y ( )

Xn+1

were studied by Guo-Mei Tang, Lin-Xia Hu, and Gang Ma in [1]. Also, it was shown that (1.2) has no nonnegative prime period-two
solutions for even integer k. Equation (1.1) was studied by Ladas in [2].

The aim of this paper is to study the bifurcation of the third order rational difference equation (1.1). The change of variables x, = % Yn convert

Ptqyn-—2
T+yntryn—2’

¢, and r, where p = A%oc, q= g and r = %. Recent studies on dynamics and bifurcation can be found in [3], [4], [5], [6], [7].

the rational difference equation (1.1) with five positive parameters into y,+; = n=0,1,2,... with three positive parameters p,

Email address and ORCID number: brdad @birzeit.edu, 0000-0002-2716-5740 (B. Raddad), msaleh@birzeit.edu, 0000-0002-4254-2540 (M.
Saleh)
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: _ _DPt@n2
2. Dynamlcs of Yn+1 = m

In this section we will study the dynamics of the third order rational difference equation

P+ qyn—2

—_— 2.1)
L+yn+ryp—2

Yn+1 =

with positive parameters p, g, and r, and non-negative initial conditions y_,,y_; and yy. Note that equation (2.1) has the unique positive
q=1++/(g—1)*+4p(1+r)

2(1+4r) :
In order to convert equation (2.1) to a third dimensional system, let z,, = y,,x;, = y,—1 and t, = y,_>. We have the following system

fixed point y =

z _ p+qtn
n+1 142, + 11,

Xn+1 = 2Zn

et = 22)

which has the positive fixed point (7,7,7). In order to shift this fixed point to the origin, let w, = z, — y, vy, = x, —y and u,, = f, — y. System
(2.2) corresponds
B p+q(un +7) _
Wptl = = —~ —
L+ (wp +3) 4 r(uy +5)

Vnt+l = Wn

U1 = Vi 2.3)

System (2.3) has (0,0,0) as a fixed point.
The Jacobian matrix of system (2.3) is
P+q(waty) (14w, +3)—rp

(Iwa+7+r(un+7))2 (I+wa+3+r(u,+7))?
J(w,vu) = 1 0

0 0

- o O

__rtgy q+qy—rp y 0 q—ry

(143+r9)? (I45+r9) STy T+y+ry
1 0 0
0

J(0,0,0) = 1 0 0
0 1 0

The characteristic polynomial of the Jacobian matrix J is

__q93__ Y 2, 49-1¥
p(A)==4 1+y‘+ry"l +1+y‘+ry" 24

y —ry
Letp1 = W,pzzoandzn = _ﬁ

We will use the following theorem to determine the stability of the zero solution.
Theorem 2.1. [8] For the third-order difference equation
x(n+3)+ p1x(n+2) + pax(n+1) 4+ p3x(n) =0, (2.5)

the characteristic polynomial is
P(A) =A%+ piA%+ pad + ps.

A necessary and sufficient condition for the zero solution to be asymptotically stable is
| pr+p3|<1+py and | py—pip3 |<1-p3. 2.6)
Theorem (2.1) implies that the zero solution is asymptotically stable if condition (2.6) holds which is equivalent to

_ 2.7
143+ry 14+3+ry @7
and
y q—ry =1 2
X <1l- . 2.8
I+y+ry 1+)7+ry'| (1+y’+ 2 @8)
Inequality (2.7) is equivalent to
1+ Yy q—ry (2.9)

1+5+r7 14+3+ry
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and
I Rt
14+3+ry  14+y+ry

0, (2.10)

and inequality (2.8) is equivalent to

y q—ry . q=ry 250

1+ — X — —
1+y+ry 149471y 143471y

, @2.11)

and

S S A A SRt ) (2.12)
I+y+ry 1+y+ry " 1+y+ry

Inequality (2.9) always holds since
N y g-ry_ 1=q+2(1+r)y
L+5+r7 1+5+ry 1+ (14r)y
Also, inequality (2.10) holds for all values of the parameters p,q and r since,

7y g-ry _ _ 1+gq
I+y+ry  1+5+r5 1+ (1+7)7

Inequality (2.11) is equivalent to

q-—ry y q-—r ]

- 2.13
43+ 0545 143419 2.13)

Note that we take

i +) H as a common factor. Now, add —1 to both sides of inequality (2.13), we have

L+5+r5 1+5+13

Multiply both sides of (2.14) by (11 jf;’_—"’q, for (14r)j— g < 0, we have

q—ry I+y+ry
I+y+r7  g—(1+r)y

Inequality (2.12) is equivalent to
e B e Al B
IL+y+ry 14+y+ry 14+3+ry

or,

1+y+ry 14+y+ry

~1. (2.15)

1+y+ry

Note that for (1+r)j—g <0, ry —3—g < 0. So, if we multiply both sides of (2.15) by , we have

q—ry <1+)7+r)7
14+5+r9  q—ri+y

Note that for ry —y—g <rj+3—¢g <0,
0<g—ry—y<gq—ry+y,

and hence,

L5+ _ Lky+ry
q—ry+y q—ry—y

So for g— (1+r)y >0, if liyjryry < ;ﬂr’yt:; then H}f@ < lefjry and hence, for ¢ — (1+r)y > 0 if inequality (2.12) holds, then inequality
(2.11) holds.

Note that if g — (14 r)y > 0, we have

g—1++/(g=1)2+4p(1+r)
2(1+4r)

g—(1+n) (2 >0

or

q—1+(g—1>+4p(1+r)
2

g+1-/(g— 12 +4p(147)>0

qg+1> \/(q—1)2+4p(1+r)

>0

take the square of both sides, we get
@ +29+1>¢* —2q+1+4p(1+7)

or,
4g>4p(1+r)
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So for p < ]iﬂ, the zero solution is asymptotically stable if

0y 1+5+rv
q-ry < Ty+ry

—— —. (2.16)
1+y+ry qg—ry+y

Note that if we fix g and r and choose p as a parameter where p < %, then the stability exchanges at the value of p that satisfies equation

qg=ry_ _ 14+y+ry
14+y+ry = g—ry+y°

Name this value as p*.

P+qyn—2

3. Existence of Neimark-Sacker bifurcation of y, | = ; e
n n—

In this section we study Neimark-Sacker bifurcation of (2.1) which occurs at p = p* as p is the bifurcation parameter. Note that equation
(2.1) has no positive distinct periodic solutions of prime period two. Hence, we focus our attention on Neimark-Sacker bifurcation.

Theorem 3.1. The characteristic polynomial (2.4) p(A) has two complex conjugate roots if one of the following cases holds

1. g—ry< 0
q-—ry y 3
2. 1+y+ry > 77 (l+)7+ry‘)
Proof.

A :_213_ y 2 q-—ry
r(4) 45+ T45+ry

5 - _ 2,2L
p()L) 34 1+3+ry

p(A)=0atAf=— (lﬂyﬂy or A5 =0.
Slnce, ¥>0,4f < /'L2 p(A) has local minimum value at A = A, and local maximum value at A = ;. Note that lim) , ., p(41) = e and
limy_,o, p(A) = —oo.
So, p(A) has only one real root if one of the following cases holds

. p(Af) >0 and hence p(45) > p(4{) > 0.

p)L2 < 0and hence p(4]) < p(Ay) <O0.

(4
(
So, p(A) has two conjugate complex roots if one of the following holds
(
(

- g1y
- P(A) = (1+y+ry) + iy > 0

*
1
o Pt
A3) = 1555 <O.

Consider case one. Note that p(0) = l+\+r) 1+y+n + l+),+ry.
(g—=1)2+4p(1+r)

72q+1+\/(q71>2+4p(1+r) < 0. So p(A) has areal root & such that & € (0,1).

In the second case, by similar argument we can show that p(A) has a real root of modulus less than one. Note that p(0) < 0 and p(—1) >0
in this case.

Consider the case where ; +; =5 > 27

>0 and p(l) =-1-— Substitute the value of ¥, we have p(1) =

. We will find where the conditions of Neimark-Sacker conditions hold. O

& ()

Theorem 3.2. For p < liﬂ, the characteristic polynomial p(A) has two complex conjugate roots of modulus one and a real root of modulus
less than one at p = p* if ¢ > 3.

2
—(132 16— 324 16r—7)2 1 4(6r—9)(9r3 + 162177
<2(1+r)( (s t6rT)+/ (US4 o2 e 9)3r3 416 *”)‘(rz—l)) —(g—1)?

2(9r3+16r2+7r)

30+ , then Neimark-Sacker conditions hold.

Moreover, if p* >
To prove this theorem we need Viete formula.

Theorem 3.3. [9](Viéte formula) Given any polynomial of degree n, say
P(x) = apx" +ap X"+ 4 ax+ag

with roots ri,ry,...,ry. Vieteformula say that
r4+rmn+...+r= —LZ;‘?

(riratrirs+...4rim)+(nrs+rr+...+rnm)+...+rm_im= a(");z,
(rirars+rirra+ ...+ rirory) + (rirsra+rirsrs+...+rirar) + .o+ rpotp—1rn = —

an-3
a, ’

Firprs...r = (—1)"%,

an
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Proof of theorem (3.2): Consider that ¢ > 3 and p < li+r' Note that for p < 1i+r’ we have ¢ — (1 +r)y > 0 and hence g — ry > J.
y 4 j - 4 j - S 4 j = . 1

Recall that 1 > (ﬁ)2 sol> 7(%)2 and hence, y > ﬁ(ﬁ)zy. So,g—ry>y> ﬁ(ﬁ)zy. Multiply by 115, we get
q-ry 4 Y33

I+3+ry 7 f( 1+y‘+ry') o ) )

So, in this case the characteristic polynomial has two complex conjugate roots and another real root of modulus less than one as we have

shown in the proof of theorem (3.1).

Now we will show that the modulus of the conjugate roots equals one at p = p*. Let A1, A, and A3 be the roots of p(4) where, A; and A, are

the conjugate roots and A3 is the real root. Recall that A3 = & has modulus less than one. By Viete theorem, we have

y
M+d+Az=——"" 3.1
1+42+4A43 55415 3.1
q—ry
MAAy3 = ———— 3.2
=155 (3.2)
MA2 424143 + 24243 = 0. (3.3)
If A and A, has modulus equal one, then ;A = 1. From (3.2), we get A3 = 1+y+r}.
Substitute A3 in equation (3.1), we get A} + A, + 1+y+ry 1+yy+ry
—Iy+y
M+A= 7. 3.4
e P s (3.4)
Also, substitute A3 in equation (3.3), we get A} + A, = —% =— 1;’_;”_'.
147 ’ 1 i
That implies ; +yfry = qtf;' g} This shows that at p = p* Where p* satisfies § +y r'V = q+Z}+ Jg , (1) has two complex conjugate roots of

modulus one and a real root of modulus less than one for p < 7= + ~.
As p is the bifurcation parameter and ¢ and r are fixed, the bifurcation point is p* which satisfies
qg—ry _1+y+ry
I+y+ry  q—ry+y

(1+5+r9)" = (g—r7+9)(a—19)
(1 +r)2)72+2(1+r))7+ 1 242*47}7+qy'7qry'+r2y'27r}72

(14377 4+ 20 +r) +q2r—1)5—(¢*—1) =0. (3.5)

Equation (3.5) is a quadratic equation with the following roots

Q21+ +q2r—1) £/ +r) +q2r—1))2+4(g> - 1)(1 +3r)‘

y= 2(1+37)
Since, > 0, for g% > 1
- = +7r)+q(2r— + +7r)+q(2r— +4(q° — +3r
5= (1 +7r)+q2r—1)+/(2(1 +7) +q(2r —1))> +4(¢* — 1) (1 +37)
2(1+3r) '
Substitute the value of ¥, we have
g=1++/(g=12+4p*(1+r) _ —(2(1+n)+q(2r—1))++/Q2(1+r)+4¢(2r—1))*+4(g>—1)(1+3r)
2(14r) - 2(143r)
2(1+4r 2r—1) 1+r)+q(2r—1 4(g2—1)(143r
\/(Q*1)2+4p*(1+r): 1*([4’2(1‘#7’)( (2(1+r)+4( +\/ 2(1‘13;34( ))*+4(g )(1+ ))

2
(1—q+2[1+r}[ (2(14+1)+q(2r—1))4++/(2( 2(11++r;>q<zr 1))? +4(q271)(1+3r)}> —(g—17

4(1+r)
To check if Neimark-Saker bifurcation exists at p*, we must show that e*®” £ 1 for k = 1,2,3,4 and #(p*) # 0 where A, 2=cos0" +isinf*.
To show that e/®” £ 1, let A = cos @ +isin6 and A = cos B —isin B be the complex roots of p(A) at p*. Substitute A in p(1), we have

p=

3_ 2
A l+y+,yl +1+y+ry 0 or
3 M | A 3.6)
1+y+ry 1+y+ry
Recall that at p*, l+y_?ry lff;_g So equation (3.6) becomes
_ L4545
Ay d e IRV (3.7)
14+3+ry qg—ry+y
By similar argument, substitute A in p(A) we get
_ W _ 14+54+ry
i3 Yy g2_ +y+ry _ 3.8)

L+y+ry  q—ry+y
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Multiply equation (3.7) by A2, we have

- e
R R ) (3.9)
1+y+ry q—ry+y
Also, multiply equation (3.8) by A2, we have
~ 5 145477
Y IEVENG L, (3.10)
1+3+ry q—ry+y
Add (3.9) to (3.10), we get
- 7 145477 -
A+d+2(—2 - LEIEY g0 50 3.11)
1+3+ry" qg—ry+y
Note that A + A = 2cos6 and A2+ 2% = 4cos? 6 — 2.
Equation (3.11) becomes 2cos 6 +21ﬂ+ry ;?;g (4cos?0 —2)=0or
1+y+ry y 1+y+ry
—4(&)00529—0—20%9—0—2( %) —)+2( +y_+r)_7):04 (3.12)
q—ry+y I4+y+ry q—ry+y
From equation (3.4), we have A + 4 = —4 +:ﬁt§’ and hence, 2cos @ = — ?:L;yjr; That implies cos § = —4( ‘171;}:3) Note that this is a root
145+ 1 j+7 j+7 L+5+ -+ 14+5+15
ofequatlon (3.12) since, —4(q f‘g)( 3 X ‘11+;{Lr§1) —0—2(—7 X ‘fﬂr,{rrf) +2(1+y+r})+2(q ivg) = —2(f+;{w)v +21+y+ry + qffyi} =
q— 1+y+19
2( 1+y+ry + q r\+}) - 2(0) 0.
Note that < lorg—ry<1+3+ry. To show this, note that 0 < 4p(1 +r), add (g — 1)? to the both sides, we get (g — 1)?

l+)+ry

(g—1)2+4p(1+r). Now, take the square root of the both sides, since we assume g > 3, we get g— 1 < \/ —1)24+4p(1+7r) or,
— (a—1)2

g—1<1 RaVAU 1) +40057) Tt is equivalentto g — 1 < (1+r)y. So g—ry < 143+ ry and hence

I+y+ry q
Y q—ry+y T 1+y+r)

° 1+}+r)‘ <L

<1, cos(9<77

Since

1 _ 145415
Also, note that 5 < ;=575

4, we have 8 —4q < 4p(1+r). Add (¢ — 1)? to the both sides, we get g —6g+9 < (g— 1)> +4p(1+r) or (g—3)% < (g—1)> +4p(1+7).
Take the square root of both sides. Since we take g > 3, we get g —3 < \/(¢— 1)2+4p(1+7r). Add g— 1 to the both sides, we have

To show that we will use that for ¢ > 3, we have 2 — g < 0 and then %;JFZ < p, multiply both sides with

2g—4<q—1++/(g—1)2+4p(1+r)or,g—2 < (1+r)yand hence, g —2 < (1+3r)jor, g — ry+3 < 2+25+2rjor } < ;jvi’;
Since, % < ;ﬂ;’g cos@ > —1.
1+5+ . nx _ _ log—rity 1 ik6*
:(t zit g*svzhere 3 < fwfy = ljyfry < 1, there exists 6" € (5, 7) such that —1 < cos 8" = —3({555) < —3. Note that e # 1 for
To check if #(p*) # 0, it is enough to show that dw |p=p+# 0.
) = —)L3 _ )_7 )L2 + q— ’37
p(2) L4545 T+5+19
_ d(22) 1y di dp(d) _dh 7 (dp(A) _dA
i A == AL+ A 2] = 2(G5 ) TACG o)
2 - 1 12— r _ (147)(g=rP)
d|A| g (Va1 +ap() <l+y‘+r>‘~>\/<q D2p(+r) (5 +9)2/ (gD +4p(1+7)
d |P:p*_ 3}{2 2
P - - l+)+r)
_ 1 22 r _ (1+r)(g—r5)
+/1< (145+r9)2y/(g—1)2+4p(1+r) (1+)7+ry')\/(q 1) +ap(1+r)  (145+r9)2y/(g—1)2+4p(1+r) )
—3A% 1+}+r) A
At p* A1 =1, so we have
) _ 1 A2 r _ (147)(g—1y)
d|A]| | _ ( (145+9)24/(g—1)2+4p(1+r) (14749 (=12 +4p(14+r)  (147+5)2/(g—1)2+4p(1+7) )
p=p"= 3 2
dp =347 - l+)+ry2’
_ 1 22— r _ (+r)(g—ry)
n ( (145+75)2/(g= 1) +4p(1+7) (1+}"+ri)\/(q l)2+4p(l+r> (145+75)2/(g=1)2+4p(147) >
—3A3 - I+}+ry A2
_ ! 2 (1+)(g=r9) 2
_ <( (l—?+ff)2\/(11*1)2+4p(l+r)l (l+»+n)\/ (g 2+4p(l+r (l+)+w \/(qql)2+4p 1+4r) )( 372 ]+‘+”A )>
(=343 2H s A2)(=3A3— ﬁlz)
1 72 r (1+r)(g—ry) 3 2
+(( (45492 (-1 +4p(1+r)/l (1549 (q- 12 +4p(1tr)  (1454r9)? \/(qq 2+4p(]+r))( 3 21+‘+’>7L )>
( 33 721+\+n12)( 3%~ 21+‘+nz'2) '
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The denominator is non zero term since

(—3A3 sz,lz)(fﬂP S S A R Y — g ) +4(L_)2.

1+y+ry 1+y+ry L+y+ry L+y+ry
Atp* A+A =14 +;’++,; so the denominator becomes
_6}_}(‘1_’}74_)7) y )279—6 y(q_r)_)) _9 y )2
=1 52 st ) Sy wl
(I+5+79) 1+y+ry (I+5+79) L4+y+ry
5 ( rv v
Note that l+}+r,<lso (H}ZH}) > —1and — (H—y-H))))z > 155
So,
9_6 =1 5 T pog_ g q_ry —2
(1+7+rp)? 1+y+ry 143+
and since at p* 1+y+r} <1, i
9-6-1" 559 6-2=1>0.
14+y+ry
It remains to show that the numerator is non zero term.
The numerator is
_ 1 22— r _ (1+r)(g—ry) )(7313 _ﬁ) <7 1 32_
(1+5+19)2y/(g— 1) +4p(1+) (1+5+19)/ (q—1)2+4p(1+7) (1+y+ry-) V(g=1)2+4p(1+r) 1+y+rv (14+5+r9)2y/(g—1)2+4p(1+7)
r (1+r)(g—ry) )(73%3 _ _AZ)
(45+9)/ (@12 +4p(1+r)  (145+r9)2+/(a—1)2+4p(1+7) 1+>’+r>
= 3 (A+2)+ ( 3r 3(141)(g=ry) )
(1+5+19)2y/(g—1)2+4p(1+7) (4549 (=02 +4p(14r) | (145492 (g—1)2+4p(1+7)
A3 423+ 2y 2(14+1)(g=ry)y ) A2+ 22)+ 4 ‘
( ) (45492 (=12 +4p(1+r) — (14+5+r9)3/(g=1)+4p(1+r) ( ) (145+r5)*/(g—=1)2+4p(1+r)

Recall that at p* l+)-?r} = ;j;rg . Also, at p* A+ A =2cos8, A2 +2A% =4cos?6y—2 and A3 + A3 = 8cos’ 6y — 6¢cos By where

_ _l(g=rty
cos b = —5 (155755)-

The numerator at p* is

_ 3(g—rity) _ 3r(g—ry+y)’® _ 3(14r)(g—r3+3)*
(45493 (=12 +4p(1+r)  (145+r9)*/(g=1)2+4p(1+r)  (1+5+r9)*y/(g=1)>+4p(1+7)
9r(g—13+5) + 9(1+1) 2r3(g—ri+3)
(45492 (=12 +4p(1+r) (145492 (g=1)2+4p(1+r)  (14+5+r9)*y/(g—1)*+4p(1+7)
2(1+r)(q7r}7+)")y o 4ry o 4(1+r))7 + 4y
(145494 (q=1)2+4p(1+r)  (145+r9)2/(q=1)2+4p(1+r)  (1+5+9)2(q—r5+9)y/(q=1)2+4p(1+r) — (145+r5)3\/(g—1)2+4p(1+r)
Note that —1 < cos 6* < f% which implies that 1 < L;)ﬁ; <2and — = rl)‘r+y > 7#“}'
The numerator is greater than
_ 6 -~ 12(1+7) + or + 9(1+r) + 2ry +
(H45+r9)2/(q=1)7+4p(1+r) (145492 (q=1)2+4p(1+r)  (14+3+r9)y/(q=1)2+4p(1+r)  (145+19)>/(q=1)>+4p(1+r) (145492 (g—1)>+4p(1+7)
2(14r)y _ 4ry . 4(14r)y + 4y
(45493 (=12 +4p(1+r) (145492 (g=1)2+4p(1+r)  (14+5+r9)3y/ (q=1)>+4p(1+r) - (145+19)31/(g—1)>+4p(1+7)
2(1—r)y 6+3(1+r)+2ry

T 5 a— 24 ap( ) (45492 (- )2 +4p(1+7)

9
L .
(145 +m)V/ (g = 1)> +4p(1+7)
Term (3.13) is positive 1f2(1 fr) —(64+3(1+7)+2r9) (1 +5+7r5) +9r(1 +5+75)2 > 0.

That is equivalent to (97> + 16r% +7r)5> + (1312 + 16r —7)5+6r—9 >0
or

(3.13)

—(13r2 +16r—7)+ \/(13r2 +16r—17)2+4(6r —9)(9r3 +16r2 +7r)
2(9r3 +16r2 +7r) ’

Substitute the value of ¥, we get

q—14++/(g—1)>+4p*(1+r) > —(13r2+16r—7)++/(13r2+16r=7)2+4(6r—9) (9r3+16r2+7r)
2(9r3+16r2+7r)

multiply both sides by 2(1 + r) and then add —(g — 1) for both sides, we get

\/(q_ 2 ap (150 >2(1 +r)<7(13r2+16r77)+\/(13r2+16r77)2+4(6r79)(9r3+16r2+7r)> —(g—1)

2(9r3+16r2+7r)

take the square of both sides, we obtain

% —(13r2416r—7 13r2+16r—7)2+4(6r—9)(9r3+16r2+7r 2
(=12 +4p" (141) > (2014 ) (FLEHED BRI AEr 90Ny (1))
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add —(g — 1)? for the both sides and then multiply by () We get

l+r

2(9r3+16r247r)
4(1+r)

*

- r2 r— r r— r— r3 rz r 2
<2(1+r)< (13r2+16r—7)++/(13r2+16r=7)2+4(6r=9) (93 +16 +7)>—(q—1)) _(q_l)z
p >

2
If term (3.13) is grater than zero, then d‘d% |p=p*> 0, and then Neimark-Sacker bifurcation conditions are satisfied.

4. Direction of Neimark-Sacker bifurcation

In this section we will use the normal form theory of discrete systems to determine the direction and the stability of the invariant closed curve
bifurcating from the positive fixed point ( see [9]). System (2.3) can be written as

Yoi1 = JYu+G(Yy) .1)
q=ry y
“Tiyts O s Wn
where, J = 1 0 0 and, Y, = w,
0 1 0 Un
G(Y)=3B(Y,Y)+ §C(Y.Y,Y)+O(|| Y |*)
B (YY) G (Y,Y.,Y)
B(Y,Y) = 0 and, C(Y,Y,Y) = 0
0 0

92 n 2*X;
Bi(x,y) =Xy agagk le=o (xjyk) and Ci(x,y,2) = X %a(éi) le—o (xjyezr)

Bi(9,y) = 1+y+,y2¢lll’l 1+y+,yz¢zlllz+%[¢3llf1+¢l‘l/3}

25—4r( 273 5+4r5—2 65
Ci(9,y,n)= W¢‘ vim+ W <¢1 VINs+ o3y + ¢ +1I/3T11) W <¢1 V33 + 93y 113+¢31I/3T11> Trsr 3¥1ss
Recall that 6y = cos™! (—2(‘1117%). Let ¢ and p* be the eigenvectors corresponding to the eigenvalues A = cos 6y + isin 6y = /%
£ L+y+ry o6
and A = cos 6y — isin 6§y = e~'%, respectively, where ¢ ~ 1 and p* ~ £ . Note that ~ means that the vector can
e*ie(] ]

differ from that given by a non-zero complex multiplier. To normalize g and p*, we must find { such that < {p*,q >= 1, where < .,. > is
the standard scalar product in C3.

e*ie() + 267[9())

3 _ -

- I+y+ry

<Cp*.q>=CY piai= C(T
i=1

Set § = So take p =  x p*. We have < p,qg >=1.

1
The critical real eigenspace T¢ corresponding to A1 is two-dimensional and is spanned by {Re(q),/m(q)}. The real eigenspace T*
corresponding to the real eigenvalues of J is one-dimensional. Any vector x € R3 can be decomposed as
x=zq+z4+y
where, z € C!, 75 € T¢ and y € T®. The complex variable z is a coordinate on 7¢. We have
=< p, x>,

y=x—<p,x>qg—<p,x>q.
In these coordinates, the map (4.1) takes the form

I~ 190

Z=e"24+ < p,G(zg+7G+y) >

J=Jy+G(zq+24+y)— < p,G(zq+ZG+y) > q— < p,G(zg+ZG+y) >

The previous system can be written as

, 1 1 1
F=eify 4 5Gzozz +Gnz+ 500222 + 5021z22+ < G,y > 74+ < Go1,y > Z,

1 1 1
y=Jy+ EHzoZ2 +Hyjzz+ EHOQZZ + 5H21222

where,
Gy =< p,B(q,9) >,G11 =< p,B(q,4 >,Go2 =< p,B(4,q) >,G21 =< p,C(q,9,q) >
and
Hy = B(q,9)— < p,B(q,9) > q— < p,B(q,9) > q;

Hy1 =B(q.4)— < p,B(q,q) > q— < p,B(q.q) > q
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and
< Gig,y >=<p,B(q,y) >,< Go1,y >=< p,B(q,y) >

where the scaler product is in C3.
From the center manifold theorem, there exists a center manifold W¢ which can be approximated as

1 1
Y=V(z2) = szozz +wiizz+ 5wozz2

where < g,w;; >= 0. The vectors w;; € C3 can be found from the linear equations
(¥ 13— J)wao = Hap,
(I3 —J)wi1 = Hiy,
(€721 —J)woy = Hop.

These equations has unique solutions. Note that the matrices (I3 —J) and (e*2%[3 — J) are invertible in C3 since 1 and ¢*%® are not
eigenvalues of J. Recall that ¢’% £ 1. So, z can be written as

£=e%2+ 3G +Gnz+ 3602 + 3(Ga +2 < p,Bq,(I—J) "' Hi1) > + < p,B(G, (%1 — )" Hy) >)2%2+ ...

Taking into account the identities

-1 1 2i6 -1 e it P [
(I=J)"q= —o0® (e"™I—=J)"q= 26 1P (i—j)"q= 1—c6?
and
) —i6y
(1 -0)"a= g
el —
Also, z can be written using the map
. 1 .
t=e®zt ) oad? 4.2)
ki>2 %

where, g20 =< p,B(q,9) >, g1 =< p,B(q,3) >, go2 =< p,B(3,q) >
and g31 =< p,C(q,4,3) > +2 < p,B(q,(I-J)"'B(q.3)) > + < p,B(q, (¢**I—-J)"'B(q.q)) > +

_ i) _
— i |< p.B(4,@) > — 25— |< p.B(7,@) >|*.
The map (4.2) can be transformed into the form

71’90 1-2 i90 _
220 < p.B(g,q) >< p.B(g,3) >

1—¢

7= %2(14+d(p") ||

where, p* is the value of the bifurcation parameter p where the Neimark-Sacker bifurcation exists and the real number a(p*) = Re(d(p*)),
that determines the direction of bifurcation of the closed invariant curve, can be computed by the following formula

e gy, (1— 281'90)672['60 1 5 1 2
a(p”) :Rt’(T) —R <Wgzogn) 5 leulm =g len "

Now, we compute a(p*). Recall that goo =< p,B(q,q) >

2 (q—ry) 200 —2rye’2’90 +2gr—2 (r2+ 1 ) ¥y
where, B(q,q) = (1+ﬁ8-ry’)2

0
B 1 2ge*% £ 2qr —2(r2 + 1))774r)7c05260)
5207 e oI 145+ '

14+y+ry

2 (qfri) —2rj+2 (qrf(r2+l)i> cos 26y

g11 =< p,B(q,q) >, where B(q,g) = (1+)"Jr§’)2
0
s0,
_ 1 2(q—ry) —2r9+2(qr — (r* + 1)3) cos 26y
s = e3i90+2% (1+5+r7)2 )

2ge~2% —4rjcos26+2 (qr— (rP+1 ))

802 =< p,B(g,q) > where B(,q) = “ﬂ‘grf’)z
0
So,

s =C 1 +)7+r)7€7590 (qu’zm‘) —4rjcos20 +2(gr — (r* + 1)))
” v (1+5+75)?
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or

1 2qe~ %% — 4r5c0s20 +2(qr — (r* +1)) )
g0 = .

. v —_ - 2
63’90-%2% (1+y+ry)

e~ % < 1 7261.90)

g2 =< p.C(4.4.9) > +2 < p.B(q.(I—1)"'B(q.9)) > + < p.B@. (X1 — 1) Blq.q)) >+ 222" < p Blg.q) >< p.B(4.3) >

— 2w |< p,B(4,d) >I* — 55 |< p.B(@,3) >

(=6(g=ry) =412 (q=19)+8r5)e"™ +(47—8r(g—ry) +6r*F)e "™ +(25—4r(g—1))e™™ +(4ry—2r*(g=ry) )e ™

_ (I4+y+r9)°
C(¢,9,9) =
0
o) | ((6(qry‘)4r2(qry‘)+8ry‘)e""°
p,C(q,q,4) >= — = —
3i6, Y 3
elo‘i‘zm (1+y+ry)

<4}7 —8r(qg—ry)+ 6r2)7> e 0 4 (2}7 —4r(qg— ry)) 30 <4r)7 —2r(g— r)'/)) e i )
+ .

(1 +y+7ry)?

The second term in gpy is < p, B(q, (I —J)"'B(¢,q)) >

s 0 i\ (U
- g+1 q+1 _ g+l _
0 -1 1 I+5+ry  1+g+y  14g+y
q+1 q+1 q+1
1 ([ 2(g—ry)=2ri—2(qr—(r*+1)7) cos26p
q+1 T+y+ry S
—1 N\ 1 2(g—ry)—2r§—2(gr—(r*+1)5) cos 26, _
(I=N""Blg,0)=| 1 T 0 = s
1 ( 2(q—ry)—2ri—2(qr—(r*+1)7) cos 26y S
q+1 I+y+ry
2 (qwf) Se’® —2rySe 0 +2 <qr7 (r+1 )y) Scos26y
B(g,(1-J)"'B(¢,)) = “”’J”’V
0
1 2(q —r9)Se'® — 2rySe—i0
<P Bl (=) B0.) >= ( e
et 2Ty yrry
2<qr— (P 4+ 1))7>Scos 26
+
(1+5+7r9)?
26 . _g=13 y -
. “Mtrss 0
(621901—.])71 — 1 621'90 0
0 -1 o
4i6 y i
e T e
— 2| Q26 Hi6 4=y b
D 2i6, Hy;ryrf 4i6 lﬂqdr% 2i6,
1 —_ry 1 ) 1
1 e~ + 5+ et + me 0
where D is the determinant of the matrix (2% — J) such that D = ¢*% (¢ 4 li;_y_ry) - #;”f
L ,4i6
(821‘9017])—13( ) _ Z 2i6)
q,9) = DeL
D
2 <(Hy—) % —2rje % +2 qr7<r2+1>>")
where, L = 5557
L (Z(qfrwe“"o72ry‘e""°+<qrf(r2+1)9)(e5f90+e*“’0>)
i D Try+r9)?
B(d. (%1 1) B(q.q) = o
0
_ . o L 1 2(g—15)e39 —2r5¢1% + (gr— (2 +1)§) (5% + e~
< p,B(@, (%1 —J)"'B(q,q)) >= b(egfeoﬂ ; )( gl 22 (1+(yf]+rr)7()}; e D te )>.

THy+ry

a(p*) = Re(5" < p,c(q.4,3) >) +Re(e ® < p,B(q,(I—J)"'B(q.d)) >) +Re(“5> < p,B(q, (¥ ~T1)"'B(q,q))) >).
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Theorem 4.1. If a(p*) < 0 (respectively, > 0), then Neimark-Saker bifurcation of system (2.3) at p = p* is supercritical (respectively,
subcritical) and there exists a unique invariant closed curve bifurcates from the positive fixed point § which is asymptotically stable
(respectively, unstable).

S. Numerical examples

In this section we give numerical examples which support our results in the previous sections.

Example 5.1. Take

p+4))n72

—_— 5.1
1 +yn + 0.3)7",2 ( )

Yn+1 =

with the initial conditions y_» =y_1 =yg = 1.

_ 3+4/9+52p
YT 26
Note that for p < 1L+r = 3.0769, the bifurcation point p* is satisfy
34+/945.2p* 34+/9+5.2p*
1+ % 4 _3(%)

4+.7(3+\/92?$-675.2p*) 14 3+\/9;—7542p*

2.6

1.2 8
(. 5+( )(3+1/9+5.2p*)? +—f— (3+1/9+52p*)—15=0

7(1+;-2J;§)+\/(1+‘ 2812 145 15x (0.25+ 22L)

2 2.6)
349452 —
VO+5.2p* 2025+ 32)
ERETS +\/ 58— 3P Hax15x(0.25+ 32) 229
a ([ 20025+ %) =37~
P = 5.2

p* =0.83564585

Now, we will check if Neimark-Sacker bifurcation conditions hold. By theorem (3.2), it is enough to check if

2(9r3+16r247r)
4(1+r)

*

— r— & r— r— T s r 2
(2(1 +r)< (132 4+16r—7)+/(13P2+16r—7)2+4(6r—9) (97 +16:>+7 )) (g 1)) C(g—1)?
pr>

Note that at p = p*, y = 2.55889613 and

14+5+ry  1+4.3x2.55889613 4 2.55889613
q—ry+y 4—.3x255889613+2.55889613

= .74708948,

and

—(1372416r—7 13r2+16r—7)2+4(6r—9)(9r3+16r2+7r 2
R — ) B a5

4(1+r)

2
—(=13(0.3)2416x0.3-7)+1/(13(0.3)216x0.3-7)2 +4(6x0.3-9)(9(0.3)3+16(0.3)2 +7x0.3) 2
(203)( 2(9(0.3)3+16(0.3)2+7x0.3) )=3) =03

4(13)

= —1.1334411 < 0.83564585 = p*.

So the condition of Theorem 3.2 is satisfied. That implies equation (5.1) undergoes a Neimark-Sacker bifurcation at p = p* = 0.83564585.
The bifurcation diagram of equation (5.1) is shown in Figure 5.1. Figure 5.1 shows that the positive fixed point ¥ is asymptotically stable
for p > p* and change its stability at Neimark-Sacker bifurcation value p* and an invariant simple closed curve appears on the plane
(x(n),x(n—2)) for p < p*. Figure 5.2 and Figure 5.3 shows the phase portraits associated with Figure 5.2 for p = p* and p = 0.95,
respectively.
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y(n+1)

0 | | |

1
0 0.2 04 0.6 0.8 1 1.2 14 1.6
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Vn—2

. . . . . o p+4 .
Figure 5.1: Neimark-Sacker bifurcation of the map y,+1 = 12 %= TynF03n=2> P 1 @ parameter.

BE

1
1.5 2 25 3 35
x(n)

Figure 5.2: Phase portraits of the map y,+1 = ﬂ% for p=p*.

29¢

24+

2_2 1 1 1 1 1 1 1 1
22 23 24 25 26 27 28 29 3

x(n)

Figure 5.3: Phase portraits of the map y, | = ﬂ% for p=0.95.
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literature, no study is seen on encryption methods that are created by using the properties of
mathematical number strings and can be expressed with musical instruments. The purpose
in this research is to develop ideas for an effective encryption method and to create a time
and location variable encryption method considering this deficiency in the literature by
getting advantage of the additive feature in Fibonacci and Lucas number sequences and
moving from here to develop new perspectives on encryption science. In the research letters
in alphabet, numbers and 10 of the most used symbols were selected and ASCII codes were
determined. The objects to be encrypted are divided into 6 main groups (uppercase vowel,
uppercase consonant, lowercase vowel, lowercase consonant letters, numbers, and symbols).
ASCII codes are written with the additive property of the Fibonacci and Lucas numbers
(Zeckendorf’s Theorem) and matched with the corresponding notes. In addition to the first
method in the study, the encryption system is encrypted by shifting depending on time. In
addition to this method, the encryption system was encrypted by shifting depending on the
location. In the last method, the text to be encrypted was encrypted by shifting depending
on both location and time. The software of the first stage of the encryption system has been
created. The encryption method we have created can be transmitted in both audio and text.
Since encryption can be applied with various instruments, it offers variety in terms of data
privacy. In the encryption system, people who have a musical ear can audibly decipher the
password regardless of the written source. In the research, the same text differs as time and
location change. This method allows multiple transformations of a character in a text. With
these features, it differs from the encryption methods made until now.

1. Introduction

People have given importance to confidentiality in their communication since the moment they existed and they have constantly developed
new methods in this field. Encoding and encrypting information is a method developed thousands of years ago by empires and states to
prevent the information they wanted to be kept secret from falling into the hands of the enemy [1]. These times, when much more primitive
encryption methods were used and we have come a long way with the introduction of mechanics and technology into our lives.

Encryption (cryptology), which is one of the sub-branches of mathematics is the science of coding (cryptography), as well as code analysis
(cryptanalysis). While code science refers to the creation part of the encryption, code analysis refers to the decryption of the generated code.
Its encryption is expressed in the TDK (Turkish Dictionary) as secret texts, encrypted documents science, or analysis. Encryption is the
process of making the content of plain text unreadable [1]. Cryptology is mathematics like number theory, that is, it is the application of
formulas and algorithms that form the basis of cryptography and encryption analysis [2]. The number of information added to the literature
is increasing day by day as a result of increasing discoveries and inventions. Protecting this information is getting more difficult. One of
the important methods of protecting information is encryption. The importance of cryptography has increased with the transfer of private,
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commercial, political, and military data of critical privacy in electronic environments [3]. Many different encryption methods have been used
from the past to the present. According to the information obtained, the first cryptologist (code scientist) is an Egyptian scribe who lived in
BC. 1900s. He created the inscriptions he wrote by encrypted hieroglyphs and used some hieroglyphs that were never used before [1]. One of
the first encryption methods that emerged in history was Caesar encryption. In Caesar encryption, instead of every letter seen in the Roman
alphabet, the text is encrypted by writing the letter after the corresponding letter in the alphabet. The Enigma machine invented by German
scientist Scherbius and Jefferson disks used by the US army can be shown as examples of encryption methods used throughout history.
Music has come to these days by continuously developing since its emergence. Music has a great place and importance in our lives, we are
continuously listening to music at home, at school, on trips, and when we go out for walking. The relationship between mathematics and
music dates back to the sixth century BC by the ancient Greek philosopher Pythagoras (570-495 BC) [4]. It is known that the mathematical
scientist Pythagoras was also very interested in music and found octave and even thin-thick sounds by dividing a wire in the middle. It is
seen that they progress in parallel with each other during their development [5]. Other people interested in music and mathematics are J.
S. Bach and W. A. Mozart can be shown as examples. It is known that both famous composers have high mathematical intelligence and
especially Bach’s biggest hobby is mathematics [5]. When the education programs in the middle ages are examined, it is seen that music,
mathematics, and astronomy are in the same group.

Art and aesthetics have always been an integral part of mathematics. Many musical instrument producers carry the sound graphics of
their instruments to graphics suitable for instruments. Electronic music records are also closely related to graphics. It is essential that
mathematicians and musicians collaborate when producing even a piece of music [6].

Studies on music, which can be taught from an early age, emphasize that rhythm studies are associated with mathematics, music experiences
are very important in spatial relations and shape comprehension, and that music is based on mathematical thinking and mathematical relations
[7]. The Fibonacci number sequence, is the number sequence that first appeared with the "Rabbit Problem”, which was discussed in the book
”Liber Abaci” published in 1202 by Leonardo of Pisa, known as Fibonacci [8]. The number sequence continues as 1, 1, 2, 3, 5, 8, 13, 21, 34,
55, 89, 144, 233,. ... Each number is the sum of the two numbers preceding it. A similar number sequence is the Lucas number sequence
created by French mathematician Edward Lucas. Unlike the Fibonacci number sequence, the Lucas number sequence was continued by
starting with the numbers 2 and 1. Lucas number sequence continues as 2, 1, 3, 4, 7, 11, 18, 29, 47, ...[9]. Giil Karadeniz has proved in her
research [10] that positive and negative integers can be expressed by Fibonacci numbers and used the Zeckendorf Theorem in her proof.

Theorem 1.1 (The Zeckendorf Theorem[10]). Each N positive integer can be shown as the sum of different positive index Fibonacci
numbers. This representation is one way definite. It can be clearly expressed as:

kivip <k—2 (i=1,2,...,r—1)

ki>2
It is a theorem that states that each positive integer N can be written as
N = Fk] +Fk2 + .- +Fk,.

Proof. The proof is clear if the integer N is itself a Fibonacci number. Assume that the theorem is true for all integers less than or equal to F;,
and F; 1 >N > F..

N=F+(N-F);N—F,<F,

Thus, it is proven that every positive integer can be represented as the sum of positive Fibonacci numbers [10]. It becomes and from our
assumption, it is seen that N — F;, can be defined as to comply with the terms of Table 1. O

There are many studies in the literature on the science of encryption and music. It is possible to collect these studies under the following
titles:

* Cryptology techniques and usage areas,

» Concepts used and necessary information in cryptology,

* Encryption systems,

» Relationships between mathematics and encryption,

* The relationship between musical education and mathematical thinking,
» The effect of music on people and their development,

* The relationship between mathematics and music,

¢ Fibonacci and Lucas numbers.

Cagla Ozyilmaz [1] has mentioned the history of cryptology, related basic concepts, and done symmetric encryption applications in her
master thesis. In the following parts of the thesis, she talked about Fibonacci numbers and mentioned the codes of various number strings.
Zainab Hashim Obaid [3], on the other hand, gave information about the basic concepts and gave information about the structure of various
algorithms, and made an application and performance analysis on the text and images of different sizes and compared the results in his
research. Musa Aghayev [2] talked about basic encryption methods and made determinations about their weaknesses and strengths by
performing performance analyzes of encryption methods. Shahin Nasibov [11] made suggestions to increase the security of the RSA
encryption system against the Fermat Factorization Method and presented many methods based on this method in his master thesis. Cihan
Orhan [6] spoke about the relationship between mathematics and music and their need for each other in his article. He stated that mathematics
and music are intertwined and their developments affect each other. Ayperi Dikici [7] investigated the effect of music education on
mathematics ability. In his book ‘A Geometry of Music: Harmony and Counterpoint’ in the Extended Common Practice [12] written by
Dmitri Tymoczko, he emphasized the relationship between geometry and music and explained many musical expressions. While Ayten Esi
[5] observed the link between mathematics and music in her research, she tried to explain with various examples that one is an integral part
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2 (3141567 [8]9]10 2(3|4(5|6]7|8]9]|10

1 |1 29 1 1

2 1 30 |1 1 1

3 1 31 1 1 1

4 |1 1 32 1 1 1

5 1 331 1 1 1

6 |1 1 34 1
7 1 1 351 1
8 1 36 1 1
9 |1 1 37 1 1
10 1 1 38 1 1
11 1 1 39 1 1
12 | 1 1 1 40 1 1
13 1 41 1 1
14 | 1 1 42 1 1
15 1 1 43 1 1
16 1 1 44 1 1
17 | 1 1 1 45 1 1 1
18 1 1 46 | 1 1 1 1
19 | 1 1 1 47 1 1
20 1 1 1 48 | 1 1 1
21 1 49 1 1 1
22 |1 1 50 1 1 1
23 1 1 51 |1 1 1 1
24 1 1 52 1 1 1
25 | 1 1 1 53 |1 1 1 1
26 1 1 54 1 1 1 1
27 | 1 1 1 55 1
28 1 1 1

Table 1: Zeckendorf Representation of Positive Integers with Fibonacci Numbers

of the other and emphasized that mathematics is intertwined with music. As a result, she emphasizes the interweaving of science and art, as
it was noticed in Ancient Greece, by taking the relationship of mathematics and music as an example. Uzay Bora [13] in his article on A
Basic Point Where Science and Art Cross: The Relationship Between Mathematics and Music”, examines the relationship between musical
elements and mathematics. The article includes mathematical explanations of various concepts such as pitch, timbre, intervals, Pythagorean
coma, equal regular system, and examples suitable for thematic transformations and harmonic distance calculations. Eric Riedel’s [14]
research is a study conducted to compare musical education and mathematics on 6th-grade students of a school in Atlanta. As a result of the
study, it was determined that students who received music education had higher mathematics application grades than students who did not.
Giilay Gogiis [15] investigated the effect of music education on mathematics lesson scores in her study and states that music education has
a positive effect on mathematics lessons. Kaya [16] mentioned the importance of scientific methods in his/her study and investigated the
interactions of arithmetic and music in ancient times. Selen Beytekin [17] explained the fundamentals of music and fracture geometry and
explained the interactions of jazz music and geometry to explain jazz and its theoretical foundations. Ufuk Bigak [18] focused on explaining
the harmony theory based on the relationship between music and mathematics in his/her master’s thesis. Firstly, he/she examined Pythagoras’
works in the field of music, and then explained the New Harmony theory and the applications of the theory. ilhami Kaya [19] conducted
various studies on the instrument named monochord designed by Pythagoras, and also included the following expressions for the relationship
between music and mathematics in the past: “Before history, musical sounds were expressed in numbers and proportions rather than notes.”.
Gareth Roberts [20] mentioned the relationship between music and mathematics disciplines in his published book. Book; covers topics such
as simple proportions and the Pythagorean theory of musical scales and harmonic consonant and harmony series, musical symmetries, and
group theory. Siimeyye Bakim [4] first mentioned mathematics as the basis of music. She explained mathematical expressions corresponding
to some musical concepts, examined the relationship between mathematics and music. The studies conducted on the use of the Fibonacci
Sequence and the Golden Ratio in instrument making and whether some polyphonic music composers take this ratio into account during the
process of composing their works have been examined and their accuracy has been discussed. Cennet Bolat [9] used the Binet formula and
matrix algebra, which generalized some properties of k-Fibonacci and k-Lucas numbers and are a generalization of Fibonacci and Lucas
numbers. Gokhan Kuzuoglu [8] stated the characteristics of Fibonacci and Lucas number sequences in his thesis. In the ‘Fabulous Fibonacci
Numbers’ written by Alfred S. Posamentier and Ingmar Lehmann [21], the history of the Fibonacci number sequence, where it is used, its
interactions with various disciplines, and the properties of the Fibonacci-Lucas number sequences are mentioned in detail. Giil Karadeniz
[10] prepared a thesis on Fibonacci and Pell numbers and Zeckendorf proof. In her thesis, she determined that all numbers (positive and
negative indexes) can be expressed with Fibonacci numbers and created an algorithm on this subject.

Although there are studies in the literature that have dealt with the science of encryption from various aspects with various methods, there is
no study on the time-variant encryption method using the additive property in Fibonacci and Lucas number sequences.



Journal of Mathematical Sciences and Modelling 41

1.1. Purpose of the research

Although there are independent researches on the science of encryption, there is no study in the literature on encryption methods that are
created using the properties of mathematical number strings that can be expressed with musical instruments. The purpose of this research is
to create a time and location variable encryption method by taking advantage of the additive feature of the Fibonacci and Lucas number
sequences, considering this deficiency in the literature, and to develop ideas for an effective encryption method by creating new perspectives
on the science of encryption.

Hypothesis: Fibonacci and Lucas number-based and mathematics related to music

1. Encryption algorithm,

2. Time data based on the encryption algorithm,

3. Encryption algorithm based on location information,

4. Can a double-layer encryption algorithm be created based on time and location information?

2. Method

In the research mainly, literature review, content analysis, and field scanning method were used. In the first stage of the research, 10 of the
most used letters, numbers, and symbols in the alphabet were selected and ASCII codes were determined. ASCII codes are written with the
additive property of the Fibonacci numbers in the largest and shortest form that can be written and matched with the corresponding notes. In
overlapping encodings, the last Fibonacci number is split once again.

12 |3|4|5]|]6]|7]|38
C/ D|E|F|G|A|B|C

Table 2: Note Matches (C major tone sequence example)

112 (3|4 |5]|6]7]|8
G|A|/B|C| D|E|F|G

Table 3: Note Matches (G major tone sequence example)

11234 ]5]6]|7]|38
D|E|F|G|A|B|C|D

Table 4: Note Matches (D major tone sequence example)

1 (213 (4|56 |7]|8
B|C/ DI/ E|F|G|A|B

Table 5: Note Matches (B major tone sequence example)

The numbers in the expansions written with Fibonacci numbers are matched to the relevant note of the number remaining from the division
of 7 (mod7) as in Table 2.

Groups Number Sequences Used Music Tone Used
Uppercase Vowels Fibonacci Number Sequence C Major
Uppercase Consonants Fibonacci Number Sequence C Major
Lowercase Vowels Fibonacci Number Sequence G Major
Lowercase Consonants Fibonacci Number Sequence G Major
Numbers Lucas Number Sequence D Major
Symbols Fibonacci and Lucas Number Sequences B Major

Table 6: Number Sequences and Tones Used

We created our method by giving ASCII code for letters in the Turkish alphabet but not existing in the English alphabet. We matched the
codes in uppercase letters as i-91, $-92, U-93, C-94, G-95 and lower case letters as 1-123, 6-124, i-125, ¢-126, 8-126, $-128.

2.1. Encryption of letters

We divided the letters in our alphabet into 4 parts. These are:
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Code | Letter | Code | Letter
065 A 066 B
067 C 068 D
069 E 070 F
071 G 072 H
073 I 074 J
075 K 076 L
078 N 077 M
080 P 079 (0]
082 R 081 Q
084 T 083 S
086 \% 085 U
088 X 087 w
090 Z 089 Y

Table 7: ASCII Codes — Uppercase Letter (Gokhan, 2013)

Code | Letter | Code | Letter
097 A 098 b
099 C 100 d
101 E 102 f
103 G 104 h
105 1 106 J
107 K 108 1
109 M 110 n
111 (0] 112 P
113 Q 114 r
115 S 116 t
117 U 118 v
119 W 120 X
121 Y 122 z

Table 8: ASCII Codes - Lowercase Letter [22]

A 55+8+2 ACD
E 55+13+1 AAC
1 55+13+5 AAG
I | (55+34+2)55+21+13+2 | ABAD
o) 55+21+43 ABE
0 55+34+3 AAE
U 55+21+8+1 ABCC
U 55+3443+1 AAEC

Table 9: Encryption of Uppercase Vowels

2.1.1. Uppercase letters

As seen in Table 9, the eight uppercase vowel letters in our alphabet are encoded with Fibonacci numbers and matched with notes given to
the numbers in the sequence. Only the number 34 was opened as 21 + 13 as a result of the overlapping in the letter 1.

For example, let’s encrypt the letter E. The ASCII code of the letter E is 69. It opens in Fibonacci numbers with a total of 69 and the number
is expressed as 55 + 13 + 1. These numbers are converted into notes by matching the remaining digits after dividing from the 7th parts
(mod7) with the strings of notes.

55=6 (mod7) 13=6 (mod7) 1=1 (mod7)

Since the sequence of C major is used in the encoding of the uppercase vowels, the rest are matched with the appropriate notes as in Table 2.

6=A 6=A 1=C
2.1.2. Uppercase consonants

As seen in Table 13, 22 uppercase consonants are encrypted. Only because of the inner conflicts in the letters T, Y and Z, 8 for the letter T is
defined and the number 34 in the letters Y and Z were once again opened.

Let’s encrypt the letter S for example. ASCII code of the letter S is 83. The number 83 is expressed in its shortest form with Fibonacci
numbers. The expansion is 55+ 21+ 5+ 2. These numbers are converted into notes by matching with the remaining numbers from the
division of 7th parts (mod7) and so matched with the strings of notes.
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B 55+8+3 ACE
C 55+8+3+1 ACEC
C 55+34+5 AAG
D 55+13 AA
F 55+13+2 AAD
G 55+13+3 AAE
G 55+34+5+1 AAGC
H 55+13+3+1 AAEC
J 55+13+5+1 AAGC
K 55+13+5+2 AAGD
L 55+21 AB
M 55+21+1 ABC
N 5542142 ABD
P 55421+3+1 ABEC
Q 55+21+5 ABG
R 55421+5+1 ABGC
S 55421+5+2 ABGD
S 55+34+5+2 AGD
T (55+21+8) 55+21+5+3 ABGE
A% 55+21+8+2 ABCD
w 55+21+8+3 ABCE
X 55+21+8+3+1 ABCEC
Y (55+34) 55421+13 ABA
Z | (554+34+1) 55+21+13+1 ABAC

Table 10: Encryption of Uppercase Consonants

55=6 (mod7) 21=0 (mod7) 5=5 (mod7) 2=2 (mod7)
Since the sequence of C major is used in the encoding of the uppercase vowels, the rest are matched with the appropriate notes as in Table 2.
6=A 0=B 5=G 2=D

2.1.3. Lowercase vowels

a 89+8 DG

e 89+8+3+1 DGBG
1 (89+34) 89+21+13 DFE
i 89+13+3 DEB
0 89+21+1 DFG
0 | (89+34+1)89+21+13+1 | DFEG
u 89+21+5+2 DFDA
i | (89+34+2) 89+21+13+2 | DFEA

Table 11: Encryption of Lowercase Vowels

As can be seen in Table 11, 8 lowercase consonants in the alphabet are encrypted. Due to the overlaps in the letters 1, 6, and {i, the number 34
has been opened as 21 4-13.

For example, let’s encrypt the letter i. The ASCII code of letter i is 105. The number 105 is expressed in shortest form with Fibonacci
numbers. The expansion will be as 89 + 13 4 3. These numbers are converted into notes by matching the remaining numbers from the 7th
parts (mod7) with the strings of notes.

890=5 (mod7) 13=6 (mod7) 3=3 (mod7)
Since G major is used in the encoding of small vowels, the rest are matched with the appropriate notes as in Table 3.
5=D 6=F 3=B
2.1.4. Lowercase consonants

As seen in Table 15, 22 small consonants are encrypted. The numbers 34 and 8 are opened once again due to the overlap in the letters § and y.
For example, let’s encrypt the letter k. The ASCII code of the letter k is 107. The number 107 is expressed as shortest in Fibonacci numbers.
Expansion will be 89 + 13 + 5 and every number is matched with the notes. These numbers are converted into notes by matching the
remaining numbers from the 7th parts (mod7) with the strings of notes.
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b 89+8+1 DGG
c 89+8+2 DGA
¢ 89+34+3 DEB
d 89+8+3 DGB
f 89+13 DE

g 89+13+1 DEG
§ | (89434+3+1) 89+21+13+3+1 | DFEBG
h 89+13+2 DEA
] 89+13+3+1 DEBG
k 89+13+5 DED
1 89+13+5+1 DEDG
m 89+13+5+2 DEDA
n 89+21 D FA
p 8942142 DFA
q 8942143 DFB
r 89+21+3+1 DFBG
S 89+21+5 DFD
S 89+34+5 DED
t 89+21+5+1 DFDG
v (89+21+48) 89+21+5+3 DFDB
w 89+21+8+1 DFGG
X 89+21+8+2 DFGA
y 89+21+8+3 DFGB
zZ 89+21+8+3+1 DFGBG

Table 12: Encryption of Lowercase Consonants

89=5 (mod7) 13=6 (mod7) 5=5 (mod7)
Since G major is used in the encoding of small consonants, the rest are matched with the appropriate notes as in Table 3.

5=D 6=E

2.2. Encryption of symbols and numbers

Simgel | S2 | S3 | S4 | S5 | S6 | S7 | S8 | S9 | S10
Fibonacci 1 1 2 3 5 8 13 | 21 | 34 | 55
Lucas 2 1 3 4 7 |11 | 18 | 29 | 47 | 76

Table 13: Encryption of Lowercase Consonants

As seen in Table 13, each symbol is expressed as the sum of the relevant Fibonacci and Lucas numbers, respectively.

(simge 1) . 142 BC
(simge 2) , 1+1 BB
(simge 3) ? 243 CD
(simge 4) ! 3+4 DE
(simge 5) - 5+7 FA
(simge 6) + 8+11 BE
(simge 7) : 13+8 GB
(simge 8) “” | 21+29 | ABAB
(simge 9) () | 34+47 GF
(simge 10) @ | 55+76 GG

Table 14: Encryption of Symbols

In Table 14, the 10 most used symbols and their corresponding notes are determined. The symbol “ ” is inverted because it coincides with the
number 6. Fibonacci and Lucas numbers are used in the encryption of symbols.

The “” (quotation mark) symbol matches the same notes as the letter L, so encrypted as repeating the same notes.

For example, let’s encrypt the () symbol. The Fibonacci and Lucas numbers to which this symbol (S9) is paired are 34 and 47, respectively.
These numbers are divided into 7 with the method mentioned before and the rest are encrypted by matching the notes.

The difficulty is faced in using the Fibonacci sequence of numbers when encrypting numbers. Therefore, the Lucas number sequence is
used when encrypting the numbers. 10 digits are encrypted as seen in Table 14. The Lucas numbers to which the numbers are matched are
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0 1+1 DD
1 1 D
2 2+1 ED
3 3+1 FD
4 5+2 AE
5 8+3 DF
6 1345 BA
7 2148 CD
8 | 34+13 | BBBB
9 | 55+21 BC

Table 15: Encryption of Numbers

expressed in the shortest form using the additive expressibility feature of the Fibonacci numbers, these additive expressions are converted to
notes over mode 7.

Since the number 8 and the symbol,(comma) correspond to the same notes as 8, B notes are repeated.

For example, let’s encrypt the number 9. This number matches Lucas number 10, which is 76. The additive expression of this number with
Fibonacci numbers is 55 4 21. This additive expression is converted into notes over mode 7 and encrypted.

2.3. Music terms used and transitions in encoding

« Stacatto: Intermittent playing or singing

« Silencio: Waiting without playing or singing

* Vibrato: Musical effect consisting of regular change of pitch

» Tone: It is a concept that is based on a series of majors and minors.

When we start the sentence, we added a different feature to each section to understand which group the original note that the sequence
belongs to.

* By doing staccato in numbers.
* Making vibrato on the violin in symbols,
 Playing normally in letters

We also used different wait times when switching between the two groups (e.g. symbols and numbers) to indicate which groups were
switched between.

Between the same groups — 1-beat of silence,

Letter — Number — 2 beats of silence,

Number — Symbol — 3 beats of silence,

Letter — Symbol — 4 beats of silence are used.

2.4. Time, location, and time-location variable encryption

The time structure that we will use in encryption is divided into 6 main sections in accordance with our main structure as can be seen in
Table 18.

[ Day | Month | Year | Hour | Minute [ Second

Table 16: Time Structure Used

6 different elements of our alphabet are matched with the components of time.

Components of time are determined.

The numerical equivalents of the units of time are divided by the mode value and the remainder are determined.
Units are shifted according to the remaining values.

For encryption, the remainder is negatively shifted.

Aol

The location structure that we will use in encryption is firstly divided into 2 parts as parallel and meridian, as seen in Table 8. After that, both
are divided into their 3 components.

Parallel Meridian
Degree | Minute | Second | Degree | Minute [ Second

Table 17: Used Location Structure
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2.5. Application

1. For our research to be more understandable, let’s explain the simplest application with an example.
Example 2.1. Let’s turn the TiiBitAK2020 word to notes.

T=ABGE (Table 10)
ii=DFEA (Table 11)
B =ACE(Table 10)
i=ABAD (Table 11)
t=DFDG (Table 12)
A=ACDE((Table 9)
K=AAGD (Table 10)
2 =ED (Table 15)
0=DD (Table 15)
2=ED (Table 15)
0= DD (Table 15)

. =B C (Table 14)

2. Time-Based Application

(a) Time information is received.
(b) The number written with 6-digit (1, 2, 3, 4, 5, 6) elements is taken.
(c) The received number is matched with groups and time information.

Let’s match the 6 main elements of time with the 6 main structures that will create our text.

1st Group 2nd Group
1 | UPP.VOWEL 1 | DAY
2 | UPP.CONSONANT 2 | MONTH
3 | LOW.VOWEL 3 | YEAR
4 | LOW.CONSONANT 4 | HOUR
5 | NUMBER 5 | MINUTE
6 | SYMBOL 6 | SECOND

Example 2.2. Let’s take the number 356124. Let our time be 09.01.2020 / 17.48.53.

In this case:
Uppercase vowels < Year
Uppercase consonants <+  Minute
Lowercase vowels < Second
Lowercase consonants <+  Day
Number < Month
Symbol <  Hour

As a result of this match, transactions are done and the remainder is calculated one by one, each group is shifted as much as the
remainder, our text is then encrypted.

Day < (mod24)

Month <+ (mod 10)

Year < (mod8)

Hour < (mod10)

Minute + (mod24)

Second <+ ( m0d8)

Uppercase | Uppercase | Lowercase | Lowercase
L;iwel Ccl:rll)sonant Vowel Consonant Number | Symbol

MODE 8 24 8 24 10 10
MATCH 3 5 6 1 2 4
TIME 2020 48 53 09 01 17
REMAINDER/SHIFT 4 0 5 9 1 7

Table 18: Time Based Application (Shift Determination)

The shift is calculated by dividing the time values according to the relevant mode and taking the remainder.
Uppercase vowels 2020 = 4(mod 8)

Uppercase consonants 48 = 0(mod24)
Lowercase vowels 53 =5(mod38)

Lowercase consonants 09 = 9(mod24)
Number 01 = 1(mod 10)
Symbol 17 = 7(mod 10)
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Example 2.3. For example : The letter ii is 24 as seen in Table 8. When it matches, its value is 09. When the number 09 is divided
into mod24, the remainder is 9. Therefore, the letter ii is shifted by 9 letters and becomes the letter o.

A BG E (Table 10)
D F G (Table 11)
A CE (Table 10)

D G (Table 11)

D G B (Table 12)
A BE (Table 9)

A A G D (Table 10)
F D (Table 15)

D (Table 15)

F D (Tuble 15)

D (Table 15)

. A B A B (Table 14)
Encryption can be done by repeating the same transactions in reverse.

P~ W~ WRO™T R WO N
N N A A

SN X RN
R S A A A

3. Location-Based Application

(a) Location information is received.
(b) The number written with 6-digit (1, 2, 3, 4, 5, 6) elements is taken.
(c) The received number is matched with groups and location information.

Let’s match the 6 main elements of the position with the 6 main structures that will form our text.

st Group 2nd Group
1 | UPP.VOWEL 1 | Degree
2 | UPP.CONSONANT 2 | Minute
3 | LOW.VOWEL 3 | Second
4 | LOW.CONSONANT 4 | Degree
5 | NUMBER 5 | Minute
6 | SYMBOL 6 | Second

Example 2.4. Let’s take the number 654231 and let’s choose the location as 49°3'49" North 29°0'36" East.

Uppercase vowels < Second (East)
Uppercase consonants <+  Minute (East)
Lowercase vowels < Degree (East)
Lowercase consonants <>  Minute (North)
Number < Second (North)

Symbol < Degree (North)

As a result of this match, transactions are done and the remainder is calculated one by one, each group is shifted as much as the
remainder, our text is then encrypted.

Degree < (modl0)
Minute < (mod24)
Second < (modl0)
Degree < (mod8)
Minute < (mod24)
Seconds <+  (modS8)
Uppercase | Uppercase | Lowercase | Lowercase
Iiz)wel ngsonant Vowel Consonant Number
MODE 8 24 8 24 10
MATCH 6 5 4 2 3
TIME 36 0 29 3 49
REMAINDER/SHIFT 4 0 5 0 9
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B C (Table 15)

B B (Table 14)

4. Location and Time-Based Application In the location and time-based application, encryption is performed firstly by location. This
application will continue through the example depending on the location. The new text created as a result of the 3rd phase is
XoBatAK1919. Time-dependent re-encryption is done through this text. Application3 + Application 2 = Application 4.

T — T — ABGE((Tablel0)
i — o — DFG(Tablell)
B — B — ACE((Table 10)
i — a — DG(Tablell)
t — t — DFDG(Table 12)
A — O — ABE(Table9)
K — K — AAGD(Table 10)
2 — 1 — D(Table 15)
0 — 9 — BC(Tablel5)
2 — 1 — D(Table 15)
0o —- 9 —

— -

>

(a) Time information is taken.
(b) The number written with 6-digit (1, 2, 3, 4, 5, 6) elements is taken..
(c) The number taken is matched with groups and time information.

Let’s match the 6 main elements of time with the 6 main structures that will create our text.

1st Group 2nd Group
1 | UPPVOWEL 1 | DAY
2 | UPP.CONSONANT 2 | MONTH
3 | LOW.VOWEL 3 | YEAR
4 | LOW.CONSONANT 4 | HOUR
5 | NUMBER 5 | MINUTE
6 | SYMBOL 6 | SECOND

Example 2.5. Let’s take the number 312546. Let’s our time be 09.01.2020/19.44.01.

In this case:
Uppercase vowels < Year
Uppercase consonants <+  Day
Lowercase vowels <~ Month
Lowercase consonants <>  Minute
Number <  Hour
Symbol < Secinds

As a result of this match, transactions are done and the remainder is calculated one by one, each group is shifted as much as the
remainder, our text then becomes encrypted.

Day < (mod24)

Month < (mod8)

Year < (mod8)

Time < (modl0)

Month < (mod24)

Seconds <~ (modl0)

Uppercase | Uppercase | Lowercase | Lowercase
I{Ez)wel C(I))rll)sonant Vowel Consonant Number | Symbol

MODE 8 24 8 24 10 10
MATCH 3 1 2 5 4 6
TIME 2020 09 01 44 19 01
REMAINDER/SHIFT 4 9 1 20 9 1

X —- C — ACE

o — o — DFEG

B —-— K — AAGD

a — e — DGBG

t — q — DFB

O - A — ACD

K —-— K — ABCD

I —- 0 — DD

9 —- 8 — BB

/I —- 0 — DD

9 —- 8 — BB

- 7 —= CD
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Our last encryption becomes: C6KeqAKO0808?

3. Findings

Our encryption method can be expressed in 4 different ways:

1.

2.
3.
4.

Our first model is based on mathematics and music, expressing ASCII numbers with the additive property of Fibonacci and Lucas
numbers and converting them into notes.

In addition to our first model, a time variable encryption program is created.

In addition to our first model, a location variable encryption program is created.

In addition to our first model, a time and location variable encryption program is created.

An algorithm containing English characters is created with the software of the first encryption method.

4. Conclusion and discussion

As a result of the literature review, it was realized that there was no encryption method made using the properties of mathematical number
strings and musical instruments. In the study, 6 main titles are determined for letters, numbers, and symbols. Then ASCII codes of letters,
numbers, and symbols are assigned. Being expressed by Fibonacci and Lucas number sequences, these codes are encoded with 4 different
variables: time, location, and time-location. The codes were matched with the notes to be played with the violin. It is found that the
hypothesis that is the basis of the research is feasible.

Most of the encryption methods are made with a certain logic over a single main text. Our main text components are divided into
6 main groups and encryption diversity is created and a program that is difficult to encrypt is done. It has been determined that
other encryption programs do not have lowercase-uppercase, vowel-consonant, number-symbol distinctions. In encryption, various
transition methods have been determined to avoid confusion between the 6 main groups.

4 different one on the basis, encryption moves from easy to difficult:

1. ASCII codes — Fibonacci and Lucas numbers — Note

2. ASCII codes — Fibonacci and Lucas numbers — Time variable — Note

3. ASCII codes — Fibonacci and Lucas numbers — Location variable — Note

4. ASCII codes — Fibonacci and Lucas numbers — Time and Location variable — Note

Encryption systems have been established. It is seen that it differs from other encryption programs as the richness of application.

The encryption system we have created can be transmitted both in audio and text. At the same time, it offers diversity in terms of data
privacy as it can be applied with various instruments (piano-violin-viola-cello, etc.).

The encryption method in the research is suitable for people who have musical knowledge. People having a good musical ear can
audibly encrypt the password regardless of any written source. Due to these features, it differs from the encryption methods made so
far. In addition, the data transfer can be transferred as solo and choral.

The encryption method created is a difficult method to be encrypted because it contains many details between Fibonacci and Lucas
number sequences, ASCII codes, and notes.

The most common encryption method is the solution of objects through the possibilities of using them in a text according to languages.
In this research, it is seen that the same object (2, 3, 4) applications create a richness of being transferred in different ways in different
locations / times / locations and times.

In other encryption methods, it has been determined that encrypting an object is one step. But in this study, the same text differs as
time changes and location changes. This allows the same object to be encoded differently in a text.

One of the disadvantages of our study is that communication between any two people who do not have sufficient musical knowledge is
not healthy. Environmental conditions (noise, etc.) can affect the efficiency of the audio transmission.

Since it is applied manually in terms of application, time and personal errors are possible, even if small. This disadvantage has been
removed by transforming the method into a software program to create ease of application and speed.

The encryption method being created is based on the Turkish alphabet.

It can be done in accordance with other alphabets. The number of symbols used can be increased to increase the variety of applications.
In the research, simple translation encryption is done based on the remaining. Application with the asymmetric encryption method can
make it a very difficult system to be encrypted.

Fibonacci and Lucas number sequences were used in the research. Different encryption methods can be developed by changing the
number of strings used. If software that detects notes can be created, the program can also be used commercially (military-data
security-banking, etc.). Encryption can be implemented in a music piece with the help of a melody, which is more difficult, complex,
and secret to be decoded.
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