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LACUNARY INVARIANT STATISTICAL EQUIVALENCE FOR
DOUBLE SET SEQUENCES

Ugur ULUSU!, Erding DUNDAR?2, and Nimet PANCAROGLU AKIN2

1Sivas Cumhuriyet University, 58140 Sivas, TURKEY
2 Afyon Kocatepe University, 03200 Afyonkarahisar, TURKEY

ABSTRACT. In this paper, we introduce the notions of asymptotical strong
o2-equivalence, asymptotical oa-statistical equivalence, asymptotical lacunary
strong og-equivalence and asymptotical lacunary oa-statistical equivalence in
the Wijsman sense for double set sequences. Also, we investigate some relations
between these new asymptotical equivalence notions.

1. INTRODUCTION

Long after the notion of convergence for double sequences was introduced by
Pringsheim [1], this notion was extended to the notion of statistical convergence by
Méricz [2] and Mursaleen and Edely [3] in the same year, to the notion of lacunary
statistical convergence by Patterson and Savag [4] and to the notion of double o-
convergent lacunary statistical sequence by Savag and Patterson [5]. Moreover,
for double sequences, the notion of asymptotical equivalence was introduced by
Patterson [6].

Over the years, on the various convergence notions for set sequences have been
studied by many authors (see, [7H9]). One of them, discussed in this paper, is the
notion of convergence in the Wijsman sense [10]. Using the notions of statistical con-
vergence, double lacunary sequence and invariant mean, this notion was extended
to the notions of convergence for double set sequences by some authors [11H13].
Furthermore, for double set sequences, the notions of asymptotical equivalence in
the Wijsman sense were introduced by Nuray et al. [14] and then these notions
were studied by some authors [15H17]. In this paper, using the notion of invariant

2020 Mathematics Subject Classification. Primary 34C41; Secondary 40A05, 40A35.
Keywords. Asymptotical equivalence, double lacunary sequence, invariant mean, statistical
convergence, convergence in the Wijsman sense.
= ugurulusu@cumbhuriyet.edu.tr-Corresponding author; edundar@aku.edu.tr;
npancaroglu@aku.edu.tr
0000-0001-7658-6114; 0000-0002-0545-7486; 0000-0003-2886-3679.
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2 U. ULUSU, E. DUNDAR, N. PANCAROGLU AKIN

mean, we study on new asymptotical equivalence notions in the Wijsman sense for
double set sequences. More information on the notions of asymptotical equivalence
for set sequences can be found in [18]/19].

2. BASIC DEFINITIONS AND NOTATIONS

In this section, let us remind the basic notions necessary for a better understand-
ing of our paper.

Definition 1. [1] A double sequence (x;1) is called convergent to L in Pringsheim’s
sense if for every € > 0, there exists N. € N such that |z, — L| < e, whenever
J k> N.. It is denoted by P — lim zp; =L or lim zj, = L.
j,k—o00 J,k—00
Definition 2. [3/ A double sequence (x;1) is called statistically convergent to L if
for every e > 0,
1
P— lim —

m,n—o00 MmN

{G.R): G <mk<n o~ L) >} =0

For a metric space (Y, d), u(y, B) denote the distance from y to B where
wly, B) = inf d(y,b)

for any y € Y and any nonempty B C Y.
Throughout this study, (Y, d) will be considered as a metric space and B, Bjx, Dj
will be considered as any nonempty closed subsets of Y.

Definition 3. [13] A double set sequence {B;} is called convergent to the set B
in the Wijsman sense if for each y € Y,

J,k—00

Let 0 be a mapping such that ¢ : N — N (the set of positive integers). A
continuous linear functional ¥ on /., the space of real bounded sequences, is called
an invariant mean (or a o-mean) if it satisfies the following conditions:

(1) ¢(xs) > 0, when the sequence (z,) has z, > 0 for all s,
(2) ¥(e) =1, where e = (1,1,1,...) and
(3) 1/)(1‘0(8)) = 1p(xs) for all (xs) € loo.

The mapping o is assumed to be one-to-one and such that o7(s) # s for all
j,s € N, where 07(s) denotes the j th iterate of the mapping o at s. Thus
extends the limit functional on ¢, the space of convergent sequences, in the sense
that ¥ (z,) = limx, for all (z;) € c.

Definition 4. [12] A double set sequence {Bji} is called invariant convergent to
the set B in the Wijsman sense if for each y € Y,

n,m

. 1 A )
P— T”l%rgoo — kz (Y, Boi(s)ok ) = 1y, B),  uniformly in s,t.
Jk=1,1
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Definition 5. [12] A double set sequence {Bj} is called strong invariant conver-
gent to the set B in the Wijsman sense if for each y € Y,

n,m

1
P— lim — Z |,u(y,Boj(S)Uk(t)) — pl(y, B)| =0, uniformly in s,t.

n,m—o00 MM
7,k=1,1

Definition 6. [12]/ A double set sequence {Bji} is called invariant statistically
convergent to the set B in the Wijsman sense if for every e > 0 and each y € Y,

: 1 ) .
P— lm — {(]ak) 2J < nak < m, |N(y7BO'j(s)0'k(t)) 7:“‘(y7B)| > 6}’ = Oa

n,m—oo NI
uniformly in s, t.

A double sequence 03 = {(j,, ky,)} is called a double lacunary sequence if there
exist increasing sequences (j,.) and (k) of the integers such that

Jo=0, hy = jr — jr_1 — o0 and kg =0, hy =ky —ky_1 — 00 as r,u— 00.
In general, the following notations is used for any double lacunary sequence:
hru = hr}_lua Iru = {(]a k) :jr—l < j S jr and ku—l < k § ku}a

'T’ ku
qr = T and Qu = .
Ir—1 ku—l
Throughout this study, 82 = {(j, ku)} will be considered as a double lacunary
sequence.

Definition 7. [12] A double set sequence {Bji} is called lacunary invariant con-
vergent to the set B in the Wijsman sense if for each y € Y,

P — lim

T, U—00

Z M(ya Baj(s)ok (t)) = /’[’(ya B)a umformly in s,t.
" (k) €L

Definition 8. [12] A double set sequence {Bj} is called lacunary strong invariant
convergent to the set B in the Wijsman sense if for each y € Y,

1
P — lim

,U—00 hru

Z |M(y7 Baf(s)ak(t)) - :U’(y> B)‘ =0, unlformly in s,t.
(k) Elru

Definition 9. [12] A double set sequence {Bj} is called lacunary invariant sta-
tistically convergent to the set B in Wijsman sense if for every € > 0 and each
yey,

P — lim

T,U—00

{G:K) € I+ |00y, Bosgoyor) — ly, B)| 2 e}| =0,

U

uniformly in s,t.
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The term i, (Bj’“> is defined as follows:

Djk
1(y, Bir)
) , B;.UD;
0 @ = ,U/(y,D]k) Y g " o
v\ Dy
A , Y€ B UDjyg.

Definition 10. [14] Two double set sequences {B;,} and {Dji} are called asymp-
totically equivalent of multiplicity X in the Wijsman sense if for each y € Y,
B
P— 1 L
j,klinoo My <Djk)

W)\
It is denoted by Bji, ~ Dji, and simply called asymptotically equivalent in the
Wijsman sense if A = 1.

As an example to asymptotically equivalent double set sequences, the following
sequences can be considered:

B, = {(a,b) € R?* : a* +b* — 2jkb = 0}
and
Djr = {(a,b) € R? : a® + b* + 2jkb = 0}.

Since

Bk
P— 1 ) =1
j,klinoo ’uy (Djk>
for every y € R2, the double set sequences {Bji} and {D;;} are asymptotically

. . .. . W
equivalent in the Wijsman sense, i.e., Bj, ~ Djy.

3. MAIN RESULTS

In this section, for double set sequences, we introduce the notions of asymptoti-
cal oo-equivalence, asymptotical strong os-equivalence, asymptotical oo-statistical
equivalence, asymptotical lacunary os-equivalence, asymptotical strong lacunary
oa-equivalence and asymptotical lacunary os-statistical equivalence in the Wijsman
sense. Also, we investigate some relations between some of these new asymptotical
equivalence notions.

Definition 11. Two double set sequences {B;i} and {D;,} are said to be asymp-
totically oo-equivalent of multiplicity \ in the Wijsman sense if for each y € Y,

1 <= Baj s)o
P— lim — E <()k(t)) =\, uniformly in s,t.
n,m—00 NI, . — Daj(s)o-k(t)
J,k=1,1
A

WU
This type of equivalence is denoted by Bj, ~* Djj, and simply called asymptotically
oa-equivalent in the Wijsman sense if A = 1.
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Definition 12. Two double set sequences {Bji} and {D;,} are said to be asymp-
totically strong os-equivalent of multiplicity \ in the Wijsman sense if for each
yey,

1 Rl Baj s)o
P— lim — E <()k(t)) — )\‘ =0, wuniformly in s,t.
n,m—00 NI, . — Daj(s)ak(t)
J,k=1,1

W,,]
This type of equivalence is denoted by Bj,  ~* Dji, and simply called asymptotically
strong oa-equivalent in the Wijsman sense if A = 1.

The set of all asymptotically strong os-equivalent double set sequences of mul-
tiplicity A in the Wijsman sense is denoted by {[W\]}.

Definition 13. Two double set sequences {Bji} and {D;,} are said to be asymp-
totically oo-statistical equivalent of multiplicity A in the Wijsman sense if for every

e>0and eachy €Y,
" ( oz =0,
Y\ Dyi(s)ok (1)
A

W o
uniformly in s,t. This type of equivalence is denoted by Bji, ~* Dji and simply
called asymptotically oo-statistical equivalent in the Wijsman sense if A = 1.

1
P— lim H(g,k) i< n,k<m,

n,m—o00 NM

The set of all asymptotically oo-statistical equivalent double set sequences of
multiplicity A in the Wijsman sense is denoted by {W .S, }.

Definition 14. Two double set sequences {B;} and {Dj} are said to be asymp-
totically lacunary oo-equivalent of multiplicity \ in the Wijsman sense if for each
yey,

P — lim

rau—oo h

Bgi(syor . ;
Z 1, <W> =\, uniformly in s,t.

(j,k)EI,,.u Do'j(s)gk(t)

Tu

We,
This type of equivalence is denoted by Bjy, 2 ik and simply called asymptotically
lacunary oo-equivalent in the Wijsman sense if A = 1.

Definition 15. Two double set sequences {B;i} and {D;} are said to be asymp-
totically lacunary strong os-equivalent of multiplicity A in the Wijsman sense if for
eachy €Y,

1 B,i(s)o ‘ )
P — lim E ’,uy <()k(t)) — )\‘ =0, uniformly in s,t.
TU—00 hru . DO'J (s)ak(t)
(G,k)€lru

W5y,
This type of equivalence is denoted by By, vk Dji and simply called asymptoti-

cally lacunary strong oo-equivalent in the Wijsman sense if A = 1.
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Example 1. Let Y = R? and double set sequences {Bji} and {D,} be defined as
following:

{(a,b) ER%: a2+ (b4 1)2 = %k} . if (j, k) € Iyu, j and k are

Bjj, = square integers,

{(2,0)} i otherwise.

and
{(a,b)ER2:a2—|—(b—1)2 if (j,k) € L, j and k are
D = square integers,

{(2,0)} i otherwise.

In this case, the double set sequences {Bji} and {Dji} are asymptotically lacunary
strong os-equivalent in the Wijsman sense.

|
Bl
——

The set of all asymptotically lacunary strong os-equivalent double set sequences
of multiplicity A in the Wijsman sense is denoted by {[Wg\,_]}.

Definition 16. Two double set sequences {B;i} and {D;,} are said to be asymp-
totically lacunary oo-statistical equivalent of multiplicity X in the Wijsman sense if

for everye >0 and each y €Y,
Boi(syor (1)
(G k) € Lru : |11 ( —A >
{ ) Y Do'j(s)ok(t)
A

S o
uniformly in s,t. This type of equivalence is denoted by Bjy ~2 Dji and simply

called asymptotically lacunary oa-statistical equivalent in the Wijsman sense if A =

1.

Example 2. Let Y = R? and double set sequences {Bji} and {Dj} be defined as
following:

{(a,b) eR?: (a—j)*+ (b+k)> =4} ;5 if (j,k) € Lry, j and k are
Bji := square integers,

{(-2,1)} i otherwise.

P — lim

T,U—>00

:07

ru

{(a,b) eR?: (a+ )2+ (b—k)2 =4} ; if(j,k) € Ly, j and k are
Djy = square integers,
{(-2,1)} : otherwise.

In this case, the double set sequences {Bji} and {Dji} are asymptotically lacunary
oo-statistical equivalent in the Wijsman sense.

The set of all asymptotically lacunary oo-statistical equivalent double set se-
quences of multiplicity A in the Wijsman sense is denoted by {WSQ‘UZ}.



LACUNARY INVARIANT STATISTICAL EQUIVALENCE FOR DOUBLE SET SEQ. 7

Theorem 1.
. (Wat,) W S5,
(l) IfBjk ~ Djk, then Bjk ~ Djk,
A
(ii) If for each y € Y sup ‘u (M)‘ < oo and Bj e Dy,
kst U \Poi@ak ’ I

(Woo,)

then Bjk ~ Djk,

(Wae,)

Proof. (i) Let Bjr, ~" Djj. For every € > 0 and each y € Y, we have

Bo”so"“t BU S)ok (¢
Sy (Hrese)-a > S (g ) s
(4.k)ELry ol (s)ah (1) (G k) E L oi(s)ok(t)
Boisyok ) )
”’y(DaJ‘(s)a’m)) Alze
> ¢

B (ayon
. oI (s)ok(t)
(]7k)€Iru:'N <)_>\‘>5
{ Y\ Doi(s)o5 (1)

J k
Bois)ok )
uy(D )‘<ooforeach

ol (s)ok(t)

for all s, ¢, which gives the result.
. WS,
(ii) Let Bjr  ~ ° Dj. Also, suppose that sup
Jik,s,t
y € Y. Then, there exists an M > 0 such that for each y € Y

Bei(s)ok (1) ) ‘
p, (22O <y
’ Y (Daf(s)ak(t)

for all j,k and s,t. Thus, for every £ > 0 and each y € Y we have
1 Bii(syor (1)
— ] = A
hy, Z ‘/le (de (s)ok(t)

B CRDIS
1 j : Ba' s)o

ru (k)€ Doi(s)or e

Baf(s)a"’(t))
el ()eh(e) )y
Hy <Daf<s>ak<t>

1
+ 3
(Jk)Elru

B .
oJ (s)ok(t)
“y(D )7>‘

od(s)ok(t)
Bei(s)ok (1) ) ‘
P sl LGN Y
Y (Doa‘(s)ak(t)

for all s,t, which gives the result. ([l

>e

M (Baj(s)gk(t)> B )\’
Y\ Do ()0 (1)

<e

M
hru

< +e

{(j, k)€ I, :
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With a technique similar to that of Theorem [} the following theorem can be
proved.

Theorem 2.
. we,] WS,

(i) If Bjr ~" Dji, then Bj, ~"* Djy.

Byi WS

:u’y (Dausi)ak(t))‘ < oo and B]k ~ 2 Djk:7

od(s)ok(t)

(ii) If for each y € Y sup
Jyk,s,t

Ww2,]

then Bj,, ~" Djg.
Theorem 3. Ifliminf,. ¢, > 1 and liminf, g, > 1 for any 02 = {(jr, ku)}, then
wsy, L WShs,
B ~ 7 Dji implies Bj, ~ ~ Djj.
A

a2

w
Proof. Let Bj, ~ "~ Djj. Also, suppose that liminf, ¢, > 1 and liminf, g, > 1.
Then, there exist 1, p > 0 such that ¢, > n+1,q, > p+ 1 for all »,u > 1, which
implies that
Dy > np
Jrku — (77 + 1)(p + 1)

Thus, for every € > 0 and each y € Y we have

1 Boi(s)ok (1)
. J?k)]gj’l‘akgkualu/ ( _)\ ZE
]Tku {( v Do.j(s)o.k(t)
1 . Bei(syor (1)
Z‘ J)kejru:‘ﬂ ( - A ZE
Jrky {( ) Y Dai(s)ak(t)
Ry 1 . (ng(s)gk(t)> )
== Jykejru:ﬂ' — ] = A Z&‘
]rku hru {( ) Y ng(s)o-k(t)
P L) Boi(s)o* (1)
> |1 (J, K EIT:‘,U ( A =>e
M+ (p+1) hyu {( ) “ Y\ Doi(s)ok(¢)
for all s,t, which gives the result. ([

Theorem 4. Iflimsup, ¢, < oo and limsup,, ¢, < oo for any 02 = {(jr, ku)}, then

WS3a, WSz,

Bjk ~ Djk implies Bjk ~ Djk.

Proof. Let limsup, ¢, < oo and limsup,, ¢, < co. Then, there exist «, 5 > 0 such

A
‘580

w
that ¢, < a,q, < B for all r,u > 1. Also, suppose that Bj, ~"° Dj; and
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6 > 0. Then, there exist ng, mg € N such that for every ¢ > 0, each y € Y and all

J = mno,k>mo
Boi(s)ok (1) ) ‘
" ( ol
Y\ Doi(s)ok (1)
for all s,t. We can also find an M > 0 such that S, < M for all j,k=1,2,....

Now, let n and m be any integers satisfying j.—1 < n < jr,ku—1 < m < ky
where r > ng,u > mg. Then, for every y € Y we have

1
Sjk =

<6
hn

{(],k) S Ijk :

1 . . Baj(S)Uk(t)
E:i<n k< v\ )=
nm{U’)J—m —m’%(Dw@wm =
) | o Bw@ﬁ@) ’
<t GRS < ek < R [y (2ZOTO) s
>~ jr*lkufl {(] ) J J 'uy (Dﬂj(s)ak(t)
) . Bi(syon(t) ) ‘
= ¥ 7k EI : Y Dok (s _>\ 26
A= {(] Jedn “J<Doj<s>ak<t>

1 . Boi(syok(t) >
—— NGk el CAAOLAOR PN PUS
Jr—1ky—1 {(] ) 12|y <Daj(s)ak(t)
1 : me%w)
b WGk ey lAOLAGN Y
]r—lku—l {(] ) 2|y <Daj(s)ak(t)

1 , Boi(syort) )
e NG k) ETLy: G0N Y P
Jr—1ku—1 {(‘7 )€ Tty (ng(sw(t)

1 wa%m) ’
+- k) € Iy : —A>e
]r—lku—l {(j ) ‘My (DUj(S)Uk(t)
ik i1(ke — k s — j1)k jo — j1)(ka — k
= Jik1 811+j1,( 2 1)812+ (]2 .71) 1821+ (32 .]1)( 2 1)822
jrflkufl jrflkufl j'rflkufl ]rflkufl

(jno _jnofl)(kmo - kmo*l)

+ -
]r—lku—l

S’I’L(] mo



10 U. ULUSU, E. DUNDAR, N. PANCAROGLU AKIN

(jr B jrfl)(ku B kufl)

+ - S
]T—lku—l "
o K i — Jne ) (kuw — k

S sup S]k ‘]no mo + Sup S] (]7’ ]TLo)( u mo)

1<j, 1<k Jr—1ku—1 >n0, k>mo Jr—1ku—1
< MM 1éapB

]rflkufl

for all s,t, which gives the result. ([

Theorem 5. If
1 < liminf, ¢, <limsup, ¢, < 00 and 1 < liminf, ¢, <limsup, ¢, <
for any 62 = {(jr ku)}, then

A

ng\ag . . )
Bji,  ~ " Dj if and only if Bjr ~ " Djy.
Proof. The proof is obvious from Theorem [3| and Theorem O

With techniques similar to that of Theorem [3] Theorem @] and Theorem [5] the
following theorems can be respectively proved.

Theorem 6. Ifliminf, ¢. > 1 and liminf, ¢, > 1 for any 03 = {(jr, ku)}, then
s dorg]

oy
Bj NG Djk implies Bjk ~ Djk.
Theorem 7. Iflimsup, ¢, < co and limsup,, ¢, < oo for any 02 = {(jr, ku)}, then
(Was,] W,,]
Bjr <% Dy implies Bj, ~<* Djy.
Theorem 8. If
1 < liminf, ¢, <limsup, ¢» < 00 and 1 < liminf, ¢, <limsup, ¢, <

for any 92 = {(]’rvku)}7 then
(W %)

P Ws,

Bjr,  ~7 Dji if and only if Bjr, ~" Dji.
4. CONCLUSION

When (o(s),0(t)) = (s + 1,t + 1), from Definitions we get the defini-
tions of asymptotical almost equivalence, asymptotical strong almost equivalence,
asymptotical almost statistical equivalence, asymptotical lacunary almost equiva-
lence, asymptotical lacunary strong almost equivalence and asymptotical lacunary
almost statistical equivalence in the Wijsman sense for double set sequences. So,
the analogues of Theorem [T}f8] can also be obtained between these definitions, which
have not been appeared anywhere by this time.
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AN INVESTIGATION ON THE TRIPLE IDEAL CONVERGENT
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ABSTRACT. The notion of ideal convergence is a process of generalizing of
statistical convergence which is dependent on the idea of the ideal Z of subsets
of the set positive integer numbers. In this study we also present the concept
of ideal convergence for triple sequences in fuzzy metric spaces (FMS) in the
manner of George and Veeramani and the terms of ideal Cauchy sequence and
Z*-Cauchy sequence in FMS and examine their some properties.

1. INTRODUCTION AND LITERATURE REVIEW

Statistical convergence for real sequence was rst introduced by Fast [4] in 1951.
Since then statistical convergence was investigated by more and more researchers.
The concept of Z-convergence, and interesting generalization of statistical conver-
gence [4], was first presented by Kostyrko et al. [20] with use of the ideal Z of subsets
of the set of natural numbers N and further studies done in [27]. The study of ideal
convergence in triple sequence has been initiated by Sahiner and Tripathy [31].
More analysis in this field and more implications of these statistical convergence
and ideal convergence can be seen in [1,11113}/15,/22,24-26.28,/32-36,/39,/40].

After Zadeh’s leading work in 1965, fuzzy set theory has been widely applied into
practical problems. Fuzzy set theory is a very effective set for modelling uncertainty
and vagueness in various problems that arise in some fields. Many authors have
defined several concepts of FMS in different ways [3,5,/1611821,23]. In [5}(6],
George and Veeramani first investigated and presented the notion of fuzzy metric
space with the use of continuous ¢-norms. Lately, several convergences in fuzzy
metric spaces were studied by Gregori et al. [7H10].
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Generally, statistically convergent sequences fulfills most of the features of ordi-
nary convergent sequences in metric spaces. For example, a statistically convergent
sequence is statistically Cauchy ( [29]) in an arbitrary metric space. Concordantly,
we introduce studying Z-Cauchy and Z-convergence concepts of triple sequences on
FMS.

Here, as it can be recalled the following basic concepts from [2}/5}18}38] needed
in the course of the paper.

Definition 1. The 3-tuple (X, M ) is said to be a FMS if X is a nonempty set, x
is a continuous t-norm and M is a fuzzy set on X2 x (0,00) satisfying the following
cases for all x,y,z € X and s,t > 0:

Case 1. M(z,y,t) >0

Case 2. M(z,y,t) =1 iff x =y;

Case 3. M(z,y,t) = M(y,z,t);

Case 4. M(z,y,t) * M(y, z,8) < M(x, z,t + s);
Case 5. M(z,y,.): (0,00) = [0,1] is continuous.

Definition 2. Let (X, M, x) be a FMS. We define open ball Baq (z,7,t) with centre
r € X and radiusr, 0 <r <1,t>0 as

Bp (z,rt) ={y e X : M (x,y,t) >1—7r}.
Let (X, M, %) be a FMS. We have
Tm ={AC X :xz e Aiff there exists t > 0,7 € (0,1) such that By(z,r,t) C A}.

Hence 74 is a topology on X. George and Veeramani [5] proved that {Baq(x,r,t) :
x€X,t>0,re(0,1)} forms a base of a topology 7r¢ in X.

Definition 3. Let (X, M, %) be a FMS. If for every r € (0,1) and t > 0, there
exists ng € N such that M(x,,xg,t) > 1 —1r for all n > ng, then a sequence {x,}
converges to xg.

Definition 4. A sequence {z,} in a FMS (X, M, %) is called to be a Cauchy
sequence if for all e, 0 < € < 1 and t > 0, there exists ng € N such that
M(xp, Tm,t) > 1 — & for every n,m > ng.

Definition 5. When every Cauchy sequence is convergent, a FMS is called to be
complete.

Definition 6. ( [{]) Let ACN, put A, ={k€ A:k<n},VneN. Then

- A A
0(A):= 1irnsupM and § (A) = liminf| nl

n—oo N n—oo M

are called upper and lower asymptotic density of the set A, respectively. When
6 (A)=4(4),

d(A):= lim [4n]

n—oo N
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is called to be an asymptotic density of A. All the three densities, if they exist, are
in [0,1].

Utilizing above information, we recall that a sequence (), is statistical con-
vergent to x, if for all € > 0,

0({keN:|zy—z|>e})=0.

If (zx),cy is statistically convergent to x, we show st-limz = z.
The terms of statistical convergence and statistical Cauchy for sequences in FMS
have been investigated by Li et al. [19].

Definition 7. Let (X, M, x) be a FMS. if for all v € (0,1) and t > 0
d0({n e N: M (zp,x0,t) >1—1}) =1,
then a sequence {x,,} in X is called statistically convergent to xg € X

Definition 8. Let (X, M,x) be a FMS. If for every r € (0,1) and t > 0, there
exists Ng € N such that

0({k e N: M(zg,xn,,t) >1—1}) =1
A sequence {x,,} in X is called a statistically Cauchy sequence.

Also, Sahiner et al. [30] investigated the statistical convergence for triple se-
quence. A function z : N°>= N x N x N — R is said to be a real triple sequence.
A triple sequence (z,k;) in R is called to be converge if there exists a point ¢ such
that for all € > 0, there exists a positive integer ng such that |z,x — ¢| < € for all
n,k,l > ng.

Definition 9. If
| At
n,k,l—oo nkl

63(A) =

exists, then a subset A of N® is called to have natural density §3(A). From here, if
for every e >0

83 ({(n, k,1) € N? ¢ [y — €] > €}) =0,
then a real triple sequence x = (Tn11) is called to be statistically convergent to ¢

Then, we give the terms of lacunary statistical convergence and lacunary statis-
tical Cauchy for triple sequences in FMS as follows.

Definition 10. Let (X, M,x) be a FMS and 03 = 6, be a lacunary triple se-
quence. A triple sequence {xji;} is called to be lacunary statistically convergent to
¢ e X, written as stsg,-lim x i = ¢, if, for all r € (0,1) and t > 0,

. 1
lim
r,8,t hr,s,t

H{(, k1) € I st s M(2jp, 6,t) >1—r} =1
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Definition 11. Let (X, M, x) be a FMS and 03 = 6, be a lacunary triple se-
quence. A triple sequence {z;i} in X is said to be lacunary statistically Cauchy
sequence, if, for all a« € (0,1) and t > 0, there exists M, M', M" € N such that for
al jp>M" k,g> M, 1r > M,

533 ({(j,k‘,l) eN3: M (xjkl7qur7t) >1-— a}) =1.
We recall the following some notations used in [20,/27].

Definition 12. A class T C 2" of subsets of a nonempty set R is called to be an
ideal in R if (1) D € Z; (il) M, N € T imply MUN € T; (iii) M € Z, N C M imply
N € Z. A non-trivial ideal T in R is called an admissible ideal if it is different from
P (N) and it contains all singletons, that is, {x} € I for each x € R.

Lemma 1. Let T be a proper ideal in R, so R ¢ Z, R # (). Then the class of sets
FZ)={ACR:IM €I:A=R\M}
is a filter in R. It is said to be the filter associated with the ideal L.

Definition 13. Let Z C 2V be a proper ideal in N and (X, p) be a metric space.
The sequence x = (x,,) in X is called to be Z-convergence to & € X if for eache > 0
the set A(e) ={n e N:p(z,,&) >c} el

Definition 14. A sequence © = {x,},y i X is called to be T*-convergent to
& € X iff there exists a set

KeF(I), K={k<ki<..<k,<..}CN
such that lim p (xkp,f) = 0.
p—r00
Definition 15. ( [27]) Let (X, p) be a linear metric space. If for every e > 0

there exists N = N (g) such that A(e) = {n € N: p(x,,xn) > e} € Z, a sequence
x = (x,) in X is called an T-Cauchy sequence in X

Definition 16. ( [27]) Let (X,p) be a linear metric space. If there exists a set
K={k<ky<..<k,<.}CN, K€ F(I) such that lim p (l‘kpwm) =0,a
P,T—00

sequence x = (x,,) in X is called to be T*-Cauchy sequence .

In 2008, the term of ideal convergence for triple sequences used first time by
Sahiner and Tripathy [31] in 2008.

Definition 17. A real triple sequence (x,) is called to be Z-convergent to £ if for
every € > 0,
{(n,k,1) € N? : |zppy — €] > €} € Is.

In this case, one writes Zg-lim x,,;; = £.

Throughout the paper we consider the ideals of 2V by Z; the ideals of oV by 7,
and the ideals of 2V’ by Zs.



AN INVESTIGATION ON THE TRIPLE IDEAL CONVERGENT 17

2. Z3-CONVERGENCE IN FMS

The terms of ideal convergence of triple sequences with a FMS were presented
in this section.

Definition 18. Let T3 be a nontrivial ideal of N and (X, M, *) be a FMS. A triple
sequence © = {xji} of elements of X is said to be I3-convergent to £ € X if, for
each r € (0,1) and each t > 0,

{(j,k:,l) e N M (xjpr, b, t) > 1 — 7‘} e F(Zs).
In this stution we prefer to write as Z{!-limx = /.

Theorem 1. Let (X, M, x) be a FMS. Then, for each r € (0,1) and each t > 0,
the following expression were equivalent:

(Z) {(j,k',l) S N3 . M (l’jkl,g,t) >1-— T} S .F(Ig)

(ii) {(j, k,1) € N*: M (zjpy, £, 8) < 1—r} € Ts.
Theorem 2. Let x = {z;u} be a triple sequence in a FMS (X, M,x). When
x = {z;r} is I3-convergent to {1 and s, {1 = L.
Proof. Assume that I?{V‘—lima: = /¢, and Z:,M—limx = V5. Let ¢1 and ¥¢5 be two
distinct points in X and ¢ > 0. In that case 0 < M (¢1,05,t) < 1. Let 1 —¢ €
(M (€1,02,t),1). For each 1 —s € (1 —¢,1), there exists 1 — s such that (1 — s) *

(1—5)>1—c. Let
t
Kelz{yeX:M<€1,y,2>>1—8}

t
Kg2:{y€X:M(Zg,y,2) >1—s}.

We claim that K, N Ky, = 0. Really, if there exists z € Ky, N Ky,, then we get

and

M (0, 6o, 8) > M (61,2, ;) « M <z,£2,;)
>(1l-s)x(1—s)>1-—¢
> M (41, 0s,t)

which is a contradiction. Since

{yeX:M(ﬁg,yé) >1—s}C{x€X:M<x7€1,;> <1—s},

it follows that

{(j,k,l) eN?: M (:rjkl,ég,;> >1-— s}
- {(j,k,l)€N32M<xjkl,€1,;> Sl—s}. (1)
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By (1), we get

t
{(],k,l) eN3: M <:Cjkl7€27 2) >1-— S} € ]'—(13)

c {(j’kvl) € N*: M <1'jkla€17;) <1- S} € Is.

which is a contradiction. Therefore, we conclude that IéM—lim must be unique. So
the desired result has been obtained. (]

Theorem 3. Let (X, M, x) be a FMS and I3 be an admissible ideal. When triple
sequence © = {x i} in X is convergent to ¢, x = {xji} ideal converges to .

Proof. Let lim{x;x} = ¢. Let r € (0,1) and ¢ > 0. Then there exists a positive
integer ng such that
M (jp, €,t) >1—7r
for all j > ng, k > ng,l > ng. Since
Ky = {(j,k,l) eN3: M (zjr,l,e) <1 77’}
CN? — {(not1 Knot 15 not1) s Gnot2s kng 425 Ingt2) » -}
and the ideal Z3 is admissible, this implies that K, € Z3. Therefore
{(.k, ) e N*: M (zjps, be) > 1 —r} € F(Ts),
that is Z3-lim z = ¢. We complete the proof. (]

We gave the term of Z3-convergence of triple sequences with a FMS.

Definition 19. Let (X, M,x*) be a FMS. We say that a triple sequence x =
{zjm} in X is said to be Ij-convergence to £ € X if there exists a subset K =
{Gms ks b)) 2 1 < g2 < by < ko < ..ily <lg < ...} of N3 such that K € F (I3)
(i.e. N*\K € Z3) and {z;, k1, } converges to .

In this stution we prefer to write Z;M limz = .

Theorem 4. Let (X, M, ) be a FMS and I3 be an admissible ideal. If T3 M limx =
¢, then A limz = ¢.

Proof. Let © = {z5;} be an Zj-convergence to ¢ € X. Then by definition,
K= {(]mykam) 171 < Jo < ,kl <ks<.;li<ly< }

of N3, K € F (I3) such that {z;, .., } converges to £, so there exists N € N such
that all € (0,1) and ¢t > 0,

M(zj, ki, 1) > 1 =1, Ym > N.
Since Z3 is an admissible and

{(jm7kmulm) c K: M(xjmkmlm7£7t> <1-— r}
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is contained in {j1 < jo < ... < jn-1;k1 < ko < ... <kny_1;l1 <lo < ... <In—1},
we get
{Ums kmylm) € K - M(25,, k01,56, 1) <1 =1} € Ts.
In this case, when we let H = N3\ K it is obvious that H € Z3 and
{(j,k,1) € N* : M(2jp1,0,t) <1 -7} C HU (2)
{1 <jo < .. <jn-1;k1 <hks <..<kny_1;l1 <lo < ..<lIy_1}.
Hence
{j1 <jo<..<jn-13k1 <ks<..<kn_1;l1 <ly<..<lIn_1}€Ts.
This means that
{(G,k, 1) € N* s M(zj, b,t) > 1—1} € F(T3),
s0, {xjri} is Zs-convergent to £. Hence the proof is complete. (Il

In the example given below, the inverse of Theorem 4 is generally not provided.

Example 1. Let a xb = ab and for all a,b € [0,1]. If for every x,y € R and t > 0
_ t

Stz -yl

then (R, M, x) is a FMS with the usual metric |.|.

Let N* = U, ;1 Aiji be a decomposition of N® such that, for any (m,n,o0) €
N3, each A;j contains infinitely many (i,7,1)’s where i > m, j > n, | > o and
DNiji N Ao = 0 for (4,5,1) # (m,n,0). Now we define a sequence Tyno = Uil if
(m,n,0) € Ayj. It is immediate to see that {Tmno} is not Ij-convergence to 0, but
{zjr1} is I3-convergence to 0.

M(z,y,t)

The following definition was needed to prove that an Z3-convergence come across
with an Z3-convergence for admissible ideals with property (AP3).

Definition 20. An admissible ideal Ty C 2\ is said to satisfy the condition (AP3)
if for every sequence (Aj)jeN of pairwise disjoint sets from I3 there are sets B; C N,
Jj € N, such that the symmetric difference A;AB; is a finite set for every j € N
and UjeNBj € 13.

Theorem 5. Let (X, M, %) be a FMS and I3 satisfy the condition (AP3). Then
1Is-convergence and 1Lj-convergence coincide.

Proof. Let © = {xji} be an Z3-convergence. Then, by Theorem 4, this sequence is
Zs-convergence where Z3 need not have the (AP3) condition. Then, it is sufficient
to prove that « = (z;x) in X is a Z3j-convergence to ¢ € X under assumption that
(xjk1) is an Tz-convergence to ¢ € X. Hence by definition, for all € (0,1) and
t>0,

{(,k, ) €N* : M (zjps, 6,1) > 1— 1} € F(Ts).
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Let

. 1 1
K, = {(]akal) eN’: 173—5—71 > M (2, 1) >15}~

Then, for ¢ > 0 and each s = 1,2,..., we have that {K;, Ks,...} is countable and
K, € I3, and K; N K; = () for ¢ # j. By the property (AP3), there is countable
class of sets { By, Ba,...} € I3 such that K;AB; is a finite set for every ¢ € N and
B = UienB; € Z3. From the definition of the associate filter F (Z3) there is a set
A € F(Z3) such that A = N3\ B. To prove the theorem we should aim that the
subsequence {xjri}; ;)4 converges to £. Let p € (0,1) and each £ > 0. Put

q=1,2,... such that % < . So
{(j,k‘,l) e N?: M (Z‘jkl,e,t) <1- /1,}

1
C {(],k,l) ENBZM(QL‘jkl,g,t) <1- q}

C UM K;.
Since K;AB;, i =1,2,...,q + 1 are finite, there exists (jo, ko,lo) € N3 such that
UL Bin{(jo, koylo) = j = jo, k= ko and I > I} (3)
= U K 0 {(jos koo lo) 5 > jo, k> ko and 1 > 1o}

If j > jo, k > ko, | > lp and (j,k,1) € A then (j,k,1) ¢ U?illBi. Therefore, by
(3), we have (j, k,1) ¢ UL K,. Thus, j > jo, k > ko, | > lp and (j,k,1) € A, we
have

M(acjkl,& t)>1—pu.
Since p € (0,1) is arbitrary, this shows that Z3-lim x5 = £. O

3. Z3- AND Z3-CAUCHY SEQUENCES ON FMS

Now, the terms of Z3-Cauchy sequence and Z3-Cauchy sequence was presented
in FMS.

Definition 21. Let (X, M,x*) be a FMS. A triple sequence {z;i;} in X is called
TZ5-Cauchy sequence if for every o € (0,1) and t > 0, there exists N1, Ny and N3
such that for all j,p > Ny, k,q > N, l,7 > N3,

{(,k,1) € N> : M (21, Tpgr, t) > 1 —a} € F(T3).

In this case, it is stated that {z;i} is € Z{'-Cauchy.
Proceeding similarly, we get the following consequence.

Corollary 1. When a triple sequence in a FMS is Cauchy, it is IBM—Cauchy.

Definition 22. Let (X, M,*) be a FMS. A triple sequence x = {x;i} in X is
called to be Tj-Cauchy sequence in X if there exists a subset K = {(jm, km,lm) :
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S <Jo <.kl <ks <.;li <lp<..}of N? such that K € F(Z3) and {zj, k1., }
is a Cauchy sequence in X, i.e., there exists N € N such that
M(l‘jkl,wpqr,t) >1—«
whenever j > p> N, k>q>N,l>r>N.

Here we can say that {z;3} is € Z;™-Cauchy.
Since the next theorems are respectively analogues to Theorems 4 and 5, it can
be proved on same methods.

Theorem 6. Let (X, M, ) be a FMS and I3 be an admissible ideal. When a triple
sequence {z i} is T3 M-Cauchy, it is T{"-Cauchy.

Theorem 7. Let (X, M,x*) be a FMS and T3 satisfy the condition (AP3). When
a triple sequence {xjp} is I?f\/‘—Cauchy, it us also I§"M—Cauchy.

Therefore, we now present the following theorem.

Theorem 8. Let {5} be a triple sequence in a FMS (X, M,x) and I3 be an
arbitrary admissible ideal with property (AP3). Then T{'-limz = ¢ implies that
{xj1a} is an TM-Cauchy sequence.

Proof. Let Z3-limx = ¢. Then for every r € (0,1) and ¢ > 0,
{(]ak7l) € N3 : M (xjklygat) >1- ’/‘} € ]:(13) .

Let o € (0,1) and ¢ > 0. Then there exists a1 € (0, «) such that (1 —aq) * (1 —
a1) > 1 — a. According to Theorem 5 and Definition 20, there exists a subset
A = A{Gm> km,lm) + J1 < Jo < k1 < kg < .5lp < Iy < ...} of N? such that
A € F(Z3) and {zj,, k,.i,, } converges to £. Thus there exists N € N such that

t
M5, ki & 5) > 1— oy for every m > N.

Let (p,q,r) € {(j,k‘,l) eN?: M (mjkl,é, %) >1-— al}. Then
M(:Cpqr7 xj7n,km,lm,7t) Z M(qur, e’ t/Z) * M(ijzkm,lrnﬁg’ t/2)
>l-—a)*x(l—aq)>1—a.

Hence (p,q,7) € {(j,k,1) € N* : M (2jk1, %), kontrn> 5) > 1 — a1} . It follows that

t
{(j,k,l)€N3zM<xjkl,€,2> >1—a1} (4)
- {(],kJ) S N3 . M (xjkla'rjmkmlm7t) >1-— 041} .
Since {(j, k,1) € N* : M (21,0, %) > 1— a1} € F(Z3) and (4), we get that
{(j,k‘,l) e N M (xjkla‘rjmkmlm?t) >1-— 041} S .F(Ig).

This indicate that the triple sequence {z;z;} in X is an TM-Cauchy sequence. [
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Remark 1. But the converse of the above theorem is mot necessarily true, i.e.
Ié\’l—C’auchy sequence does not imply Ig\/‘ Jimax = €. This can be illustrated by the
example given below.

Example 2. Let T3 (§) = {A C N3 : 63 (A) =0} and X = {ajm : (. k,1) € N3},

where T i = 1—m (4, k,1 € N) and axb = min{a, b} for alla, b € [0,1],

and let M be a fuzzy set on X2 x (0,00) define as follows M(x,y,t) to be 1 forx =y

and min {z,y} otherwise, for all x,y € X and t > 0. Hence (X, M, %) is a FMS

and triple sequence {1} in (X, M, *) is T3 -Cauchy, but it is not I3 -convergent.
Let a € (0,1) and t > 0. Therefore there exists p,q,r € N such that

1
D@ eI < @ Hence

1
M(Zigi, Tpgr,t) = Tpgr = 1 — >1—«
(s T ) = o = Gy (g 1) e )

forallj >p, k>q,l>r. Thus
{(j,k,l) e N3 M(zjk1, Tpgr, t) > 1 — a} e F(Z3(9)).

which means that {x;i} is T{-Cauchy sequence. Let ¢ € X. Then there ex-

ists p,q,m € N such that { = zpgr = 1 — m. Now, fix tg = ag =
1
SoFDIDGFD " Len
1
M(xjkl,&to) = M(Ijklaqurato) = Tpgr = 1- <1- (7]

(P+1)(@+1)(r+1) ~
forall j >p, k>q, 1 >r. Hence
{(j,k,l) € N M(zjp, 0, t0) <1 — ao} e F(Z3(9)),
which implies that
{(,k,1) € N3 - M(2ja, €, t0) > 1 — ag} €T3 ().
So {zjx} is not I3 -convergent.
As a note, all these findings imply the similar theorems for ideal and statistically

convergence and Cauchy sequences which are investigated in [19] and [26].
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ABSTRACT. In the present paper, we introduce and explore certain new classes
of meromorphic functions related to closed-to-convexity and g-calculus. Such
results as coefficient estimates, grow the property and partial sums are derived.
It is important to mention that our results are generalization of number of
existing results in literature.

1. INTRODUCTION

Let >, denote the class of meromorphic functions of the form:

1 o0
flw) ==+ aw (1)
.
which are analytic in the punctured open unit disc U* = {w : w € C and

0 < {w} <1} = U\{0}, where U = U* U {0}.

In Geometric Function Theory, several subclasses of the meromorphic functions
have already been examined and investigated through many perceptions, see( [9,[10,
121(18,121,22]). Ismail et al. [8] were the first to use the g-derivative operator A, in
order to study a certain g-analogue of the class T of starlike functions in U. Certain
basic properties of the g-close-to-convex functions were studied by Raghavendar
and Swaminathan (28], Aral et al. [2] successfully studied the applications of the
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g-calculus in operator theory. In fact, they found significant application of the
g-calculus mainly in the Geometric Function Theory. Moreover, the generalized
g-hypergeometric function was first introduced by Srivastava [26], see also( [1,/3,/5,
6,/141(161[20]).

A function f € ), is said to be meromorphic starlike of order « defined as:

f(w)

A related class of meromorphic convex function ZMC(a) is defined as:

S f (@)
er(a)@Re(w w><—a 0<a<l; welU"). (2)

"

S f @)
er(a)©Re<1+o},(c:;><—a (welUr). (3)

By "M (), we mean f € >, and the class of all close-to-convex functions
which satisfies the condition

Re (wf/ (w)) < —«, whereg€ %S(a) (4)
g (W) ’ ! '

The study of operators plays main role in the theory of geometric functions.
Many differential and integral operators can be written in terms of convolution of
certain holomorphic functions.

For g (w) =1+ Y bw' € 3, and f given in . The Convolution (Hadamard
t=0
product) is denoted by f * g and defined as:
1 o0
(fxg)(w)=—+ D asbw’ = (g% f) (). ()
t=0

A function h analytic in U and of the form
h(w)=1+ ant,
=1

A given function ¥ with ¥(0) = 1 is said to belong to the class S*[A, B] if and
only if

1+ Aw
v = -1<B<A<LI).
() 1+ Bw (1< <1)
This class was presented and studied by Janowski [11]. By taking A = 1 and
B = —1, we obtain the class P of functions with a positive real part. It is important

to mention that ¥ (w) € S*[A, B] if and only if there exists » € P such that

_ (A+1)R(w)—(A-1)
\D(w)_(B—i-l)R(w)—(B—l) (-1<B<A<1).
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Motivated by the works of Srivastava et al. see( [7}[17,/19}/23./25,127])also see(
[41/13,/15}24L29]). In this paper, we shall consider new subfamilies of ¢ meromorphic
close-to-convex functions with respect to Janowski functions.

Throughout in this paper, we assume

0<n<1,-1<B<A<1,0<q¢<l,welU’ fige> ,
1
At,m, A, q) = [|be] |(2[t]gn +2(1 —n) + n(A+ 1)) = (A+ 1)1 —n)l],
A(t,B,q) =[t]q(2+ B +1),
and
Y, A, B,q) = [(B+1) + (A+1)n— (A+1)(1 —n)g| +2(1 —n)(1 - q),
unless otherwise mentioned.

Definition 1. (see (9] and [10] ) The g-deriwative (q-difference) Aq of a function
f is defined in a given subset of C by

f(w)—f(qw)
= (w#0),
A = (1-q)w
(Aqf) (w) { 70 (w=0).
where 0 < g < 1. This implies the following.
. o fw) = flgw)
ql_lgl_ (Agf) (w) = ql_lgl_ W =f (w),

provided that f' (0) exists.
The function A, f has Maclaurin’s series representation

oo

(AgH)w) =D Mgaw'™,

t=0
where q € (0,1) and define the g-number [v], by
—a”
{ llqu ( v e C) ’

Z;l()q7zl+q2—|—q3+...+qt71 (te N).

Vg =

For more details about g-derivatives, we refer the reader to (see [0]).

Definition 2. For f € >, let the g-derivative operator (q-difference operator) be
defined by
Ja) ) _ 1 &

— + ) [Heaw' ™t (weUT). (6)

(Aqf)(UJ) = (Q* 1)w _qw2

Similarly

o0

(qw) — g (w) 1 . .
(Agg)w) = LI S b (weUT).  (T)
I (¢ —Dw qw ;
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Definition 3. A function f € ), is said to belong to the class f €
and only if

T(*qm) 4, B] if

—wAqf(w)
B-1 ((1*n)g(w)inqug(w)) —(A-1) B < )
,quf(w) i 1 — 1 — .
(B+1) ((1—n)g(w)+nqug(w)) (A+1) q q

Where g € ZMS(a), It is easily observed that
. " _ oMK
ql_IEE T(q,O) [A7 B] - Sq [Av B];
secondly we have
. " _ oMK

Jm T ol =11 =557

where SéWK[A,B] is the well-known function of meromorphic close-to-convex
function.

2. MAIN RESULTS

2.1. Coefficient estimates.

Theorem 1. A function f € Y, of the form given by is in the class T(tm) [A, B]
if it satisfies the following condition.
Z(A(t7 Ba CI) |at| q + (t7 m, Aa CI) |bt| (Z) S 7(777 Aa Ba q)a (8)
t=1
where
A(t’B’q) = [t]q(2+B+ 1)’ (9)
A(t,m, A, q) = [[be] [(2[t]gn +2(1 = n) +n(A+1)) = (A+1)(1 —n)]] (10)
and

YA, Bq) = [(B+ 1)+ (A+1)n—(A+ D1 =n)gl +2(1 —n)(1 —¢q). (11)
Proof. Assuming that holds, it suffices to show that

—whgf(w)
B-1 ((1*77)g(w)jnqug(w)) —(A-1) 1 ) 1
—wAy f(w — —.
B+ 1) (o) — () 14 I

Consider we have

—wAqf(w)
(B-1) ((1*n)g(w)+nqug(w)) -(A-1) 1

W) =
(B+1) ((kn)g(w)mmqg(u)) —(4+1) 1

which implies

_ | ZB = Dwhgf (w) = (A=D1 =n)g W) +mlgg W] | a
—(B+ DwAyf (w) = (A+ D[ =n)g () +nwlAgg ()] l1—gq
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Thus

5 wAGf (W) + (1 —n)g () + nwlAyg (w) L4

—(B+ 1)wA f( )= (A+ 1)1 =ng W) +nwAqgg W) 1-¢
Using (] @ and (7)) in above equation.
21 —=n)(g—1)
+23°72 ) [[Hlg(ar +nbe) + (1 = n)by] qu**!
(B+1)+(A+1)n—(A+1)(1 —n)q -

=202 [[He((B+ Day +n(A+1)by) — (A+1)(1 = n)b] qw' !

we get

Mg

lqlae| 2+ B +1) q+z [1oe] 12[t]gn +2(1 = n) + n(A+1)) = (A+1)(1 = n)[lq
t=1

2 (B+1)+ (A+ 1)y — (A+ 1)1 = n)g| +2(1 —m)(1 - g). 12)

The last expression become

D At B,q) lalg+ Y At,n, A, q) bl g < v(n, A, B, q).
t=1 t=1

This complete the proof of Theorem 2.1.
O
Corollary 1. If a function f € Y, of the form given by is in the class
T [A, B], then
(a,m)
Y, A, B,q)  A(t,n, 4, q)
A(t, B, q) A(t, B, q)
with equality for each t, we define the function of the form
1 (v, A B,q) A(t,n,4,q) ¢
=— — b
) =5+ ( AGBg ~ AwBg ")

where A(t, B, q), A(t,n,A,q) and v(n, A, B,q) are given by (@, (@ and Te-
spectively.

la:| <

0] (teN), (13)

2.2. Distortion inequalities.

Theorem 2. If f € T(, [A, B], then

1 (y(n,A,B.q) A(t,n,4,4q)
_( A(1,B,q)  A(1,B.q) |bt|)7°§|f(W)|

r

L (1A B At Aq) _
o +< A(1,B,q)  A(1,B,q) el ) 7 (Jwl = 7),

where equality holds for the function

Fw) =ty (“/(77714»3»(1) _AQ,n A q) |bt> "

w A(1,B,q)  A(1,B,q)
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Proof. Let f € T \[A, B]. Then in view of Theorem (2.1), we have

(q n)

A(quZlat|<ZAth>lat| <y, A,B,q) = Y _A(1,n,A,q) b,
t=1

t=1

which yields

1 & R 1 (v, ABq) AL, Aq)
<= f<= s - ’
st oS b (- Asa ).

(14)

Similarly, we have

1 1 (v(n,A,B,q) A(l,n,Aq)
> 2 > - > — — b
L e e O & e v+
(15)
which is required. O
Theorem 3. If f € T(, [A, B], then

1 (A Bq) Alt.n A q) |
r2 A(1,B,q)  A(L,B,q)

1 v(n, A, B,q)  A(t,n,4A,q) _
<If) s o+ (AR SRBRD ) (=),

where equality holds for the function

1 Y, A, B,q)  A(l,n,A,q)
”m‘w+<A@Bm ‘A@Bm'm)

[A, B]. Then in view of theorem (2.1), we have

Proof. Let f €T, (q m

A<17B7q)2|at| S ZA<taB7q> |at| SV(U:AaB q ZA 1 777A q |bt|
t=1

t=1 t=1

Differentiate and , we get

! 1 = — 1 > 1 ’7(77aA7B7Q) A(17777A7q)
< E t =1 ~ _ — E < - — bl ).
/ (w)‘ - r2+ Jaed 7" < 7’2+ — Jocl < r2+< A(1, B, q) A(1,B,q) ]

(16)

Similarly, we have

, R~ i 1 1 (v(n,A,B,q) A(l,n,A,q)
> =l P p— - .
f (w)‘_ 3 Zt|at|7" Z =03 ;|at|— r2 ( A(1, B,q) A(1, B, q) |b:]
(17)

Comparing and .

We have thus completed the proof of Theorem 2.4. O
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2.3. Partial sums.
In this section, we examine the ratio of a function of the form to its sequence
of partial sums

k
1
ft (W) = ; + ;atwt,

when the coefficients of f are sufficiently small to satisfy condition . We will
determine sharp lower bounds for

“(rw) @) elenm) = (@)

Theorem 4. If f of the form satisfies condition (@), then

FOY oy 1 e
Re (fy (w)) >1 P~ (welU"), (18)
and
I, (w) Ky+1 *
Re(f(w)) > T (welUr), (19)
where

v(n, A, B,q)  At,n,A,q)
L = _ b . 2
"= AGB.g)  ALB.g (20)

Proof. In order to prove inequality , we set

1+Vawt_1+/-eu S ot
" [f(w) _ (1_ 1 )] _ t; ! +1:&=2u3+1 !
| 7 @) . L+ Pl

t=1
1+ h(w)
1+ hg (w)
Let
1+h(w)  1+g(w)
L+hy(w)  1-gw)
Finally, to prove the inequality in , we get
Z (1= FK,py) la] + Z (Kyuy — Ke) Jag) > 0.
t=1 t=v+1

The proof of inequality in is now completed.
Similarly, we set

fu (w) ( Ky >:| t=1 t=v+1
1 - =
el - (o e
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_ 149w
1—g(w)

We have completed the proof of 7 which complete the proof of Theorem
2.5. (Il
Theorem 5. If f of the form satisfies condition (@, then

(Agf) (w) > v +1,
Re( >1- 1 (yeUY), 21
(805 (@) el 2y
" (8yf) (&)
Re i w>> fvtl weU"), 22
(&) ety wev 22

where &, is given by .
The proof of Theorem 2.6, is similar to that of Theorem 2.5.

2.4. Radius of starlikeness.
In the next theorem we find the radius of g-starlikeness for the class T, (A, B].

Theorem 6. Let the function f given by be in the class T(”;I ) [A,B]. Then f
is meromorphic starlike of order « in |w| < r, where

1

. |: (1-a)A(t, B, q) =t
T =1infi>1 )
(TL +2— OZ) [’Y(n, A; B; Q) - A(tv m, A, q) \th
Proof. In order to prove above result, we must show that
f ()
+1|<1l—-a (0<a <1) and |w| <7y,
| ) ( ) |w| <7
we have
f@ |2 i+ Daw!
f(w) L2 awt

ST D) fard e
1= 3002, fag| ]
Since the appropriate condition for a function f to be in the class ZMS(a) is
given by

(23)

dtta)al<l-a (0<a<l;welUr) (24)
t=1

Hence holds true if

Yt adlw™ < (1-a) (1 =Dl |w|t“> : (25)

t=1 t=1
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The inequality in can be written as:

[t+2—a
S (Sl <. (26)
-«
t=1
With the aid of , inequality is true if
t+2—a> t+1 A(t,B,q)
— | |w < . 27
< —a ) V(A B, q) — At m, A, q) [bi =0
Solving for |wl|, we have
1
(1 —a)A(t, B, q) T
o= | . (28)
(TL+2 O() [’7(777 aBaQ) (tanv 7q) ‘th
In view of the proof of our theorem is now completed. ([

Definition 4. A function f € ), is said to belong to the class f € T(*q,ml)[A,B]
if and only if

wASW) g

re [ B~ Vs trosgm ~ (A -1
P

(B + D) =gt g — (A+1

We call T(’; . 1)[A, B the class of q close-to-convex function of Type 1 related with
the Janowski functions.

Definition 5. A function f € ), is said to belong to the class f € T(*q,n,2) [A, B]
if and only if

WAy ()
B - Ve esgm ~ A=Y 1 | 1
wAqf(w) _ 1— 1—gq
(B + 1) t=mge) tnadsoow@ — (A+1) I I

We call T(’ZMQ) [A, B] the class of q close-to-convex function of Type 2 related
with the Janowski functions.

Definition 6. A function f € ), is said to belong to the class f € T(Zmﬁ) [A, B]
if and only if

wAg f(w) 4
(B-1) A—ng(W)+nwi gw) (A-1) 1l
wAg f(w) ‘
(B+1) I-mg(w)+nwAsg(w) (A+1)

We call T(Zm,i%) [A, B] the class of q close-to-convex function of Type 3 related with

the Janowski functions.

For Special Cases.

(1) Forn =0and g (w) = f (w) then T(; ,[A, B], T(, o 1,[A, B, T(, o ) [A, B] and
17, .0.3)[A; B classes reduced to S7[A, B], S¢, )[4, B, 57, )[4, B] and S{; 4[4, B]
studied by Srivastava et al [17],27].
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(2)F0r77:0 gw) = f(w), A =1—-2a and B = llnT(qO)[AB]
Tio 4 B] (.0.2)[A Bland T, 5 [A, B] we get the classes S, S{, 1) (), 7, 2)( @)
and S} , which was introduced and studied by Wongsaijai and Sukantamala

(g,3)\*

(see [30]).

2.5. Main Results and Their Demonstration.
We first derive the presence results for the succeeding generalized g¢-starlike func-
tions:
T(*Q77]71)[A7 B], T(Z,n,z) [A, B] and T(*Q77773) [A,B],
which are associated with the Janowski functions.
Theorem 7. If —1 < B < A <1, then
qn3)[A B CT(qn2 (A, B) Canl)[A B.
Proof. First of all, we suppose that f € T(; , 4 [A, B]. Then, by Definition 2.10, we
have

i wAg f(w) N N
(B~ V=@ twagm ~A-D 1
wAg f(w) N ’
(B+1) =gt tmwsse@ — (A1)
so that
_ WAy f(w) _ _
(B~ D@ @ ~ A1 1 <1y (29)
wDg f(w) _ 1 _ ]_ _
(B+1) t=mg@rsmesga@ — A+ 1
By using the triangle inequality and equation , we find that
. WA, f(w) B N
B~ V=@ s ~ A=D1 | 1 (30)
(B + 1) 280/ () —(A+1) l-q| 1-g¢

(- n)g(w)+nqug
The last expression in now 1mpl1es that f € T(*q.n 2) [A, B], that is, that

T(*;yg) [A, B] C T{, 5[A, BJ.
Next, we let f € T(ng)[A, B, so that

WA f(w)
* (B~ 1) () tnwage@ — (A - 1) 1 1
fe T(q’n’Q) [A’ B] — wAg f(w) 1 < 1—0o
(B+1) T—mg(@) tnwheg(@) (A+1) q q
As we know
WA, f(w)
1 > (B - 1)(1_77)9(W)+nqug(w) -(A-1) B 1
1- wAyf(w) _ 1=
! (B + 1) (I-n)g(w)+nwAgg(w) (A + 1) q
wAg f(w)
= L (B - )(1 n)g(w)"l‘ﬂqug(w) - (A-1)
l-q¢ (B+1) wDgf(w) A+ )

(I-n)g(w)+nwAgg(w)



Q-MEROMORPHIC CLOSE-TO-CONVEX FUNCTIONS 35

we have

(B = 1) ittt — (A=)
Re (1-n)g(w)+nwlgg(w) >0 (weU"). (31)

WA F(@)
(B +1) a=gw) rmwDygi@ — (A+1)

This last equation now shows that f € T(*q’n’l)[A7 B, that is, that
T(tl»nﬂ)[A’ Bl T(*q.n,l)[Av BJ.

We have thus completed the proof of Theorem 2.11. O
Theorem 8. Let f € ,, then f € T0en2) [A, B] if and only if
[ (qw) B # ‘< (A+1)(1—gq)
(1-ngw)+ng(qw) (B-1)¢g+B+3|~ (B—1)¢g+B+3’
where
w=(A-1)¢>+(B—-—A+2)q+B+1.
Proof. Let

A) _(L( e )
(1=m)g W) +mwlgg(w) \1-g¢ (1 =n)g (w) +ng (qw)
Using Definition 2.9 of the class T(;  , [A, B] associated with the Janowski func-
tions.

(B-1 () (1~ eiman) A=D1 | 1

L _ f(qw) _ 1— 1—¢q
(B +1) (1—11) (1 (1—n)g(w)+ng(qw)) (A+1) 1 1
We have thus completed the proof of Theorem 2.12. O

Corollary 2. It is worth mentioning that the classes
T(Z’n’l) [A, B], T(*q7n72) [A, B] and T(*‘ang) [A, B] .
of the generalized q closed-to-convex functions of Typel, Type 2, and Type3, respec-
tively, satisfy the following properties:
mqe(O,l)T&m,l) [A, B} == ﬁq6(071)T(*q’n’2) [A, B] == T* [A, B]
and
mqe(o’l)T(t],nJ) [A, B} - mqe(o)l)T(*q,n,?)) [A, B] C T* [A, B].

Let L be a subset of ), consisting of functions with a negative coefficient, that
is,

1 oo
f@ =—=Slule'  (@=20).
t=1
We also let

LT(*q,n,t) [A7 B] == T(t],n,t) [A, B] n L (t == ].7 27 3)
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Theorem 9. For —1 < B < A < 1, then

LT(q n, 1) [A, B} == LT(*q)n)2) [A, B] == LT(*q,T],3) [A, B].

Proof. In view of Theorem 2.11, it is sufficient here to show that
LT(*(I n,1) [A’ B] - LT(t].n,S) [Aa B}

Indeed, if we assume that , f € LT, A, B], then we have

(@
wAgf(w) (A _
Re (B-1) T=—n)g(@)+nwiqg(w) (A-1) >0

wig f(w)
B+ =i tmwagw — (A+1

so that

(B—l) — wqu(z) — —(A—l)
(A—n)g(w)+nwAgg(w) 1] >-1

A,7()
(B+1) i rmwagg@ — A+ 1D

After a simple calculation, we thus find that

—wWAf (W) + (1 —1)g (W) + nwlgg (w)

Re

BT DB @) — (AT 1) (- n)g (@) + mobag ]| =
Using 7 @ and in above equation.
2(2n — 1) = 2(1 = n)g+
2502 [[tq(ar = nbe) — (1 = 0)b] qu't -

—(B+1)+A+1)n—(A+1)(1—n)g
+ 202 [[tg((B+ Day —n(A+1)b;) — (A+1)(1 = n)b] gu'*!

This implies we get

2], A+1
>tz = 5+ o+ 3 [ P S ind

SI(B+1)—(A+1) —(A+ DA =n)gl+2(1 —n)g—2(2n - 1),

which satisfies T( 0m3) [A, B]. By Definition 2.10, the proof of Theorem 2.14 is
completed. O

3. CONCLUSION

In our current investigation, we have presented and studied thoroughly some
new subclasses of ¢ meromorphic close-to-convex functions, which is connected
with the Janowski functions. Then we discussed some interesting properties and
characteristics of these new subclasses, including distortion theorem, radius problem
and partial sum. Some special cases have been discussed as applications of our main
results. The technique and ideas of this paper may stimulate further research in
this dynamic field.
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ABSTRACT. Geometric algebra is a useful tool to overcome some problems in
kinematics. Thus, the geometric algebra has attracted the attention of many
researchers. In this paper, quaternion operators on curves and surfaces in
Euclidean 3-space are defined by using geometric algebra. These operators
generate the curves or the surfaces from the points, curves or surfaces. Using
quaternion operators, we obtain motions that have orbits along the gener-
ated curve or surface. Also, these motions are expressed as 1-parameter or
2-parameter homothetic motions.

1. INTRODUCTION

Kinematics is a research field of geometry to describe the motion of points,
lines and other geometric objects. Thus, kinematics is used in many fields such
as physics, mechanics, robotics and neuroscience. Homothetic motion is one of
the most commonly researched topic in kinematics. 1-parameter and 2-parameter
homothetic motions were researched in Euclidean 3-space E? [1, 2]. Yayli gave
homothetic motions in Euclidean 4-space with Hamilton operators [3].

Sir William Rowan Hamilton [4] interpreted the quaternions as an extension to
the complex numbers in 1843. K. Shoemake defined the system of rotation in E? by
using quaternions [5]. Quaternions are more useful than Euler angles and matrices
in representing of rotations of vectors. Therefore, quaternions have been used in
many fields such as computer graphics, robotics and control theory.

Some problems and difficulties have been encountered in modeling of the math-
ematics of 3-dimensional (3D) kinematics. These difficulties have been tried to
overcome by using quaternions. Bayro-Corrochano [6] used geometric algebra for
the mathematical model of 3D kinematics of eye movements. Then, Leclercq at
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al. modeled some movements in 3D kinematics such as rotations, translations and
screw movements [7]. In [8], an isomorphism was given between the algebra of split
semi-quaternions and the Clifford algebra C!; o 1. Moreover, semi-Euclidean planar
motion was defined by using the algebra of split semi-quaternions.

Some surfaces were obtained by quaternions or homothetic motions in [9-15].
Some results have been achieved about these surfaces using quaternions. Also,
using quaternions in the shape operator expressed by Darboux frame, we defined
the quaternionic shape operator [16]. Moreover, we used the quaternionic shape
operator in researching of the differential properties of surfaces.

In this study, we define quaternion operators using curves and surfaces in E3.
These operators have allowed us to obtain a quaternionic or a homothetic motion
on each curve and surface in E3. These motions have orbits along curves or surfaces.
Quaternion operator with curve orbit converts a point to a curve or a curve to a
curve. This operator is expressed as 1-parameter homothetic motion. Similarly,
quaternion operator with surface orbit converts a point to a surface, a curve to a
surface, or a surface to a surface. Moreover, quaternion operator with surface orbit
is expressed as 2-parameter homothetic motion. Finally, we give some applications
of the quaternion operators.

2. PRELIMINARIES

In this section, definitions and some algebraic properties of the concepts real
quaternions, homothetic motions and geometric algebra will be given to provide a
background.

The set H = {q = ag + a1i + asj + ask : ag,a1,a2,a3 € R} of real quaternions
is equal to the 4-dimensional vector space R*. Quaternions have a basis {1,1, j, k}
shortly given with some properties as

i? =5 =k =ijk=—1.
The set of real quaternion is associative and not commutative algebra. 1 is identity
element of H. Scalar and vector component of ¢ are S(¢) = ap € R and V(q) =
a1i + asj + azk € E3, respectively. We can write quaternion g as ¢ = S(q) + V(q).
If S(q) = 0, ¢ is called pure quaternion. Quaternion product * of ¢ = S(q) + V(q)
and p = S(p) + V(p) is defined as
qxp=25(q)S(p) =Vig)-V(p) + S(@V(p) + S)V(g) +V(g) x V(p). (1)

Conjugate, norm, modulus and inverse of ¢ is

q = ap — a1i — azj — ask,
NqZQ*qza%—I—af—Fag—i—a%,
lal = V/Na,
qfl—Ni, Ny #0,

Q
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respectively. If Ny = 1, ¢ is called unit quaternion. A unit quaternions can be
written in the trigonometric form as ¢ = cos  + sin fv, where v € E? and |jv| = 1.
Let v; and vy be unit vectors in E? (i.e., pure quaternions), and 6 = arccos (v; - v2),
Thus, the unit quaternion ¢ can be given as

q=vy*xv]! = cosf + sinfv, (2)

V1 X V2

where v = || || is the modulus in E3. Unit quaternion ¢ = cos @ + sin fv

o1 x o’
rotates the vector v; to the vector v, around the axis vector v, see Figure 1. For
further information about real quaternions, see [3-5, 17].

Tt

V1
FiGURE 1. Rotation with unit quaternion

Let p = ag + a1? + asj + ask be a unit quaternion and w be a pure quaternion
(i.e., vector in E?). Linear mapping ¢ can be defined as

¢:E> = E3 pw)=prwxp L. (3)

Matrix corresponding to the linear mapping ¢ can be given as

a% + a% — a% — a% —2apasz + 2a1a2 2apas + 2a1a3
R= 2apas + 2a1as ag + a% — a% — a% 2asa3 — 2apaq ,
2a1a3 — 2agas 2apa1 + 2asa3 a?) + a% — a% — a%

where R is orthogonal since RRT = I and det R = 1. Thus, ¢ represents a rotation
in E3. If unit quaternion p is in the form

p = cos B + sin fv, (4)
then ¢(w) rotates the vector w by 26 [5].
1-parameter homothetic motion in E? can be given as
y(t) = h(t)A(t)z(t) + c(t), ()

where y and x are the position vectors of the same point in the fixed space R* and
the moving space R, respectively. h, A and ¢ are homothetic scalar, orthogonal
matrix and translation vector, respectively. And “t” is homothetic parameter [1,
2].
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Similarly, 2-parameter homothetic motion in E3 can be given as
y(t,s) = h(t,s)A(t, s)x(t, s) + c(t, s), (6)

where y and x are the position vectors of the same point in the fixed space R* and
the moving space R, respectively. h, A and ¢ are homothetic scalar, orthogonal ma-
trix and translation vector, respectively. And “t and s” are homothetic parameters
1, 2].

The geometric product of two unit vectors a and b is written as a * b and can
be expressed as a sum of its symmetric and antisymmetric parts

axb=a-b+axb, (7)
where the inner product a - b and the outer product a x b are defined by
1
a-b:i(a*b+b*a), (8)
1
axb:i(a*b—b*a). (9)

The inner product of two vectors is the standard scalar or dot product which results
in a scalar. The outer or wedge product of two vectors is a new quantity we call a
bivector. We think of a bivector as a directed area in the plane containing a and
b, formed by sweeping a along b [6].

3. QUATERNION OPERATORS

In this part, we have defined quaternion operators by geometric algebra. By
using this operator, we have obtained some results on the curves and surfaces.

Definition 1. Let a and b be vectors in E3. By using the inner product a - b and
the vectorial product a x b, quaternion operator can be defined as

Q=

Tal? (a-b+axb). (10)

The quaternion operator ) converts the vector a to the vector b around the axis
vector a X b in the plane formed by a and b as

1
Q*azw(a-b—i—axb)*a (11)

1
—W(—(axb)-a+(a~b)a+(axb)><a)

:W((a.b)aﬂa.a)b_(b.a)a)
= el
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=b

)

where @ and b are pure quaternion. Using a - b = ||a||||b]| cosf and ||a x b| =
|la]|]|b|| sin @ in Eq. (10), we get

Q=Yg (@b axb)
1 ( axb
= lall[[b] cos 6 + [|all]|b] sin & )
la|? la x bl
b
= ||a|||| (cos 0 + sin Ov)
= hg.
b b
where ¢ = cos + sinfv, h = ||||a|| and v = ”Z i ol Thus, quaternion operator @)

can be given as QQ = hgq.
Hence Eq. (11) can be expressed as

Q+a=hgx*a.

@ * a = hq *x a can be given in Figure 2.

e

\b(%'\fﬁ;a\»hq*a:b

9 e Y

FIGURE 2. Quaternion operator

3.1. Quaternion Operator with Curve Orbit.

Theorem 1. Let a(t) and P be a curve and a point in E3, respectively. Quaternion
operator can be given as
1

Q) = 15

(P-a(t)+ P x aft)). (12)

Q(t) generates the curve a(t) from the point P as
Q(t) x P = a(t), (13)
where a(t) is the orbit of Q(t) * P and P, a(t) are pure quaternions.



44 S. ASLAN, Y. YAYLI

Proof. The quaternion product of quaternion operator (¢) and the pure quaternion
P can be given as
QP =
P>
1
1
T (P-P)a(t)
1
1P|I?

= af(t).

(P-a(t)+ P xa(t) + P (14)

= |1P|[a(t)
Quaternion operator Q(t) generates the curve a(t) from the point P. O

Remark 1. Using P-a(t) = ||P||||a(t)]| cos (t) and ||Pxa(t)|| = || P]|||c(t)] sin 6(¢),
the quaternion operator Q(t) can be given by unit quaternion q(t) = cosé(t) +

sin v where v(t) = La(t) 15 rotation axis, as
O(0)o(e). where v(t) = T2 is otation asis
Q1) = (P -alt) + P x a()
1 o N P x aft)
= e P el mp)
- ﬁ‘](gﬂ L cosot) + sin o) (2))
o) (15)
Thus, Eq. (14) can be given as
_ lla®l
Q(t)*x P = Pl q(t) * P. (16)

Theorem 2. Q(t)xP given in Eq. (13) can be expressed by 1-parameter homothetic
motion in E3 as

Q(t) * P = h(t)R(t)P

t
where R(t) is the orthogonal matrixz satisfying R(t)P = q(t) * P, q(t) = &,
. Q)]
h(t) = ||aé)|| is a homothetic scalar and t is homothetic parameter.

Proof. If we take the unit quaternion p = cosf + sinfv in Eq. (3) as ¢1(t) =

cos @ + sin @U(t), we get the orthogonal matrix corresponding to the mapping
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¢ as
(cos? & +sin® §(207 —1) —2sin ¥ ) (cos g’U?, —sin fvvy) 2sin %(cos 805 + sin Sviv3)
R= | 2sin 5(COS§’03 + sin vy vy) cos? & +sin® £(20% — 1) 2sin 2(sin 2’021}3 —cos fv1) |,
2sin & (sin Jviv3 — cos §vo)  2sin g(cos vy + sin Svyu3) cos? & +sin”® §(20% — 1)

where v(t) = (v1(t),v2(t),v3(t)). In this case, matrix R(t) performs a rotation by

ot
angle 27 = 6(t) of the vector P around the axis v(¢). Thus, we can give the

equalities
q(t) * P = ¢(P) = R(t)P. (17)
. . _le®l
Using these equations and h(t) = TP get
Qt)xP = h(t)q(t)*P
h(t)R(t)P. (18)

It means that Q(t) x P can be expressed as 1-parameter homothetic motion Q(t) *
P = h(t)R(t)P in E3.

If we take the point P on the curve a(t) as P = «a(tg), then Q(t) * a(ty) =
h(t)R(t)a(ty) can be given in Figure 3.

FIGURE 3. Quaternion operator with curve orbit

O

Corollary 1. If we take the curve a(t) on a surface M(t,s) , then orbit of motions
obtained in Theorem 1 and Theorem 2 can be confined on M(t,s). Thus, these
operators can allow us to obtain a I-parameter motion on every surface in E3.

Proposition 1. Let a(t) and 5(t) be curves in E2. Quaternion operator Q(t) can
be given as

Q(t) = m(a(ﬂ - B(t) + aft) x (1)), (19)

where a(t) and B(t) are position vectors in E3. This quaternion operator converts
the curve a(t) to the curve B(t) as
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Q(t) x aft) = B(1), (20)
where the curve B(t) is the orbit of Q(t) * a(t). Moreover, Q(t) x a(t) can be given
by 1-parameter homothetic motion as

Q(t) * a(t) = h(t)R(t)a(t), (21)
where R(t) is the orthogonal matriz satisfying R(t)a(t) = q(t) *xa(t), q(t) = ég;l,

sl
"0 = o]

3.2. Quaternion Operator with Surface Orbit.

is a homothetic scalar and t is homothetic parameter.

Theorem 3. Let M(t,s) and P be a surface and a point in B3, respectively. Quater-
nion operator Q(t,s) can be defined as

Qt, s) = H;HQ(P M(t,5)+ P x M(t,5)), (22)

where M(t,s) and P are position vectors in E3. The operator Q(t, s) generates the
surface M(t,s) from the point P as

Q(t,s) x P =M(t,s), (23)
where M (t, s) is the orbit of the Q(t,s) * P and P, M(t,s) are pure quaternions.

O

Proof. The proof of this theorem is similar to the proof of Theorem 1.
Remark 2. By using P - M(t,s) = | P||||M(t,s)]| cos0(t,s) and ||P x M(t,s)| =
1P| M (t, s)||sinb(t, s), the quaternion operator Q(t, s) with unit quaternion q(t,s) =
cosO(t, s) +sinb(t, s)v(t, s) can be given as

_ 1M, )l

Q(t,s) = W(COS 0(t,s) +sin(t, s)v(t, s)) (24)
where v(t, s) = m Eq. (23) can be expressed as
_ M@, 5l
Q(t,s)* P = Wq(t, s)* P. (25)

Theorem 4. Q(t,s)* P given in Eq. (25) can be given by 2-parameter homothetic
motion in E3 as

Q(t,s) * P = h(t,s)R(t,s)P, (26
where R(t,s) is the orthogonal matriz satisfying R(t,s)P = q(t,s) x P, q(t,s) =
t Mt
Qt,5) , h(t,s) = ”(778)” is a homothetic scalar, and t, s are homothetic pa-
Q(t, 5)| 1Pl
rameters.

Proof. The proof of this theorem is similar to the proof of Theorem 2. O
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If we take the point P on the surface M (t,s) as P = M (to, o), then Q(t, s) *
M (to,s0) = h(t,s)R(t,s)M(to, so) can be given in Figure 4.

FIGURE 4. Quaternion operator with surface orbit

Proposition 2. Let M(t,s) and a(t) be a surface and a curve in E3, respectively.
Quaternion operator Q(t,s) can be defined as

Qt,s) = W(a(t) M (t,s) + at) x M(t,s)) (27)

where M(t,s) and a(t) are pure quaternions. The operator Q(t,s) generates the
surface M(t,s) from the curve o(t) as

Q(t,s) * a(t) = M(t,s) (28)
where Q(t, s) * a(t) has the surface orbit M(t,s).

Corollary 2. Q(t,s) x a(t) given in Eq. (28) can be given by 2-parameter homo-
thetic motion in E® as

Q(t,s) x a(t) = h(t, s)R(t, s)a(t), (29)
where R(t, s) is the orthogonal matriz satisfying R(t, s)a(t) = q(t, s)xa(t), q(t,s) =
t M(t
Qt 5) , h(t,s) = M is a homothetic scalar, and t, s are homothetic pa-
Q(t, )| @
rameters.

Proposition 3. Let M(t,s) and N(t,s) be surfaces in E3. Quaternion operator
can be defined as

Qt.9) = Ty (M(E5)- N(ts) + M(t.5) x N(1.9)). (30)

where M(t,s) and N(t,s) are pure quaternions. The operator Q(t,s) generates the
surface N(t,s) from the surface M(t,s) as

Q(t,s) x M(t,s) = N(t,s), (31)
where Q(t, s) x M(t,s) has the surface orbit N(t,s).
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Corollary 3. Q(t,s) * M(t,s) given in Eq. (31) can be given by 2-parameter
homothetic motion in E3 as

Q(t,s) * M(t,s) = h(t,s)R(t,s)M(t,s), (32)

where R(t,s) is the orthogonal matriz satisfying R(t,s)M(t,s) = q(t,s) x M (t, s),

q(t,s) = Qt,5) , h(t,s) = ”N(t Dl is a homothetic scalar, and t, s are homo-
Q2. )| [1M(t, )]

thetic parameters.

3.3. Applications of Quaternion Operators.

Example 1. Let a(t) = (cost,sint,0) and 5(t) = (cost,sint,t) be curves in E3.
The quaternion operator Q(t) can be given as

Q) = mw(t)  B(t) + a(t) x B(t))
=1+ t(sint, — cost,0). (33)

The operator Q(t) converts a(t) to B(t) as
Q(t) * a(t) = (1 + t(sint, — cost,0)) * (cost,sint, 0) (34)
= (cost,sint,0) + (0,0,1)
= (cost,sint,t)
= B(t).

By using ||a(t)|| =1, |B(t)] = V1 +t2 and v(t) = (sint, — cost,0), the quaternion
operator can be given by unit quaternion q(t) = cosf(t) + sinO(t)v(t) as

1Bl

Qt) = q(t)
o) ¢
=/ 1+ t?(cos(t) + sinf(t)(sint, — cost,0)) (35)
1
where 6(t) = arccos . Forp(t) = cos ( ) +sin e(t) , the correspondin
(1) = avccos (s ). Fort) oft) ponding

matriz R(t) to the linear mapping ¢ can be obtained as

cos? § — sin® ¢ (cos 2t) —sin® & sin 2t —sinfcost
R(t) = —sin® & sin 2t cos? & +sin® cos2t —sinfsint) | .  (36)
sin @ cost sinfsint cos

Thus, Eq. (34) can be given by the I-parameter homothetic motion as

a(t) =V 1+ t2R(t)a(t). (37)
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Example 2. Let a(t) be center curve of the tube surface Tube(t,0). The tube sur-
face Tube(t,8) can be given by the surface S(t,0) = cosON(t) +sin0B(t) as

Tube(t,0) = a(t) + r(t)(cos ON (t) + sin 6B(t))
= a(t) +r(t)S(¢,0).
In the study of canal surfaces with quaternions [9] Corollary 1, the unit quaternion
q(t,8) = cos 0 +sin 0T (t) generates the surface S(t,0) from the normal vector N(t),
where {T(t), N(t), B(t)} is the Frenet frame of a(t). Using definition of quaternion
operator, unit quaternion operator q(t,0) can be obtained as
1
Qt,0) = o5 (N(t) - S(8,0) + N(t) x S(t,0))
MO
= (N(t) - (cosON(t) +sin0B(t)) + N(t) x (cosON(t) +sinbB(t)))
= (cosON(t) - N(t) +sinON(t) x B(t))
= (cosO||N(t)||* + sin 0T (t))
= cosf + sin 67'(t)
=q(t,0).
where ||N(t)|| = 1. Thus, quaternion operator q(t,0) generates the surface S(t,0)
from the normal vector N(t) as

q(t,0) « N(t) = (cosf +sin0T'(t)) * N(t)
= cosON(t) +sin 0T (t) x N(t)
= cosON(t) + sin 0 B(t)
= S(t,9),

where S(t,0) is the surface orbit of q(t,0) x N(t). Thus, tube surface can be given
by quaternion product

Tube(t,0) = a(t) + r(t)q(t, ) x N(t).

4. CONCLUSIONS

In this paper, we define quaternion operators using geometric algebra and classify
these operators according to their orbits (i.e., curves or surfaces). Quaternion
operator with curve orbit generates a curve from a point or a curve. This operator
is given as l-parameter homothetic motion. Similarly, quaternion operator with
surface orbit generates a surface from a point, a curve or a surface. Quaternion
operator with surface orbit is also expressed as 2-parameter homothetic motion.
Thus, quaternion operators can form a homothetic and a quaternionic motion on
every surface and curve in E2. Finally, we give some examples of the quaternion
operators.
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ABSTRACT. We construct a finite difference scheme for a first-order linear sin-
gularly perturbed Volterra integro-differential equation (SPVIDE) on Bakhva-
lov-Shishkin mesh. For the discretization of the problem, we use the inte-
gral identities and deal with the emerging integrals terms with interpolating
quadrature rules which also yields remaining terms. The stability bound and
the error estimates of the approximate solution are established. Further, we
demonstrate that the scheme on Bakhvalov-Shishkin mesh is O(N~1!) uni-
formly convergent, where N is the mesh parameter. The numerical results are
also provided for a couple of examples.

1. INTRODUCTION

In this present work, we are specifically consider the following class of the sin-
gularly perturbed linear Volterra integro-differential equations (SPVIDEs)

Lu :=eu + a(z)u + )\/Ox K(z,t)u(t)dt = f(z), xz€lI=]0,4, (1)

subject to

u(0) = A, (2)
where 0 < ¢ < 1 is a small perturbation parameter. We assume a(z) > a > 0,
fx)(xz € I) and K(z,t)((z,t) € I x I) are sufficiently smooth functions such
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that the initial layer for the solution w(z) occurs at x = 0 for small values of e.
Volterra integro-differential equations (VIDEs) are an important class of equations
which are extensively used to model many sciencitific problems such as population
dynamics [13|, filament streching |5] and epidemics [37]. Many techniques have
been introduced to solve VIDEs analytically. The variational iteration method,
the Adomian decomposition method and the homotopy perturba-tion method are
some well-known analytical methods to solve VIDEs( [40], [9], [17]). Recently, a
new approach on the variational analytical method has been introduced to solve
Volterra-Fredholm Integral equations which does not require construction of the
variational principle |18]. Further, a finite difference scheme is utilized to examine
the numerical solutions of a non-linear VIDE in [11].

Singularly perturbed differential equations, which have the highest order de-
rivative term multi- plied with a small positive number €, possess solutions with
interior or boundary layers. Boundary layers are regions where rapid changes oc-
cur which makes solving such problems more challenging. Since standard schemes
fail to give the accurate results for problems with boundary layer for small e
values, numerical solutions of such problems have been of interest to many re-
searchers( [12], [15], [16], [22], |28], |29], [31], [34], [38], [35]). Singularly perturbed
Volterra integro-differential equations (SPVIDEs) have been widely used to model
problems in many science fields such as epidemic dynamics, synchronous control
systems, filament stretching and heat transfer ( [6], [7], [14], [20], [21], [32], |33]).
A review on the literature of the SPVIDEs was given in [25]. Further, asymp-
totic expansions derivation of the solutions to SPVIDEs are studied in |6], |7], [25].
In [32] a problem of nonlinear SPVIDE modelling the elongation ratio of filament is
studied and the qualitative properties of the solution is discussed under some phys-
ically interesting assumptions. In |5|, a specific integro-differential equation with
a boundary layer which describes filament stretching process is considered and the
leading order behavior of the problem is examined by an asymptotic method. Sin-
gularly perturbed integro differential equations have been also an interest to many
researchers. In |23] and [24], the numerical solutions of singularly perturbed integro-
differential and integro-differential-algebraic equations are analyzed by the implicit
Runge-Kutta methods. An exponential finite difference method is applied for the
inner and outer layers and a type of implicit Runge-Kutta method is performed to
obtain the outer layer solutions of SPVIDEs in [36]. A finite Legendre expansion
is constructed to solve different kinds of integral equations and integro-differential
equations |26]. In [19], tension spline collocation methods are utilized to numerically
discretize singularly perturbed Volterra integral and integro-differential equations.
In |39], the authors present different types of exponential schemes to solve SPVIDEs
and the stability analysis of the schemes is examined. Fitted difference schemes are
also proven to provide accurate results in the solution process of different types of
singularly perturbed problems. In [2|, an exponentially fitted difference method
is designed on a uniform mesh to solve linear SPVIDEs. First-order convergent
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finite difference schemes are developed to solve linear first order SPVIDEs with
delay in [4], [27]. In [3], using a fitted difference operator a second-order difference
scheme is constructed on a piecewise uniform mesh to solve linear SPVIDEs.

In this present work, we mainly construct a uniform convergent difference scheme
on a Bakhvalov-Shishkin mesh for the problem (1)-(2). Bakhvalov-Shishkin mesh is
a mixed version of the Shishkin mesh and Bakhvalov mesh which are known to yield
accurate results for singularly perturbed problems with boundary layers. In [30],
the author demonstrated that the results from an upwind difference scheme on
Bakhvalov-Shishkin mesh applied to a linear convection-diffusion equation are more
accurate than the results from the upwind scheme on a Shishkin mesh. Further,
a finite difference scheme on Bakhvalov-Shishkin mesh is utilized to deal with a
singularly perturbed boundary value problem in |10].

The rest of the paper is organized in the following order. In Section 2, the
asymptotic estimates on the exact solution to (1)-(2) are established. In Section
3, we define the Bakhvalov-Shishkin mesh points according to the boundary layer
conditions of the problem (1)-(2) and derive a finite difference scheme utilizing the
integral identities with exponential basis functions and then applying interpolating
quadrature rules provided in 1] to the integral terms. In Section 4, we establish the
stability bounds and the error estimates of the numerical solution and as a result
we show that the scheme demonstrates O(N 1) uniform convergence with respect
to the perturbation parameter. We also provide the numerical results in Section 5.

2. ASYMPTOTIC BEHAVIOR OF THE SOLUTION

In the following lemma, we establish a priori estimates for the asymptotic be-
havior of the solution to the problem (1)-(2).

Lemma 1. Let a,f € C(I) and K € C(I x I). The solution u to the problem
(1)-(2) holds
lufloe < C. 3)
where
C = (A+a7 ! flo)e e,
and K = r;lXa;<|K(x,t)|. In addition, if a, f € CY(I) and K € CY(I x I) with

9 _
= <
|- K@) < K < oo, (4)
then the solution u(x) satisfies
1 _as
/ < e e .
|u(m)|_C<1—|—€e ),xe[ (5)

Proof. To establish the first estimate given in (3) we start by rewriting (1) as

eu' + a(x)u = F(z), (6)
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where .
Plz) = f(z) — A /0 K (2, tyu(t)dt. M)

Solving the equation (6) with «(0) = A yields

u(e) = i J o e[ (f)e_i /f R
0

)

3

and further we calculate

1

€T 1 x
—— | a(s)ds x —— [ a(s)ds
ol < +iA|ﬂme€L .

Since we have a(z) > a > 0, it follows

ju(@) < |Ale € /a@ LG 5[}%%

afz —¢€) (8)
[ 1 T - —_ =7
= |A|e € + g/o |E(&)]e € dg.

Here, by the definition of F'(x) in (7), we get

W@NSWNM+AKAmMmﬁ- (9)

Substituting (9) into (8) yields

,% 1 [® 13 ,M
fuz)] < |Ale e+g[;mmm+AK/|MMﬁe e e
ax a(z—§) a(r —§)

JRp— 1 T _ _ 7
=|Ale € +g|\f||oo/ £ d§+—/ / lu(t)|dte € d¢
0

We integrate by parts the last term with double integral here
ax ax

u@)| < Al & +afle(1-e ¢ )+a AR (1-c / lu(t)|dt

xT
< |4 +a—1|\f||oo+a—w‘(/ lu(t)|dt.
0
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An application of the Gronwall’s inequality to (10) provides

u(@)] < (14 + a1 o e M
< (141 + a7 fllse Jen AR,

which leads to the desired result in (3).
For the next estimate provided in (5), we first differentiate the equation (1) and
have

eu” +a' (x)u + a(z)u’ + ANK (2, 2)u + A /OI %K(z tyu(t)dt = f'(z).

Then, letting

and

0

g(x) = f'(x) —d' (2)u — AK (z, z)u — )\/090 %K(f tu(t)dt, (11)

we have

ev' + a(z)v = g(x). (12)
In a similar manner to the previous work above, we solve (12)

o(z) = U(O)e_i /ox sloyde | 1/1 g(g)ei /5 a(s)dsdg.
0

£

Then, we have

1 .
|v<x>|<|v<o>|e_5/ e /|g / o(os

< [o(0)]e e / 9(6) / wadsdg 1

o(z—¢§)
< |v(0) e_E—i— /|g e dE.
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Here, by the formula of g(x) given in (11), from (3) and knowing that a, f € C1(I),
K € CH(I x I) and from (4) we obtain

9] < 117l + 1ol + AR Jal + ARy [ u(t)at
0 (1)
<[17lse + C (Il llc + XKL +£),

which implies ||g||cc < Cx for a C, € R. Hence, utilizing this estimate on g(z) in
(13) provides

oz . Uz =)
o) <l = +Zlalw [ e = e .
(654 (654

<jp0)e & +a'Ci(l—e €).
On the other hand, inserting x = 0 in (1) and since a, f € C*(I) it follows that

[v(0)] = ()] = 21(0) ~ Aa(0)] <

(LI e

Substituting this into (15) yields

which provides the desired result. (I

3. DIFFERENCE SCHEME

3.1. Notation. Before we proceed to the definition of the mesh points and dis-
cretization of the problem we provide the notation we use throughout the paper.
Let wp, ={0 =29 <21 <23 <+ <2xn—_1 < xy = {} denote a non-uniform mesh
on [0,/]. For each i = 0,---,N, let h; = 2; — 2;_1 denote the step size. For any
continuous mesh function v; defined on w;, we use the notation

P Vi — Vi—1
T
(2

for backward difference.

3.2. Discretization. In this section, we construct our difference scheme based on
Bakhvalov-Shishkin mesh. According to this mesh construction, we divide the do-
main into two subintervals [0, o] and [0, ¢], where o is the transition parameter. For
a positive even discretization parameter N, we determine the transition parameter
o as

J:min{g,sa_llnN}. (16)
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We assume € < N1 as it is used in practice. We define a set of mesh points as
the following
{ —a~leln[l-2(1-N"Y4], 2, €[0,0],i=0,1,--- &,
T; =

- 17
a+(z’—%)h, h=229" g clof,i=N+1,---,N. (17)

To derive the difference approximation, we use the following integral identity
G [ e = [ f@e@dsas)
Ti—1 Ti—1
with the exponential basis function
Soi(x):e_%(wi_w)7 7’:17 7N7
where

[ 1 — e~ %P h;
Xi = hi /mi_1 pi(x)dr = Tpi’ pi = =
We remark that ¢, solves the equation
—ep;(z) +a;p;(x) =0, z1 <z<a (19)
o;(z;) = 1.
To obtain the difference scheme from (18), we proceed by evaluating the integrals
term by term applying the interpolating quadrature rules with weight functions

and obtain the remainder terms as provided in [1|. In the following, we handle the
differential term on the left-hand side of (18),

Zq

it / 20/ (@) + @) |eu(o)ds = [ e @) + asu(a)lg (a)do

et [ late) — adu(e)e(a)ds

= 50iu:f,i + a; U; + R§1)7

(20)
where
B aipiefaipi
ai - 1 — e—aip; ) (21)
and _
RO = [ fole) - alulo)p ). (22)
Ti—1

Further, applying the first quadrature rules provided in [1] to the integral term in
(18) twice we obtain

X h A / 0,(z) / K (z, t)u(t)dtds = A / K(untu(tdt+ R, (23)
Tj—1 0 0
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where
2) 0 ¢ 1
3 [ ([ K tuwi) [T -9 - b7 e - n]ds e
Ti_1 ag 0

and Ty(A) = 1 for A > 0 and To(A\) = 0 for A < 0. Here, we apply the composite
right-side rectangle rule to the integral term in the right-hand side of (27) and get

Z; 1
)\/ K(zi,tyu(t)dt =AY hjK (ei,25)u; + R, (25)
0 =
where
0
- —AZ / (e e (K ute) e (26)
Then, inserting (25) in (23) provides
Xglh;%\/ / K (z, t)u(t)dtds = AZh K (25, 2;)u; + R + R
ZTj— ] 1
(27)
On the other hand, the right-hand side of (18) gets the in the form
xihit /  f@)py(a)de = fi + R(", (28)
where N
RO =3t [ 17(e) - Sl () (20)
Ti—1

Inserting the relations (20), (27) and (28) in (18), we obtain the difference problem
for the problem (1)-(2) as

Eeua:z—i-azuz—i-/\Zthz,xj) =fi—R;, i=12,---,N,

e (30)

ug = A,
where
R = RY + R® + R®) — pW. (31)
As a result, neglecting the error term R; in (30) provides the following difference
scheme

Lyy; := eﬁlym—i—alyl—!—/\z:h K(z;,xj)y; = fi, i1=1,2,--- N, (32)
j=1
Yo = A, (33)

where 0; defined by (21).
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4. STABILITY, ERROR ESTIMATES AND CONVERCGENCE RESULTS

Here, we establish the stability bound and the error estimates of the approximate
solution y. Further, the convergence of the difference scheme provided in (32)-(33)
is analyzed.

Lemma 2. Assume that |F;| < F; and F; be a non-decreasing function. The
solution to the problem

Unvi = bz +aw; =F;, 1<i<N,
Vo = A.

lv)| < JA|+a *F;, 1<i<N.

Proof. The proof follows from the maximum principle for difference operators. De-
tails can be found in [27]. O

Lemma 3. Let y; be the solution of the problem (32)-(33). Then, y; satisfies

[Yllse < Co(IA] + [ fllsc)- (34)
Proof. The difference scheme equation given in (32) can be rewritten in the form
Oicyz,i + aiyi = F; (35)

where ‘
Fl‘ = fz - A Z th(.%‘i7 xj)yj.
Jj=1
For F;, we have the estimate

FL < il + A D2 by K ()
j=1

il +AK Y hylys

j=1

< flloo + AE D hyly;l-

Jj=1

Then, applying Lemma 2 to (35) and utilizing this estimate provide

il < 1A+ a7 [ flloo + a7 AR yly;l. (36)
j=1

Further, applying the difference analogue of the Gronwall’s inequality to (36) we
have

il < (141 + a7 F o J e 5,
which yields the result in (34). O
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The error of the difference problem is given by the solution to the problem

Lemma 4. Suppose that z; be the solution of (37)-(38). Then, z; holds the estimate
[2[loc < ClIR]|o0- (39)
Proof. The result follows from Lemma 3 taking A =0 and f = R. O

Lemma 5. Let a, f € CY(I) and K € C*(I x I) with
K = max |K(z,t)], (40)

IxI

)QK(x t)‘ <Ry <o (41)

oz B ’

and 5

’aK(x,t)‘ < Ky < o0 (42)

Then, the truncation error R; satisfies the estimate
IR < CNT. (43)

Proof. To establish the estimate given in (43), we proceed by bounding each term
in R; provided in (31). For Rgl), we have

IRV| < i thy ! / |(a/ (5) (@ — ) u(w) s (x)da

where s € [z, ;] comes from the Mean Value Theorem. Then, since a € C*(I) and
from (3) we get

IRV < Crh. (44)
Further, for RZ@) we take into account of (40), (41) and |TH(A)] < 1, so

P [ |- 2 ([ K o) e
<o [ (] K€ Dut)at) e .

Then, applying the Leibnitz formula to (45) yields

|R§2)|§2A</zi K(g,g)Hu( / /’ag (€, u ‘dtdﬁ)
st (46)

<2X\CK + CKy)h;
< Coh.
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On the other hand, by the Leibnitz formula and from (40), (42) and (5) we have

B < P / ((Efgmmi,f)u(s)( - \K(xi,@u’(@\)dg
gxg <CK2+K/:1 (1+ie“f)>dg (47)
= )\i: <CK2hj + K'hj + ailk(e*al]s‘_l — e*a:j ))

=1

Then, by the Mean Value Theorem applied to the exponential term in (47) with
s € [xj_1,x;] it follows that

IRP| < A Z (cfghj +Kh; + a*lf(hje*%)
j=1

< Gl

(48)

where h* = Juax hj. Lastly, for R§4), similarly to the work above and since f €
It

CL(I) we have

(4) —1p-1 ’ SN
RD| < xi'h; /mf<s><x z)lpi()de )

< Cshy,
where s € [z;_1, 2;] by the Mean Value Theorem.
Further in the proof, we need to evaluate each estimate above on the sub-intervals
[0,0] and [0, ¢]. For this, we first establish the bounds on the step-size h; on each
interval. In the first sub-interval [0, 0] with o < £,

2= —a~leln[l - 2(1 - N*l)%], i=1,--,N/2
and hence,
71— 1]
N
Then, we apply the Mean Value Theorem to h; with i, € [i — 1,7] and get

2(1-N"HN!
hi <a ! <CN~ . 50
=¢ T 9l _N-H)N-L = (50)

hi = —a~leln[l — 2(1 — N*l)%] +aleln[l—2(1— N1

In the second sub-interval [0, £], we have

xiza—l—(i—g)h, i=N/2+1,---,N,
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where o < % and
2(0— o) 4
hi=——=<CN™". 1
N = C (51)
Inserting the bounds (50) and (51) in (44), (46), (48) and (49), we have
RM| <CoN"', k=1,2,34.
which implies the desired result (43). O

Theorem 1. Let u be the exact solution of (1)-(2) and y be the solution of (32)-
(33). If the assumptions on the functions a, f and K from Lemma 5 hold, then

ly — ulloo < CN™.

Proof. The proof follows from Lemma 4 and Lemma 5. O

5. ALGORITHM AND NUMERICAL RESULTS

In this section, we present the numerical results on an example with an exact
solution and an example with an unknown solution. The results include graphs
of the approximate solutions, error estimates and the convergence values of the
approximate solution to the exact solution. In our algorithm, we consider the
following elimination method

NS S PP VPRI o S )

0" = g [0+ h(fi A;@Kmxj)y] ] G
y(()n) = Aa (53)
y = A, (54

where y(O)

, ~ is the initial process.

Example 1. We study the following initial value problem
eu'(x) + u(z) + / zu(t)dt = 2e(x — 1) + (x — 1)% —exe ™ +
0
+Ee—1+z)e "+ (e—2)r, 0<z<2
u(0) = 1.
The exact solution of this problem is
u(z) =e = 4 (x—1)2 —e "
The exact error is calculated by the formula

eé\f = HyN - u”OO?
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FIGURE 1. The figure depicts the graphs for the exact solution and
the approximate solution for N = 32.

where y is the numerical approximation of u for different N and e values. We
compute the convergence rate by

r

In (eN/62N>
2

In Table 1, we provide the errors e, €2V and the convergence rates of the approz-
imate solution for various N and ¢ = 27" values.

Example 2. Consider the following test problem

eu + (x+1u+ / wt(x —t)2u(t)dt =x —e**, 0< <2,
0
u(0) = 1.

The exact solution to this problem is not known. To compute the approximate solu-
tion and estimate the errors, we utilize the double mesh principle, that is calculating
the error of the approximate solution on mesh size N with the approzimate solution

63
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TABLE 1. Errors eV, €2V and rate of convergence r for Example 1.
e N =32 N =64 N =128 N =256 N =512

eV 0.0651812 0.036 7749 0.018718 3 0.009 1870 0.004 326 4

2-12 2N 0.029 8620 0.016 962 6 0.008 7915 0.004 2539 0.0018714
r 1.126 1453 1.116368 7 1.090 268 5 1.1104752
eV 0.065 3743 0.036 984 5 0.018926 7 0.009 393 2 0.0045311

2—18 2N 0.030078 8 0.017176 5 0.009 0015 0.004 462 0 0.002076 7
r 1.119 980 1.106 485 5 1.0721893 1.0739417
eV 0.0653777 0.036 987 8 0.018929 9 0.009 396 4 0.0045343

2724 2N 0.030082 1 0.0171798 0.009004 8 0.004 465 2 0.002 080 0
r 1.1198837 1.106 3324 1.0719116 1.073390 5

computed on double mesh 2N, namely
N _ N 2N
€ = Hy ) ”OO’

where yV is the approzimate solution on mesh N and y*" is the approzimate solu-
tion on mesh 2N . The convergence rate is calculated as it is in Fxample 1.

In Table 2, the errors and the convergence rates of the approzimate solution for
various N and € = 27" values are presented.

TABLE 2. Errors eV, €2V and rate of convergence r for Example 2.

e N =32 N =64 N =128 N = 256 N =512
eN 0.0312184 0.015601 2 0.007 796 0 0.003 895 5 0.001 946 6
2-12 2N 0.015601 2 0.007 796 0 0.0038955 0.001 946 6 0.0009729
r 1.000 7417 1.000 858 3 1.000 922 3 1.000 865 3
eN 0.0312495 0.015624 6 0.0078122 0.003 906 1 0.001 9530
218 2N 0.015624 6 0.007 8122 0.003 906 1 0.001 953 0 0.000 488 2
r 1.000012 1 1.000014 6 1.000 017 2 1.000019 8
eN 0.031 2500 0.0156250 0.0078125 0.003 906 3 0.0019531
2724 2N 0.0156250 0.007 8125 0.003 906 3 0.001953 1 0.000976 6
r 1.000 000 2 1.000 000 2 1.000 000 3 1.000 000 3

6. CONCLUSION

To sum up, we constructed a finite difference scheme on a Bakhvalov-Shishkin
mesh to obtain the numerical solution of an initial value problem for a linear first-
order singularly perturbed Volterra integro-differential equation with a boundary
layer. We proved that the method is first-order uniformly convergent with respect
to the perturbation parameter. As we can see in Table 1, Table 2 and Figure 1, the
numerical results of the test problems are also consistent with the analysis on the
error estimates and convergence order and hence, it is confirmed that the conver-
gence order of the scheme O(N ~1). For future work, we suggest that this difference
scheme method on Bakhvalov-Shishkin mesh can be applied to the singularly per-
turbed linear or non-linear problems with delay to obtain accurate numerical solu-
tions. Further, our proposed scheme can be modified to handle integro-differential
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equations with fractal derivatives which are studied in [8].
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ABSTRACT. In this paper we investigate the existence, the boundedness and
the asymptotic behavior of the positive solutions of the fuzzy difference equa-
tion A

Zntl = L;l, n € Ny
n—2
where (zy,) is a sequence of positive fuzzy numbers, A and the initial conditions
z_j (j =0,1,2) are positive fuzzy numbers and p is a positive integer.

1. INTRODUCTION

Over the last two decades, a lot of study has been published on difference equa-
tions and systems. One reason for this is that such equations and systems have
high applicability both in mathematics and other sciences such as population biol-
ogy, economics, probability theory, genetics, psychology etc., (see, e.g., [2,/6,/14,/15]
and the references therein). In this way, many real life problems are modeled by
means of difference equations and systems. In some cases, however, measurements
or data on a problem may reveal uncertainty or the problem considered may require
subjective interpretations. In such cases, a fuzzy difference equation model can be
established using notion of fuzzy set. In this way, the uncertainty is modeled.

Fuzzy set theory has recently become a popular subject due to the increasing
number of applications in technology, mathematics and other sciences. The part
that we are interested in is, of course, that the notion of fuzzy set can be easily
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applied to difference equations. With this application, a powerful method for de-
termining the behavior of solutions of difference equations emerges. Some studies
using the method will be summarized below.

In [3], Deeba et al. studied the fuzzy analog of a difference equation which
arises in population genetics. More precisely they studied the first order difference
equation

Tpt1 = WT, + ¢, N €Ny (1)

where (x,) is a sequence of fuzzy numbers and w, g, z¢ are fuzzy numbers. Also,
they discussed the fuzzy nonlinear difference equation

mn-&-l = f(xTva q)7 n e NO (2)

where (x,) is a sequence of fuzzy numbers, w,q, ¢ are fuzzy numbers and f :
RS x Rf x R — R}, R is the set of all real numbers greater or equal to a, is a
continuous and nondecreasing function in its arguments.

In [4], Deeba and Korvin studied the second order difference equation

Tpal = Tp —abrp_1 + ¢, n €Ny (3)

where (z,,) is a sequence of fuzzy numbers and a, b, ¢, 29,21 are fuzzy numbers.
This equation is a linearized model of a nonlinear model which determines the
carbondioxide (CO3) level in the blood.

In [12], Papaschinopoulos and Papadopoulos studied the existence, the bound-
edness and the asymptotic behavior of the positive solutions of the fuzzy difference

equation
Tn

.Z‘n+1=A+ , n € Ny (4)

n—m
where (2,) is a sequence of fuzzy numbers and A and the initial conditions x_;
(j =0,1,...,m) are fuzzy numbers for m € Nj.
For more works on fuzzy difference equations, see the references [9}/11},[13] and
the references cited therein.
In [5], EI-Owaidy et al. investigated the global behavior of the difference equation

Qlp—1
Tn+1 = D 5
ﬁ + VTp—2
where the nonnegative parameters and nonnegative initial conditions.

Moreover, in [7], Glimiig and Soykan investigated the behavior of solutions of
the system of difference equations

n € Ny (5)

QUp—1 v o A1Un—1
TP Uil =
/8 + ’Y’Un—Q ﬁl + Wlun—Q
where the positive parameters «, 3, v, a1, 81, v1, p and the initial conditions u_;,v_;

for i = 0,1,2 are positive real numbers. Note that system @ can be reduced to
the following system of difference equations

Upy1 = , n € Ny (6)
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TTpn—1 y _ SYn—1
-l = —=1
1 + yﬁ,Q i 1 + ‘T,Zr)L72
by the change of variables u, = (8,/7,)"/Px, and v, = (8/7)"Py, with r = a/B
and s = ay/f;. So, in order to study system @, they investigated system .

In this paper we investigate the existence, the boundedness and the asymptotic
behavior of the positive solutions of the fuzzy difference equation

Aznfl
L+ 2,

Tpt1 = , n €Ny (7)

Zn+1 = , € NO (8)

where (z,) is a sequence of positive fuzzy numbers, A and the initial conditions z_;
(j = 0,1,2) are positive fuzzy numbers and p is a positive integer.

2. PRELIMINARIES

In this section, we give some definitions which will be used in this paper. For

more details see [1}8,10}/16].
Definition 1. Consider a fuzzy subset of the real line A : R —[0,1]. Then we say
A is a fuzzy number if it is satisfies the following properties

(a) A is normal, i.e., 3 xg € R with A(xg) =1,

(b) A is fuzzy conves, i.e., A(tz1+ (1 —t)x2) > min{A(z1), A(z2)}, ¥Vt € [0,1]

and x1,x2 € R,
(c) A is upper semicontinuous on R,
(d) A is compactly supported, i.e., {x € R: A(x) > 0} is compact.

Let us denote by Ry the space of all fuzzy numbers. For 0 < o < 1 and
A € Rp, we denote a-cuts of fuzzy number A by [A]l, = {z € R, A(z) > o} and
[A]lp = {z € R, A(z) > 0}. We call [A]y, the support of fuzzy number A and denote
it by supp (A).

The fuzzy number A is called positive if supp( A) C (0,00). We denote by R},
the space of all positive fuzzy numbers.

Definition 2. (a) Let A, B be any fuzzy numbers with [Ala = [Ala, Ara] and

[Bla = [Bi,a,Bro] for a € (0,1]. We define ||A|| on the fuzzy numbers space as
follow;

[|A]| = supmax {|A4; o

7|AT'70£|}7

where sup is taken for all a € (0,1]. Then from the above we take the following
metric
D(A, B) = sup {max {|4;o — Bi.o
where sup s taken for all a € (0,1].
(b) Let (x,,) be a sequence of positive fuzzy numbers and x is a fuzzy number.
Then we say that

) |Ar,a - B7‘,a|}} )

lim x, =« ff lm D(z,,z)=0.
n—oo n—oo
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The following lemma and definition are given in [§]:

Lemma 1. Let X,Y be fuzzy numbers and [X]o = [Xi,0, Xrals [Y]a = [Yias Vel
for a € (0,1] be the a-cuts of X, Y, respectively. Let Z be a fuzzy number such that
(Zla = Z1,a, Zr.o] for a € (0,1]. Then, MIN{X,Y} = Z (resp. MAX{X,Y} =
Z) if and only if min{X; o,Y, o} = Z;o and min{X, o,Y, o} = Z, o (Tesp.
max{X;a,Yia} = Zi,o and max{X, o, Yra} = Zr o)

Definition 3. (a) We say that a sequence of positive fuzzy numbers (z,) is bounded
and persistent if there exist ng € N and positive fuzzy numbers C, D such that
MIN {z,,C}=C and MIN{z,,D} = D for n > nyg.

(b) We say that (x,,) for n € Ny is an unbounded sequence if the ||z, || for n € Ny
is an unbounded sequence.

We need the following lemma which has been proved in [12].

Lemma 2. Let f: RT x Rt x RT — RT be a continuous function and A, B,C be
fuzzy numbers. Then, [f (A, B,C)]a = f ([A]as [Bla, [Cla) for a € (0,1].

3. MAIN RESULTS

In this section, we prove our main results. Firstly, we will study the existence of
the positive solutions of equation . We say (z,) is a positive solution of equation
(8) if (z5) is a sequence of positive fuzzy numbers which satisfies equation .

Theorem 1. Consider equation (@) where A is a positive fuzzy number. Then for
any positive fuzzy numbers z_; (j =0,1,2) there exists a unique positive solution
(2n) of (§) with the initial conditions z_; (j = 0,1,2).

Proof. Suppose that there exists a sequence of fuzzy numbers (z,) satisfying
with the initial conditions z_; (j = 0,1,2). Consider the a-cuts

[Zn]a = [Ln,ou Rn,a]a
[A]a = [Al,ou Ar,a]a (9)

for n = —2,—1,0, ... and a € (0,1]. Then from (8)-(9) and Lemmal[2it follows that

[Zn41]a = [Ln-&-Lav Rn-&—l,a]
_ |: A2n71 :| _ [A]a [Zn—l]a
1420, N [1 + zﬁ_Q]a
o [Al,aLn—l,avAr,aRn—l,a] _ Al,aLn—l,a AT,aRn—l,a
[]‘ + LfoZ,a? 1+ R£72,a] B 1+ Rﬁfla 7 1+ LfL*2,O¢ ’
from which we get
Al aLn—l « Ar aRn—l «
Lpiia= "2 R,1q= 121700 0,1]. 10
+1, T+ R, +1, 1+, a € (0,1] (10)
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for n € Ny. Then it is clear that for any (L; o, Rj ), 7 = —2,—1,0 there exists a
unique solution (L, o, Ry o) with the initial conditions (L, R; ), j = —2,—1,0
for a € (0, 1].

Now, we prove that [L,, o, Ry« for a € (0,1] where (L,, o, Ry o) is the solution

of the system with the initial conditions (Lj o, Rj.a), j = —2,—1,0 determines
the solution (z,) of with the initial conditions z_; (j = 0,1, 2) such that

[zn]a = [Ln.as Rnaly @ €(0,1], n=-2,-1,0,.... (11)
Since A and z_; (j =0, 1,2) are positive fuzzy numbers for any a1, as € (0,1],

a; < ag we get,

0< Al,al § Al,a2 S Ar,ag S Ar,ala
0< L*Z,al S L72,a2 é R72,a2 é R*Z,alv

0< Lfl,al S L*l,ag S Rfl,az S Rfl,ala (12)
0< LO,al S LO,ag S RO,az S RO,ay
We prove by the induction that
Ln,al S Ln,ag S Rn,ag S Rn,ala n e N (13)

From we have that hold for n = —2,—1,0. Suppose that is valid
forn <k, k € {1,2,...} . Then from (10), and for n < k it follows that

Al,alkal,oq < Al aszrfl (e8]

L : 02— [ :
Fhle 1 + Rz—?,al -1 + Ri—Q,Otz FhLes
Ala Lk—la Ara Rk—loz
L » X2 X2 < X2 (X2 — R
k+1,a2 1+R£_27a2 — 1+LZ];_2,0(2 k+1,02
and
Ara Rk—l « Ara Rk—l «@
R — , X2 X2 < » X1 » X1 :R .
k+17a2 1 + sz)72,042 h 1 + L£72,a1 k+17a1
Therefore is satisfied. Moreover from we get
Al aL—l a Ar aR—l a
— %7 R — %7 c 07 11. 14
1« 1+R€2’a 1« 1 +L112’a « ( ] ( )

Then since A and z_; (j =0, 1,2) are positive fuzzy numbers, we have that A4; ,,
Ara, L_1,6, Ro1,a, L_24 and R_5 4 are left continuous. So, from we see that
Li o and R; , are also left continuous. Working inductively we can easily prove
that L, o and R, o are left continuous for n € N.

Now, we prove that Uye(0,1)[Ln,a, Bn,a] is compact. It is sufficient to prove that
Uae(0,1][Ln,as Rn,o) is bounded. Let n = 1, since A and z_; (j =0, 1,2) are posi-
tive fuzzy numbers there exist constants M4, Na, M _o, N_o, M_1, N_1, My, Ny > 0
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such that
[Al,omA'r,a] - [MA7NA]?
[L_20,R_24] C[M_2,N_s],

15
[L-1,0;R-10] C[M_1,N_1], (15)
[Lo,a, Ro,a)] C [Mo, No].
Therefore, from — we can easily prove that
MaM_1 NuyuN_4
L s o ) )
ot Brol [1+N£2 1+M£J
for o € (0,1] from which it is clear that
MsM_, NuN_,
U Lo, Ria ; ; 16
ac1] [L1.a: Bral © [1+N”2 1+M”2] (16)

for « € (0,1]. Also, implies that Uae(0,1)[L1,a, R1,o] is compact and
Uae(O,l] [Ll,ou Rl,a} C (O, OO)

Working inductively we can easily see that

Uae(0,1][Ln,as RBnal is compact, Use(0,1)[Ln,ar Bn,a] C (0,00) for n € Ny (17)

Therefore, using , and since Ly, o, R,,o are left continuous we see that
[Ln,o, Rin,o] determines a sequence of positive fuzzy numbers (z,) such that
holds.

We prove now that (z,) is the solution of equation (8) with the initial conditions
z_; (j=0,1,2). Since

n a=|Ln oan al = ’
[2n41] (L1, +1,0] 1+ RP 1+ LP 1+20_,

n—2,« n—2,«

Al,aLnfl,a Ar,aRnl,a‘| _ |: Aznfl :|

for all a € (0, 1], we have that (z,,) is the solution of equation with the initial
conditions z_; (j =0,1,2).
Suppose that there exists another solution (z,) of equation with the initial
conditions z_; (j =0, 1,2). Then arguing as above we can easily show that
[Zn]a = [Ln.as Rn.o] for a € (0,1] and n € Ny. (18)
Then from and we have that [zp]a = [Zn]a for @ € (0,1] and n =
—2,—1,0,... from which it holds z,, = z, for n = —2,—1,0,.... Thus, the proof
is completed. [l

To study the boundedness of the positive solutions of equation , we need the
following theorem which has been proved in [7]:

Theorem 2. Assume that r,s € (1,00), then there exist unbounded solutions of
system @

In the following lemma, we will study the boundedness and persistence of the
positive solutions of system :
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Lemma 3. Assume that r,s € (0,1), then every positive solution of system (@ 18
bounded and persists.

Proof. Assume that r,s € (0,1). From system @, we have that

TLn—1
0< = —< 1< ZTp_ 19
Tp41 1T yﬁ_z Tlp—1 < Tp—1, ( )
and
SYn—1
0<Yni1 = m < SYn—1 < Yn—1, (20)

for n € Ny. From and , we have by induction
0< oy <z_;and 0 < Yon—i < Y—i, (21)

for n € Ny where x_;,y_; (i = 0,1) are the initial conditions. This completes the
proof. ([

Theorem 3. Consider equation (@ Then the following statements are true:

(i) If Ao <1 for all a € (0,1], then every positive solution of equation (@) is
bounded and persists.

(1) If there exists an @ € (0,1] such that Az > 1, then the equation @) has
unbounded solutions.

Proof. (i) Let (z,) be a positive solution of equation (8] such that holds. From
and Lemma (3| we get

[Ln,a7Rn,a] - [07Ta]7 (22)

for n € Ny where T, = max{R_; o, Roa}- Since (z,,) are positive fuzzy numbers,
there exists a constant T' > 0 such that T,, < T for all a € (0,1]. Therefore,
[Ln,a, Rn,a] € [0,T] for n € Ny from which we get Uge(0,1][Ln,as Bn,a] C [0,T] for
n € Ni 50 Une(0,1)[Ln,as Bn,a)] € [0,T]. This completes the proof of ().

(74) Suppose that there exists an @ € (0,1] such that 4,5 > 1. If A;5 = r,
Arg =5, Lys =2, and R, 5 =y, forn =—-2,—-1, ..., then we can apply Theorem
to system . If there exists an @ € (0, 1] such that r = A;z > 1, then there
exist solutions (z,, ¥, ) of system where @ = a with initial conditions (z_;,y_;)
for 7 = 0,1, 2 such that

lim z, =0 and lim y, = oco. (23)

Moreover, if z_; < y_; ( j = 0,1,2), we can find positive fuzzy numbers z_;
(j =0,1,2) such that

[2]a = [Lj,a) Rjal; (24)
for o € (0,1] and
[2jla = [Lja, Rja] = [zj,y5], (25)
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for j = —2,—1,0. Let (2,) be a positive solution of equation with the initial
conditions z_; (j =0,1,2) and (23] = [Ln,a, Rn,e) for a € (0,1]. Since and
hold and (Ly o, Rn,o) satisfies system we have
[Zn]a = [Ln,a7 Rn,a] - [xna yn] (26)
Thefore, from (23), and since

|2ull = supmax {|Ln.al, | Bnol} = max{|Lnal, |Bnal} = Bna,
where sup is taken for all a € (0,1], it is clear that solution (z,) is unbounded.
This completes the proof of (7). O

In the last theorem, we will study the convergence of the positive solutions
of equation . We need the following theorem which has been obtained from
Theorem 10 in [7]:

Theorem 4. If r,s € (0,1), then every positive solution (zn,y,) of system (7)
converges to (0,0) as n — oo.

Theorem 5. If A, ., <1 for all o € (0,1], then every positive solution (z,) of
equation @ converges to 0 as n — oo.

Proof. Let (z,) be a positive solution of equation such that @ holds with
Ao < 1for all a € (0,1]. Then, we can apply Theorem [4] to system . So, we
get

lim L, ,= lim R,,=0. (27)

n—oo n—oo

Therefore, from we get

lim D(z,,0) = liin sup{max {|L, o — 0|, |Rn,a —0[}} =0.

n—oo

4. NUMERICAL EXAMPLES

In this section, we give two numerical examples for the solutions of equation
regard to the different values of A for p = 1 with the inital conditions z_;
(j =0,1,2) are satisfied

eale) = 20z — 8, 0.40 < z < 0.45,
“2Y ) 10— 20z, 0.45 < 2 < 0.50,

(@) { %, 0.10 <z < 0.50,
—1 - .50—5x
456282 .50 < z < 0.90,

o) = 20z — 6, 0.30 <z < 0.35,
O =1 8 =20z, 0.35 <2 < 0.40.
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From (B8), we get [z ol = [552,1050], [so1]o = [205050 48020 L] —

[ah6 &l for all o € (0, 1].

Example 1. Consider equation @ for p = 1 where z, is a sequence of positive
fuzzy numbers, the initial conditions z_; (j =0,1,2) are satisfied (@) and A is
satisfied

dr — 17 : S X S l7
a={sa 12050 @
From @), we get [Al, = [23,352] for all a € (0,1]. There exists a unique

solution of equation (@ by Theorem |1 Since A, o < 1 for all a € [0,1], then by
Theorem @ the positive solution (z,) of equation (@ converges to 0 as n — o0,
see Figures 1-3.

— — L) ——Rm) — — L ——Rm) — — L) —— R

{L(n),R(n)}

FIGURE FIGURE FIGURE
1. «a=0.1 2. a=0.b 3. a=0.9

Example 2. Consider equation (@ for p = 1 where z, is a sequence of positive
fuzzy numbers, the initial conditions z_; (j =0,1,2) are satisfied (@) and A is
satisfied

A:{x—Z, 2 <2 <3, (30)

4—z, 3<z<4
From (30), we get [Ala = [0 +2,4—a] for all o € (0,1]. There ezists a unique
positive solution of equation (@ by Theorem. It is easy to see that for all a € (0, 1],
we have A, > 1. So, by case (ii) in Theorem@ equation (@) has unbounded
solutions, see Figures 4-6.
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5. CONCLUSION

In this study, we investigated behavior of the fuzzy difference equation z,41 =
Azp—1/(14 2E_,), where (2,) is a sequence of positive fuzzy numbers, A and the
initial conditions z_,; (j = 0,1, 2) are positive fuzzy numbers and p is a positive in-
teger. We have shown that, under certain conditions, the positive solutions of this
equation converge to zero. Also, we have considered the case where the solutions
are unbounded. Finally, we have supported our theoretical results.
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SIMILAR AND SELF-SIMILAR NULL CARTAN CURVES IN
MINKOWSKI-LORENTZIAN SPACES
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ABSTRACT. In this paper, differential invariants of null Cartan curves are stud-
ied in (n+2) dimensional Lorentzian similarity geometry. The fundamental
theorem for a null Cartan curve in similarity geometry is investigated and
the characterization of all self-similar null Cartan curves parameterized by de
Sitter parameter in Minkowski space-time is given.

1. INTRODUCTION

A similarity transformation of Euclidean space, which consists of a rotation, a
translation and an isotropic scaling, is an automorphism preserving the angles and
ratios between lengths. The structure consisting of unchanging geometric proper-
ties under the similarity transformation is called similarity geometry. The whole
Euclidean geometry can be considered as a class of similarity geometry. The similar-
ity transformations are studied in most areas of the pure and applied mathematics.
For example, S. Li [23] presented a system for matching and pose estimation of 3D
space curves under the similarity transformation. Brook et al. [5] discussed various
problems of image processing and analysis by using the similarity transformation.
Sahbi [26] investigated a method for shape description based on kernel principal
component analysis (KPCA) in the similarity invariance of KPCA. On the other
hand, the self-similar objects, whose images under the similarity map are them-
selves, have had a wide range of applications in areas such as fractal geometry,
dynamical systems, computer networks, statistical physics and so on. The Cantor
set, the von Koch snowflake curve and the Sierpinski gasket are some of most fa-
mous examples of such objects (see [141/21]). Recently, the self-similarity started
playing a role in algebra as well, first of all in group theory [17].
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Bonnor [4] introduced the Cartan frame to study the behaviors of a null curve and
proved the fundamental existence and congruence theorems in Minkowski space-
time. Bejancu [2] represented a method for the general study of the geometry of
null curves in Lorentz manifolds and, more generally, in semi-Riemannian manifolds
(see also the book [11]). Ferrandez, Gimenez and Lucas [15] gave a reference along
a null curve in an n-dimensional Lorentzian space. They showed the fundamental
existence and uniqueness theorems and described the null helices in higher dimen-
sions. Coéken and Ciftci [10] studied null curves in the Minkowski space-time and
characterized pseudo-spherical null curves and Bertrand null curves.

The study of the geometry of null curves has a growing importance in the math-
ematical physics. The null curves are useful to find the solution of some equations
in the classical relativistic string theory (see [6/19,20]) Moreover, there exists a geo-
metric particle model associated with the geometry of null curves in the Minkowski
space-time (see [16}24]).

Berger [3] represented the broad content of similarity transformations of Eu-
clidean space. Encheva and Georgiev [12}/13] studied the differential geometric
invariants of curves according to a similarity in the Euclidean n-space. Chou and
Qu |9] showed that the motions of curves in two, three and n-dimensional (n > 3)
similarity geometries correspond to the Burgers hierarchy, Burgers-mKdV hierarchy
and a multi-component generalization of these hierarchies. Simsek and Ozdemir [27]
introduced the geometry of non-lightlike curves in the n-dimensional Lorentzian
similarity geometry. Ates et.al. |[1] studied the similarity invariants of Frenet curves
by considering the parametrization of any spherical indicatrix curve in Eucliedan
space E". Kamishima [22] examined the properties of compact Lorentzian simi-
larity manifolds using developing maps and holonomy representations. The main
idea of this paper is to study the differential geometry of a null curve under the
similarity mapping.

The scope of paper is as follows. First, we give basic information about null
Cartan curves. Then, we introduce a new parameter, which is called de Sitter
parameter that is invariant under the similarity transformation. We represent the
differential geometric invariants of a null Cartan curve, which are called shape
Cartan curvatures, in (n+2)-dimensional Lorentzian similarity geometry. We prove
the uniqueness theorem which states that two null Cartan curves are equivalent
according to a similarity mapping. Furthermore, we show the existence theorem
that is a process for constructing a null Cartan curve by the shape Cartan curvatures
under some initial conditions. Lastly, we obtain the equations of all self-similar null
Cartan curves parameterized by the de Sitter parameter in Minkowski spacetime.

2. PRELIMINARIES

Let u = (u1,u2,...,Unt2), v = (V1,02,...,0,42) be two arbitrary vectors in
Minkowski-Lorentzian space M"*2. The Lorentzian inner product of u and v can
be stated as u-v = ul*v? where I* = diag(—1,1,...,1). We say that a vector
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u in M"*2 is called spacelike, null (lightlike) or timelike if u-u > 0, u-u =0 or
u - u < 0, respectively. The norm of the vector u is defined by ||u|| = y/|u - u|. The
pseudohyperbolic space (or anti-de Sitter space) is defined by
Hyt (r) = fueM"™:u-u=—r?}
and pseudo-sphere (or de Sitter space) is defined by
ST (r) = {ue M2 u-u= rz}, (29]).
A basis B = {L,N, Wy,..., W, } is said pseudo-orthonormal if it satisfies the
following conditions:
L. L=N-N=0, L-N=1
L-W,=N-W;, =W, - W, =0, i#j
W, W, =1
where 4,5 € {1,...,n} ([11]). o ~
Now, we consider the mapping A : (L, N,Wq,--- ,Wn) = (LN, Wy,--- W,
of one pseudo-orthonormal basis onto another at any point P in M™*2, which is
given as either

L by o 0 0 0 0 - 0 0 L
N @+t +e2) A e € —€3 €4 0 —€n_1 €n N
W, Aepcosf + Aegsind 0 cosf —sinf 0O 0o .- 0 0 W,
W, | _ A1 sin@ — \eg cos 6 0 sinf cosf 0 0o .- 0 0 Wo (]_)
W, Aep—1 €086+ Aep, sin @ 0 0 0 0 ce. 0 cosf) —sinf ‘X’_,L,l
W, Aep_18in60 — Ae, cos 0 0 0 0o - 0 sin cos W,
when n is even, or the same matrix with the additional row (column) 0 0 --- 1

when n is odd, where A, &; (1 < ¢ < n) and 6 are real constants and A # 0. The
image of pseudo-orthonormal basis under the mapping A is a pseudo-orthonormal
basis. Moreover, we have ATJ* A = J*, det A = 1 where

0100 - 0
1000 --- 0
oo 1o -0
J=10 00 1 -~ 0
0000 - 1

and the orientation is preserved by . Bonnor [4] defined the mapping A as a null
rotation. A null rotation at P is equivalent to a Lorentzian transformation between
two sets of natural coordinate functions whose values coincide at P.

A curve locally parameterized by v : J C R — M"*2 is called a null curve
if L4(t) # 0 is a null vector for all t. We know that a null curve y(t) satisfies

g—;v(t) . %W(t) > 0 (see [11]). If the acceleration vector of the null curve is a unit
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vector, that is, %y(t) . %’y(t) = 1, then, null curve ~(t) in M"*2 is said to be
parameterized by pseudo-arc. If the acceleration vector of the null curve is not a
unit vector, then the pseudo-arc parametrization becomes as the following

o= [ (o L) () ©)

A null curve y(t) in M"*+? with 4> 'y( ) %'y(t) # 0 is a Cartan curve if
dn+1

{310, &), £, - EFer )}

is linearly independent for any t.

There exists a unique Cartan frame C := {L,N, Wy,--- W, } of the Cartan
curve parameterized by a pseudo arc-parameter s such that the following equations
are satisfied

7' (s) = L(s),
L'(s) = Wi(s),
N'(s) = k(s)Wi(s) + 7(s)Wa(s), (3)
Wi(s) = —r(s)L(s) — N(s),
Wi (s) = —7(s)L(s) + ks Ws(s),
Wi(s) = —ki(s)W;_1(8) + kix1Wit1(s) i€ {3,...,n—1},
Wi (s) = —kn(s)Wy_1(s)

where N is a null vector called null transversal vector field, and C., is pseudo-
orthonormal, {7’,7"7 .. m(i+2)} and {L,N,Wy,..., W,} have the same orienta-
tion for 2 <7 <n—1, C, is positively oriented and the differentiation with respect
to s is denoted by prime ”’” . The functions k, 7, k; (3 <j < n) are called the
Cartan curvatures of v (s) and are given as

5 () = 3 (19(s) - 19(s))

2
7 (5) = /9 (5) 1)~ (19(8) - 4O(s))’ (4)
K2 (S) — Dj (S) Dj+2 (5)
) Dz (s)

for the pseudo-arc parameter s, where D; denotes the j-th order main determinant of
the matrix of the metric with respect to {’y’, ~ ,7(”"’2)}. We know that 7 < 0,
ki >0(B3<i<n-1),and k, > 0 or k, < 0 according to {'y’,'y”,...,'y(””)} is
positively or negatively oriented, respectively. More information about the geome-
try of null curves can be found in the papers [2], [4], [11] and [15].
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3. GEOMETRIC INVARIANTS OF NULL CURVES UNDER A SIMILARITY MAP

In this section, we introduce the similarity geometry of null curves in M"*+2. A
null-similarity (n-similarity) f : M"+t2 — M"*2 is determined by

f(z) = pA(z) + C, (5)

where 1 > 0 is a real constant, A is a null rotation and C is a translation vector.
The n-similarity transformations form a group under the composition of maps and
denoted by Simn(M"*2?). The n-similarity transformations in M"*? preserve the
orientation.

Let v(t) : J € R — M"*2 be a null curve. The image of v under f €
Simn(M"+2) is denoted by 3. Then, the null curve 8 can be stated as

B(t) =pA(y () + Db, teld (6)
The pseudo-arc length function g starting at to € J is

5 () = / (CZ; (u).;‘% (u))1/4du=\/ﬁs(t) M)

to

where s € I C R is pseudo-arc parameter of v : I — M"*2. We can compute the
Cartan curvatures g (\/ﬁs) and 73 (\/ﬁs) of 8 by using as

1 1 1
kg = ;my, T3 = ;T.y, and kg = ﬁnm,
We define Wi-indicatrix 7y, of the null curve v parameterized by vy, (s) =
W (s). The Wi-indicatrix is a pseudo-spherical non-null curve lies on the de Sitter
(n+1)-space Sf“ (1). If we state the arc-length parameter of Yw, as 0+, we can find
doy = \/2|ky|ds. The arc-length element do, is invariant under the n-similarity
transformation since the equality dog = do,, can be easily found, where o is the
de Sitter parameter of 3. The parameter o, is called de Sitter parameter of .
Therefore, we reparametrize a null curve by the de Sitter parameter so that we can
study the differential geometry of a null curve under the n-similarity transformation.
The derivative formulas of v and C,, with respect to o are given by
dry 1 d?y —d|ky| dy 1

W, 9)

a1 L, ey TRyl
doy  \/2]k,] do? = 2|ky|doy doy 2|k,

and
dL 1
e W
doy V2 |“7‘
dN K, Tny

doy /2], V215
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dW1 __ R~y L— 1 N
doy V2K V2 ks
dW2 Ty K3~
=— L+ W3 (10)
doy \/2|"<M/| \/2|“7|
dW3

K3y Kay
= — W+ W3
doy V2 [k, V2 |k

dW,, Kn

- = Wn—l
doy V2 |"<M/|
Similarly, we can find the same formulas @[) and for the null curve g.

Now, we construct a new frame corresponding to n-similarity transformation for
a null curve. Let’s define the functions

. —d|ry| . To . K )
— — di., =0 3<i<
" 2[ky|doy’ " 2|k, e \/2|K’Y|7 S

which are invariant under the n-similarity since we get the equalities
fi@ = l%,y, 7~'ﬁ = 7-’Y and Izéi/g = Fii,y.

If we set L*“™ = /2 |k,|L, then we get a unit spacelike vector

dLs'™  dls,

do B V2 [ky|doy
such that L . W3 = (. From [2], we know that there exists a null vector N*™
satisfying

Wi = L+W,

Lsim . Nsim — 1’ Nsim . Wizm — 0,
in the space spanned by {7/, 7", v’} such that N* can be given in the form

sim __ 1 V ) V sim
N - Lsim .V (V oLsim . VL )

where V € span{v', v, v"’}. Choosing V = N + £, W, bring about

1
V2[5,
_ 1 &2\/2|k
Nsm — __ — N 4 R’le _ ’77|’Y|L7

V2 [k4] 2
which satisfies the relations N*™ . N = (), L. N%" = 1 and N*™. W5™m = (.
Moreover, If we choose W™ = W;, 2 < i < n, then

sim .__ sim sim sim sim sim
Oz = (L NS W WL W
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becomes a pseudo-orthonormal frame of v under the n-similarity map. Then, the
derivative formulas of C3"™ are computed as

d y i
L (czm)T = p(cym)T (1)
¥
where
0 0 1 0 0 0 07
0 0 N To 0 0 0
=€, -1 0 0 0 0 0
-7y 0 0 0 R3y 0 0
P=10 0 0 -k 0 Fay 0 (12)
0 0 0 0 —R4y 0O 0
| O 0 0 0 0 coo —Rpy 0]
B 1 ’%2 dN
where £, = :l:§ - 77 + %.
¥

Let’s consider the pseudo-orthogonal frame C’f = {H?, H] HJ. .., H”I'YL+2} of v
where

HY = 1 Lsim HY = 1 Nsim HY = 1 Wsim I — 1 Wsim_
Ve T 20k Y T A VTP
Since, from , we can obtain f(H]) = Hf, t = 1,---n + 2, the pseudo-
orthogonal frame Cf is invariant according to n-similarity map. Then, using @
and , we get the derivative formulas of Cf as the following

d T 5T
= (&) =P(c)) (13)
where
[y 0O 1 0 0 0 07
0 & & 7 0 0 0
& -1 & 0 0 0 0
=5 0 0 & Rk 0 0
P=110 0 0 —fsy £&y Fay 0
0 0 0 0 —Ry P&y 0
Lo 0 0 0 0 oo —Fpy Fy

We can consider the equation as the Frenet-Serret equation of a null Cartan
curve v according to the pseudo-orthogonal moving frame C’f under the group
Simn(M"+2). As a result, the following theorem is obtained.
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Theorem 1. Let v : I — M"*2 be a null Cartan curve with pseudo-de Sitter pa-
rameter o, and {k, Ty, Riy (3 <1< n)} be Cartan curvatures of v with the Cartan
frame C.,. Then, the functions

—d k| Kiny
V2],
and the pseudo-orthogonal frame C,‘yq are invariant under the n-similarity transfor-
mation in M"+2 and the derivative formulas of Cf with respect to 0., are given by

the equation .

Definition 1. The functions g}{ Ty and Riy (3 <1 < n) are called shape Cartan
curvatures of a null Cartan curve v and the pseudo-orthonormal frame C’,Syim are
called shape Cartan frame of 7.

- Ty _
= —_— = d L=
2|“'y|d‘7~/} K 2|’i'v‘ e i

K'Y:

3<i<n, (14)

4. THE FUNDAMENTAL THEOREM FOR A NULL CURVE

The existence and uniqueness theorems were shown by [2], [15] and [4] for a
null Cartan curve under the Lorentz transformations. This notion can be extended
with respect to Simn (M””) for the null Cartan curves parameterized by de Sitter
parameter.

Theorem 2. Let v, : I — M™*? be two null Cartan curves parameterized by
the same de Sitter parameter o, where I C R is an open interval. Suppose that
v and § have the same shape Cartan curvatures; namely, Ry = Rg, Ty = Tg and
Riy = Rig (3 < i <mn) foralloc € I. Then, there exists a f GSimn(M"+2) such
that B = fo~.

Proof. Let k., T+, Kiy and kg, T, Kig (3 < i < n) be the Cartan curvatures and

also s and s* be the pseudo-arc length parameters of v and 3, respectively. Using

the equality ik, = kg, we get |ky| = p|rg| for some real constant p > 0. Then,
1

the equality 7, = 7 imply 7, = urg. Therefore, we find ds = Tds* from the
m

definition of de Sitter parameter o.

There exists a Lorentzian motion ¢ = A o T of M"*? satisfying the equality
¢ (v (00)) = B(0g) for any fixed o9 € I, where A is a null rotation and T is a
translation map, such that ¢ maps the pseudo-orthonormal frame C5"™ to pseudo-
orthonormal frame C’Eim. Therefore, the map g = pp : M"2? — M"+2 is a n-
similarity transformation of M"*2. Let’s define a function ® : I — R as the

following
2

d d
%g(’y(o))—gﬂ(a) for Vo € I.

Taking derivative of this function with respect to o, we conclude that

a (Y () [ (. a8
do g do? g do g do? do

@(0)‘
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d?p dy d?s dp
‘Qd(fz'g(dg> “[daz'da]~

Then, we obtain the following equation

dd
=0
since we have
dy __ Ll ceim dQJ _ By sim n 1 sim
do 2|k, 7 7 do? 2|k, 7 2w,
from @[) Also, we can find
29000 =5 (L™ (00)) = gr L™ (o) = 5 o),

which implies ® (0¢) = 0. This means that

L9 (@) =2 B()

or equivalently 3 (o) = g (v (o)) + b for all o where b is a constant vector. Thus,
the image of v under the n-similarity f = E o g is the null Cartan curve 3, where
E :M"t2 — M™*2 is a translation determined by b. O

The following theorem shows that every two functions determine a null Cartan
curve according to a n-similarity under some initial conditions.

Theorem 3. Let z;: I = R, i=1,2,...n be smooth functions and L%%™ NOsim
Wsim Whsim WIS e pseudo-orthonormal frame at a point zo in the
Minkowski space M" 2.  According to a n-similarity, there exists a unique null
Cartan curve v : I — M"2 parameterized by the de Sitter parameter o such that
v satisfies the following conditions:

(1) There exists ooy € I such that v(og) = z¢ and the shape Cartan frame of -y
at xo s LOsim’ ]N'Osim7 W(leim’ WSSim, L 7va)lsim_

(i1) Ry (0) = 21(0), Ty (0) = 22(0) and Riy (0) = 2z (o) (3 < @ < n) for all
oel.

Proof. Let us consider the following system of differential equations with respect
to a matrix-valued function K (o) = (L*™, N*™ Wiim Wsim ,Wffm)T

dK

e (0) =M(0)K(0) (15)
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with a given matrix

o0 0 1 0 0 0 0]
0 0 z 2 0 0 0
2 -1 0 0 0 0 0
—Z9 0 0 0 z3 0 0
M@={0 0 0 —25 0 2 of>
0 0 0 0 —z O 0
L0 0 0 0 0 —z, 0]

1 22 dx

h ==,
where z (o) 57 + -
satisfies the initial conditions

0sim 0sim 0sim 0sim 0sim
K(ao):(L , N , WP WPt W )

. The system has a unique solution K (o) which

T

Then, we can write

d d d
— (FKTIK) = —K'I'K + KT'J*—K
do ( ) do + do

=J' K" (M"J*+J*M)K =0

since we have the equation M7J* + J*M = [0] . Also, we have

(n+2) x (n+2)
J*KT (00) 'K (0¢) =1

where I is the unit matrix since L0s¥™ NOsim, W?Sim, Wgs””7 o ,W?fim is the
pseudo-orthonormal (n+2)-frame. As a result, we find J*X7 (¢)J*X (0) = I for
all ¢ € I. This means that the vector fields L™ N Wsim Wsim Wsim
form a pseudo-orthonormal frame field in M"?*2.

Let v : I — M™*2 be a null curve given by

1 /7 5/ .
v (O’) =10+ 5/ 62] zl(a')daLszm (O’) do, ocel. (16)
o0

By the equality , we get that 7 (o) is a similar null Cartan curve with the cur-
vatures i (0) = z1 (0), 7 (0) = 22 (0) and Ry (o) = 2; (o) (3 <4 < n) in M2,
Also, we find 1/%62f21(0)d0d0 = ds by using and , where s is a pseudo-arc
parameter; thus, ¢ is the de Sitter parameter of the null Cartan curve . Be-
sides, the pseudo-orthonormal (n+2)-frame L5 N Wsim Wsim Wsim
is a shape Cartan frame of the null Cartan curve v under the n-similarity transfor-
mation. (Il

Remark 1. In case of iy (0) =0, the Cartan curvature |k| = d is a positive real
constant. Then, the parametrization of a null curve v : I — M™ 2 with Ry(0)=10
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with respect to de Sitter parameter o is given by

1 7
v(o) =m0 + — L*™ (o) do, cel (17)
2d J,,
from the equation @D and .
Example 1. Let’s choose ky = —tanh (%) and 7, = 4 for the shape Cartan
curvatures of a null curve v : I — M* with the initial conditions

, 1 1 , —1 1
LOosim — ,0,,0>7N°5”": (,0,,0), 18
(ﬁ V3 >0 18)

) 1 1 : -1 1
WOszm _ O, 7’0’ > , WOszm _ <O, —, O, ) .
' ( V2 V2 ’ V2 V2

Then, we get 57 = 0 and the system determines a null vector L™ given by

Lo () = % (cosh(20), 0, cosh(20), 0) (19)

with L™ (0) = LY in M*. The parametrization of null Cartan curve 7y is found
as

22 12e29 4+ 21¢° + 11 12¢27 4+ 21e” + 11
y(o)=—— |30 ,

,0,30 +
3 (1+e9)? (1+e)°
for any o € I by solving the equation .

5. SELF-SIMILAR NULL CARTAN CURVES

In this section, the concept of self-similarity is applied to null Cartan curves.
Self-similar spacelike and timelike curves were studied by [27] and were defined as
curves with constant p-shape curvatures. This idea can be extended to a null Cartan
curve v : I — M"+2; that is, v is called self-similar if shape Cartan curvatures of
7 are constant.

A null curve is called a null heliz if it has the constant Cartan curvatures which
are not all zero in M™*2. A null helix is automotically a self-similar null Cartan
curve in M™*2. Thus, null helices can be considered as a subclass of self-similar null
Cartan curves.

5.1. Self-similar null Cartan curves in M. Now, we determine the parametriza-
tions of all self-similar null Cartan curves by means of the constant shape Cartan
curvatures in the Minkowski space-time. They can be examined by separating into
four different cases as follows. For each case, we choose the initial conditions

in the example [T}
e Case 1: Let’s take 5,, =0 and 7., = 0, which means 571 = :I:%.

SIS

e Case 2: Let’s take &, =0 and 7, = a # 0, which means 571
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e Case 3: Let’s take &y, = b # 0 and 7, = 0, which means 571 is also a
constant different from 0 and :I:%.

e Case 4: Let’s take /,, = b # 0 and 7,, = a # 0, which means 571 is also
a constant different from 0 and i%.

All the cases above correspond to the following two general cases:

e GCase 1: Let’s take é% =c# 0 and 7,, =0, such that it corresponds to
the Case 1 and Case 3.

e GCase 2: Let’'stake{, =c# 0and 7, = a #0,such that it corresponds
to the Case 2 and Case 4.

GCase 1: Using the equation , we obtain the following differential equation
(Lsim)/” 42 (Lsim)/ =0
and by solving this equation, we conclude that if ¢ > 0
4 1
L% (o) = — (1,0,cos (\/%U) ,sin (\/%0))
(o) 7

and if ¢ < 0

L™ (o) = \% (cosh (V/—2co) ,sinh (V' —2c0) ,1,0).

If the Case 1 is valid, we use the equation so that we get the following
parametrization of the self-similar null Cartan curve

B L 0 sin (\/ﬂo) _ cos (\/%a)
T2 \” T Vee T Ve

71 (o)

when ¢ > 0 and

7y (0) 1 (sinh( —200) cosh( —200)70,())

T 2v2d V=2 | V=2

when ¢ < 0.
Since £, =c= i% for the Case 1, we obtain

1
71(0):2\/§d

(0,0,sin (o), —cos (o))

for ¢ =1/2 and
1

,72(0):2\/§d

(sinh (¢), cosh (o), 0,0)

for c = —1/2.
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If the Case 3 is valid, we use the equation so that we get the following
parametrization of the self-similar null Cartan curve
1 2bo 2bo

vy (0) = Tﬂ(%’i’ 2 12 (2bcos (\/%0) + v2csin (\/%g)) ’
41)27—}—20 (Qbsin (\/%0') - \/%COS (\/%0.)))

when ¢ > 0 and

1 cosh(myo) +sinh (mi0)  cosh (moo) 4 sinh (moo)

4\/5( mi mo ’

Y4 (o) =

cosh (my0) + sinh (my0) N cosh (mao) + sinh (moo) €207 0)
mq mo ’ b ’
1 b

when ¢ < 0, where m; = 2b++/—2¢, mo =2b—+/—2c # 0 and ¢ = :|:§ — 5
GCase 2: Using the equation , we obtain the following differential equation

(Lsim)“’ +2¢ (Lsim)” o a2Lsim =0
and by solving this equation, we conclude that
; 1
L>"™ (o) = —= (cosh (q10) , sinh (q10) , cos (q20) , sin (g20))
V2
1 b
where g1 = V—c+ V2 +a?, g =Vec+vVeZ+a? and c = :&:5 -5

If the Case 2 is valid, we use the equation so that we get the following
parametrization of the self-similar null Cartan curve

1 <sinh(q10) cosh (g10) sin (¢20) cos(qzrf)).

g)= 5 ) )
75 (7) 2d+/2 ¢ ¢ 0 0

If the Case 4 is valid, we use the equation so that we get the following
parametrization of the self-similar null Cartan curve

1 h + sinh h + sinh
7o (o) = (cos (n10) + sinh (ny0) 4 cos (ngo) + sin (nga)7
4+/2 n1 ]
cosh (n10) +sinh (n1o)  cosh (n2o) 4 sinh (n20)

)

1 UP)

269 cos (qoor) + 4be?¥ sin (go0)

4b% + ¢3

4be?% cos (q20) + 2227 sin (qa0) —2qoe
4b% + ¢3 ’

where ny = 2b+ ¢q1 # 0, no = 2b— g1 # 0.
From the above calculations, we obtain the following result.

)

Theorem 4. Let v be a null Cartan curve in M*. Then ~y is a self-similar null
Cartan curve if and only if it is congruent to one of the curves vy, Yo Vs, Y4, V5and

Ye6-
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In [4], null helices were defined and found their parametrizations in M?*. When
we compare the parametrizations of null helices with self-similar null curves, we
conclude that null helices are a special class of self-similar null Cartan curves in
M*. For example, a null helix satisfying 7 # 0 are expressed by

1 1 1 1 1
a(s) =4/ ——= | —sinhwvs, = coshvs, — sinrs, —— cosrs (20)
v2 412 \v v T r

where v = VK2 + 72—k and r = VVk? + 72 + k and this curve is a kind of
self-similar null Cartan curve 75 (see also [10] for null helices).

In |10}, Theorem 3.2 says that a null Cartan curve v lies on S§ (r) iff 7., # 0
is a constant in M*. Then, we conclude that the self-similar null Cartan curve lying
on S (r) is similar to 75 because of the definitions &, and 7. On the other hand,
in 7], Theorem 3.10 states that there are no null curves lying on HJ (r) in M?*,
which means that there is no a self-similar (similar) null Cartan curve lying on
H3 (r).

6. CONCLUDING REMARKS

In the current paper, the similarity geometry of a null Cartan curve in Minkowski-
Lorentzian spaces was investigated and self-similar null Cartan curves were studied
in Minkowski space-time. Next study will be about self-similar null Cartan curves
in Lorentzian space forms like null helices studied in [15].

The motions of curves in E?, E3 and E" (n > 3) yield the mKdV hierarchy,
Schrédinger hierarchy and a multi- component generalization of mKdV-Schrédinger
hierarchies, respectively. KS. Chou and C. Qu [9] showed that the motions of curves
in two-, three- and n-dimensional (n > 3) similarity geometries correspond to the
Burgers hierarchy, Burgers-mKdV hierarchy and a multi-component generalization
of these hierarchies by using the similarity invariants of curves in comparison with
its invariants under the Euclidean motion. Also, they [8] found that many 1+1-
dimensional integrable equations like KdV, Burgers, Sawada-Kotera, Harry-Dym
hierarchies and Camassa-Holm equations arise from motions of plane curves in
centro-affine, similarity, affine and fully affine geometries. The motion of curves
on two-dimensional surfaces in E$ was considered by Giirses [18]. Therefore, the
motion of Lorentzian similar (null and nonnull) curves in Lorentzian-Minkowski
similarity geometries will be investigated as well.

Declaration of Competing Interests The author declares that he has no com-
peting interest.
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EXPONENTIAL STABILITY OF A TIMOSHENKO TYPE
THERMOELASTIC SYSTEM WITH GURTIN-PIPKIN
THERMAL LAW AND FRICTIONAL DAMPING
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ABSTRACT. In this paper we consider a linear thermoelastic system of Timo-
shenko type where the heat conduction is given by the linearized law of Gurtin-
Pipkin. An existence and uniqueness result is proved by the use of a semigroup
approach. We establish an exponential stability result without any assumption
on the wave speeds once here we have a fully damped system.

1. INTRODUCTION

In the present paper we investigate the well-posedness and the asymptotic be-
havior of the following Timoshenko type system

pruee = K (ug + @), in (0,7) x Ry,
Papr = by — K (Uux + @) + 60 — Ty in (0,7) X Ry, (1)
Cet = —Qqr — 6@15 m (0,7’() X R+,

where w is the transverse displacement of a beam of length 7, ¢ is the rotation angle
of filament, # is the temperature variation from an equilibrium reference value and
g is the heat flux. The coefficients p;, ps, ¢, K, T are positive and present the mass
density, the polar moment of inertia of a cross section, the specific heat constant,
the shear modulus and the intensity of the frictional damping respectively, b = ET
is the product of Young’s modulus of elasticity and the moment of inertia of a cross
section, 8 and § are coupling constants that are different from zero but their signs
does not matter in the analysis.

To render the system determined an additional equation relating g and 6 is
needed. In the classical theory of thermoelasticity the constitutive equation for the
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heat flux is expressed through Fourier’s law of heat conduction

where k > 0 represents the coefficient of the thermal conductivity of the material.

In 1921, Timoshenko [32] introduced a shear deformation and a rotational iner-
tia into the derivation of the vibrating beam theory. He modelled the transverse
vibrations of a beam by the conservative system

{ pPULt = (K(um - @))Ia in (07L) X (0,00) (3)
Ipsott = (EI()OZE)I + K(UJL’ - @)7 in (07L) X (07 OO)

In the last three decades, the system has been intensively studied for possible
damping mechanisms. Mufioz Rivera and Racke [25] introduced a thermal damping
by coupling system with the classical heat equation. They proved that the
system

prow =k (pe +9),,
prtt = b¢zz -k (9093 + 1/1) + 7917 (4)
Cet = fiea::r - 7%1
(of course with some boundary and initial conditions), is exponentially stable if and
only if
P1 _ P2
b ()
If (5) does not hold Guesmia et al. [17] established a polynomial decay result pro-
vided that the initial data are regular enough.
Almeida Junior et al. [1] considered the thermal coupling of the system in
shear force

p1# — K (p ), +00: =0 in (0,L) x Ry,
p2¢tt - bwmm + K (@x + rlzb) —0o0=0 in (Oa L) X R+a (6)
Pgat - ’ng + g (30;1; + 'I,ZJ)t - O 7/I’L (0, L) X R+,
subjected to either the boundary conditions
o(t,0) = ¢(t, L) = (t,0) = (¢, L) = 0(t,0) = 0(t, L) = 0, (7)
or
(p(t7 0) = (p(t, L) = ¢x(t7 0) = ¢z(tv L) = ax(tv 0) = Qz(t, L) =0, (8)
and proved that the solution is exponentially stable if and only if
K b
x=———=0. 9
P1 P2 ©)

Otherwise, when @D does not hold, the authors showed that the system is poly-
nomially stable with a rate of decay t—'/* for the boundary conditions and an
optimal rate of decay ¢~'/2 for the boundary conditions (). Recently [18] reached
the rate t~/2 for the boundary conditions and

@m(ta 0) = sz(tv L) = ¢(t70) = w(tv L) = gz(tv O) = am(ta L) = 0.
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Alves et al. |2] improve the results of [1] for the case of different wave speeds and
obtained the same rate of decay t~!/2? independently of the boundary conditions.
Later, Alves et al. [3] extended the results of [1] to the non-homogeneous case with
the boundary conditions . Precisely, they established an exponential stability
provided that the non-homogeneous wave speeds satisfy the condition

k(x) _ b)
p1(z)  py(x)

, xelC(0,L), (10)

in an open subinterval I of (0,L). When does not hold they obtained a
polynomial stability result with a rate of decay depending on the regularity of the
initial data.

Recently, Jorge-Silva and Racke [19] considered (6) with Cattaneo’s law and
proved that there is non exponential stability no matter if @D holds which confirms
the result of [10].

We recall that the model using Fourier’s law leads to a parabolic equation.
Consequently, the heat propagates with an infinite speed, that is, any thermal dis-
turbance produced at some point in the body has an instantaneous effect elsewhere
in the body. To overcome this physical paradox, many theories were developed.
Green and Naghdi [12114] expanded three new theories based on an entropy equal-
ity rather than the entropy inequality. They called them thermoelasticity of type
I, type II and type III respectively. In each of these theories the equation for the
heat flux is given by a different constitutive assumption. The constitutive equation
for the heat flux in the type III theory is given by

q= _flaa: - f20m

where
t
a=ao(x) +/ 0 (x,7)dr
0

is the thermal displacement and f;, fo are two positive constants.
In the framework of the thermoelasticity of type III, Messaoudi and Said-Houari
[24] considered the following Timoshenko type system

pl@tt - K (‘px + ¢)w = O ZTL (07 1) X (07 +OO) )
ptht - bd}mz + K (@z + %/1) + BGT = O in (07 1) X (07 +OO) )
POt — 0040 + By + KOtz =0 in (0,1) x (0, +00),

and showed that the solution (¢, v, 0) decays exponentially provided that pﬁ = pi

1 2
The case of non equal speeds was examined by Messaoudi and Fareh [23]. They

established a polynomial rate of decay. Fatori et al. [9] show that the optimal rate
in this case is ¢t~1/2.
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Santos and Almeida Junior [30] extended the results of [23)24] to the Timoshenko
system with thermoelastic effect acting on a shear force

p1pu — K (pp 1), + 00t =0 in (0,L) x (0,+00),
ptht - b'(/)za: + K (QD;E + '(/J) - 0-015 =0 in (O?L) X (O’ +OO) ’
P30t — 0020 + 0 (¢, + 1), — V0tze =0 in (0,L) x (0,+00).

The second theory proposed to overcome the paradox of infinite speed was de-
veloped by Lord and Shulman [21]. They suggested to replace Fourier’s law by
Cattaneo’s one

Togt +q+ kb, =0,

where the positive constant 7o represents the time lag in the response of the heat
flux to the temperature gradient and is referred to as the thermal relaxation time.
According to this theory, the system becomes fully hyperbolic, as a result the heat
propagates with a finite speed and is viewed as a wave-like propagation rather than
a diffusion phenomenon. A wave-like thermal disturbance is referred to as a second
sound (where the first sound being the usual sound) and a nonclassical theory
predicting the occurrence of such disturbances are known as thermoelasticity with
finite wave speeds or second sound thermoelasticity.

Ferndndez Sare and Racke [10] considered the following Timoshenko type system
with second sound thermoelasticity

prpw — k(9 + w)z =0,
Pgat + 7Gx + 57/’1‘,3: =0,
Toqt + ¢+ Kbz =0,

and proved that the solution of is no longer exponentially stable even if p—kl = %2.

However, the incorporation of the frictional damping u¢p, into the first equation of
(11)) produces an exponential stability independently of the wave speeds [22].
Santos et al. [31] introduced the stability number

_ ( P1 ) ( bpl) 7'9152
Xo=\T————J\P2—— |~ —
P3k K kp3

and proved that the solution of is exponentially stable provided that y, = 0.

It is worth noting that the type III thermoelasticity and the second sound ther-
moelasticity are unable to describe the memory effect which reigns in some materi-
als, particularly at a low temperature. This fact leads to the look for a more general
constitutive assumption relating the heat flux to the thermal memory. Gurtin and
Pipkin [16] assumed that the heat flux depends on the integrated history of the
temperature gradient, and established a general nonlinear theory for which ther-
mal disturbances propagate with a finite speed. In accordance with this theory, the
linearized constitutive equation for ¢ is given by

q= 7/7 k(t—s)0, (z,s)ds, (12)
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where k(s) is the heat conductivity relaxation kernel. The presence of the convolu-
tion term renders the Timoshenko system coupled with the heat equation into
a fully hyperbolic system, which allows the heat to propagate with a finite speed
and admits to describe the memory effect of the heat conduction.

In the context of Gurtin-Pipkin theory Pata and Vuk [26] studied the linear
thermoelastic system

Ut (X, 1) = Ugg (2, t) — O (2, 1),
et (Z‘,t) = Uty (l‘,t) — 4z (Jf, t) ’
where the heat flux ¢ is given by . They proved, under some assumptions on
w1 (s) = =k’ (s), that the solution of the system decays exponentially. Fatori and
Munoz Rivera [8] considered the system
Upt — AUy + b, = 0dn (0,L) x Ry
0r — k% 0,; + quzs =0idn (0,L) x Ry,

where
(k% 00 (£) = /O k(t— )00 (7) dr,

and established an exponential decay result provided that the kernel k is positive
definite and decays exponentially.

Concerning Timoshenko systems coupled with the heat equation in the frame-
work of Gurtin-Pipkin’s theory, Dell’Oro an Pata [7] analyzed the following system

P1Pu — K (9, + 1[1)@ =0,

p2¢tt - bwmx + K (301: + I)Z)) + 501 = 07 (13)
1 oo
Pl — B/ g(8) 0y (t —s)ds+ 0¢,, =0,
0

and proved that the semigroup associated with the solution of the system is
exponentially stable if and only if

_ {ﬂlﬁ] ot _ B pd?
psk g0 Lk b g (0) pgrd

Closely related to Timoshenko’s beam theory, Raposo [29] investigated the lami-
nated Timoshenko system

Xg

pruee — K (ug — ), +auy =0 in (0,L) x Ry,

po(s =)t = b(s = V)zz + K (Y —uz) +B(s =) =0 in (0,L) x Ry,

postt — bSzz + k(Y — uy) + 46s + 4ys; =0 in (0,L) x Ry,
(14)

and obtained an exponential stability result. Regarding the damping by the heat
conduction, Liu and Zhao [20] showed that the laminated beam coupled with the
heat equation modelled via Fourier’s law of the heat conduction is exponentially
stable provided that the wave speeds are equal. Apalara [4] obtained the same result
by coupling the laminated beam with the heat equation moddeled via Cattaneo’s
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law, provided that the equal wave speeds is replaced by a relation between the
coefficients of the system. Choucha et al. [5] added a distributed delay and proved
the exponential and the polynomial stability for the equal and the non-equal wave
speeds respectively. They also kept the same results in the presence of a viscoelastic
damping and a distributed delay [6].

In view of the aforementioned studies we can summarized the stability results
for Timoshenko systems coupled with thermal effects as follows:

i) A fully damped Timoshenko system with parabolic thermal effects is expo-
nentially stable regardless any restriction on the wave speeds.

ii) A Timoshenko system damped only by thermal effects is exponentially sta-
ble if and only if the coefficients of the system satisfy a stability condition
(equal wave speeds, in the case of the classical parabolic heat equation).

To the best of my knowledge there is no results concerning the fully damped
Timoshenko system with hyperbolic thermal dissipation. One can expected that
this leads to an exponential stability. In the present paper we give a positive answer
to this concern.

It should be noted here, that replacing the parabolic heat conduction by a hyper-
bolic type one is not obviously profitable, first, because the system becomes fully
hyperbolic and therefore it loses the exponential decay reached with one dissipa-
tion when holds, (see [10}/28]), secondly, because the dissipative effects due to
the hyperbolic type heat conduction are generally weaker than those induced by
Fourier’s law.

In the present paper we consider the fully damped case of and prove the
exponential stability of the solution without any condition. The importance of our
result manifested from the fact that the case of equal speeds is purely mathematical,
since it is physically never satisfied [15|. Therefore, the stability result obtained
without any restriction on the coefficients is more realistic than that obtained with
a stability condition.

Note that the presence of the convolution term in the constitutive equation for
¢ renders the family operators mapping the initial value (ug, u1, ¢g, ¢1,6o) into the
solution (u, ¢, ) not match the semigroup properties. This is due to the fact that
the solution value of 6 at time ¢ depends on the whole function up to time t.

In order to overcome this difficulty we introduce the new variables

0'(x,s) = 6O(x,t —s), s >0,
and

n(z,s) = nt(:v,s) = / 9t(x,7)d7, s>0,
0

which denote the past history and the summed past history of 8 up to ¢, respectively.
Clearly n' (z, s) satisfies the boundary conditions

n(0,s) =n(mr,s)=0.
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Moreover, we assume that k (co) = 0 and n(z,0) = lin(lﬁnt(x, s) = 0, then

o= [ re- 90 sds= [T Kt )b

Further, we have

nt($75) :9_773(33’5)~ (15)

Setting 1 (s) = —k' (s), the system and equations (12)), become

pruet = K (Ugy + @) — B0, in (0,7) x Ry,

PoPy = fom —k(uz +9)+00 —19, in (0,7) xRy,

B= [ (o) (5)ds = Buss — By in (0,7) x R (16)

0

nt(s) =60 —nt(s) in (0,7) x Ry x Ry.
The system is complemented with the boundary conditions

U(O, t) - U(TF, t) = 90:5(0’ t) = cpm(ﬂ—a t) - 0(03 t) - 9(”3 t) =0, (17)

77(075) = 77(7‘—75) =0,Vt € R+a 77(%0) =0, Vz € (077T)7
and the initial data
u (170) = Uo (.T) y Ut (3’],0) =u (x) y P (l‘, O) = %o (x) ) (18)
Pt (IE,O) =¥1 (1’) , 0 (xvo) =t (‘T) ) 770 (x’ S) =To (:U, S) :
Regarding the memory kernel p, we assume the following set of hypotheses:
(h1) p € C(RT) N L (RY),
(h2) 1 (s) >0, /' (s) <0 Vs >0,
(h3) [,° 1 (s)ds = ko > 0,
(h4) there exists £ > 0, such that u' (s) < —€u(s), Vs > 0.
The rest of the paper is organized as follows: in Section 2, we introduce some
functional preliminaries. Section 3 is devoted to the proof of an existence and
uniqueness result. In Section 4, we state and prove our stability result.

2. FUNCTIONAL SETTING

Let A = —D? be the operator defined over L? (0, 7). It is well known that the
operator A with the Dirichlet boundary conditions is a self-adjoint and positive
operator with domain D (A) = H? N H{. Thus, it is possible to define the powers
A® of A for a € R, and the Hilbert space V,, = D (A%/2) endowed with the inner
product

(u,v), = <A°‘/2u,Aa/2v>
and the associated norm denoted by |ul|, . In particular, Vo = L?, Vo = H™!,
V; = H§ and
<Al/2u7 A1/2v> = (Du, Dv), Yu,v € Hé.

For oy > aa the injection V,, — V,, is continuous.
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Furthermore, we introduce the weighted Hilbert space

with the inner product

Qi = [ 1) (0(3) (),
and the norm
i, = [ ) 1D ) ds

We shall also need to define the spaces

Mo=L2 ((0,400); L*(0,))
and

K=H (0, +00); H (0,m))

={n/n,n, € Ma}.

The following lemma will be useful in the proof of our main result.

Lemma 1. Let v € L? (0,7) be given and

1 ™
D= — d
v 71_/0 v(x)de

D[]y = [lo =]}

the mean value of v. Then,

Proof. We have

[Dvl—y = sup [(Dv,9h)[ = sup [, DY)| <|lv]|.
IDwl|=1 1D =1

Let ¢ (z) = ﬁ Jy v (y)dy, then |Di| =1 and

[(Dv, ¥)| = [|v]| < | Dvl|_; -
Therefore,
D]y = [Jv]] -
Suppose that v = 0, then
[1Dv][_y = |lv =7l
If v # 0, then
[1Dv][_y =D (v =2)[_; = [lv—7].
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3. WELL POSEDNESS

In this section we prove that the problem determined by — has a unique
solution. The main tools of the proof are the Lumer-Phillips and the Lax-Milgram

theorems. First we need to rewrite the problem in the semigroups setting.
Let H be the Hilbert space

H=Hj x L* x H} x L? x L* x M,

endowed with the inner product

s s

(U,U") = H/ (uz + ) (up +¢")dx+py | vo"dz+0 sox%dx

+p2/ ooy dx—f—c/ 66" dm+/ / e (s) dxds

and the associated norm

2 2 2 2 2 2 2
15 = & llua +@ll” + oy [[0I7 + bllea ™+ po 1917 + 117 + lInllas, -

We note that by virtue of the inequalities

u2 <2 (ug + 9)° + 267,
(uz +¢)° < 2u2 + 247,

the above norm in H is equivalent to the usual norm. Therefore, we use either of
the norms indifferently.

To rewrite the system in the semigroup setting we introduce the new vari-
ables v = u; and ¢ = ¢,, then the system becomes

Uy = pil (uﬂcx (xvt) + ¢, (x’t)) - ;%eac (x,t)

or=¢

¢t—,f;@m(wf)—ﬁ(ux(wt)ﬂp( 1) + 20 (x,1) — ¢ (1)
0, (z *fo r]“a:s)ds—fvx(x t) — 5 (x, t)

77%( : )*9(1“ t) m(x s)

and the problem f rewritten

d
{ LU= AU, £ >0, 20)

U (0) = U,
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where, A is the operator defined by

1 P1 P1
b i )
AU: 7(pma:_£uw_£<p+79_l¢
/)12 w P2 P2 %2 %2
- ds — Zv, — =
S AICTMOTE S
0_775

with domain
UcH;u,poc H* v,0 c HY ¢ € H,n € H; ((O,—l—oo);Hé),

1 (8) Moy (s)ds € L2, 7 (0) = 0
Before stating the main result of this section let us recall the following theorems.

Theorem 1. (Lumer-Phillips) [27,33] Let A : D(A) C H —H be a densely defined
operator. Then A generates a Cy-semigroup of contractions on H if and only if

i) A is dissipative;

ii) there exists a constant A > 0 such that \I — A is onto.
Theorem 2. [33] Let A : D(A) C H —H be the infinitesimal generator of a

Co-semigroup {S(t);t > 0}. Then, for each & € D (A) and each t > 0, we have
S(t)¢ € D(A) and the mapping

D(A) =

S:[0,+oo[ — H
t— S(t)¢
is of class C' on [0, +oo[ and satisfies

4(5(1)€) = AS (1) € = 5 (1) Ac.

Our main result reads as follows:

Theorem 3. Suppose that p satisfies the hypotheses (h1)-(h4), then for any Uy =
(uo, u1, po; ¥1, 00, nO)T € H the problem has a unique solution U € C ((0,400);H).
Moreover, if Uy = (uo, u1,¥g, ¢1,00,19) € D (A) then the solution U satisfies

U e C((0,+00); D (A)NCH((0,400);H) .
Proof. First, we prove that A is dissipative. Indeed, for every U € D (A) we have

<AU7U>:H/Oﬂ(vm-ﬂb)(uz—kcp)dx—k/o

™

(Kuge + Ko, — B0:) vdm—l—b/ D P dx
0

+/ (b, — Kug — kp + 860 — T7¢) ddx
0
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([ e (10— 0 0
+/O7T /Ooou(s) (02 — nks) 0y (s) dsde,
- —/ $2di ;/()mu(s)CZ In, (5)]1ds.

For the second term in the right-hand side, we have
oo d oo
/O (), (5)Pds = (o), ()5 - / 1 (5) [ (s) | 2ds.

Since 41.(s) ||n,, (s) [|* and ju (s) [In,5 (s) |* belong to L' (R*) and 7, (0) = 0, hence

. 2 _ 9. 8
Jimgy ()l ()17 = o () || |- s (7) T

s 2
< lim sup ( | # n df) |
0

s—0

)

The Cauchy-Schwarz inequality, leads to

tim (o) (9)° < imsup s | (r) () 7 =0,

s—0

Therefore,

oo

| r6) nao)Pds = tim ()17 = [ o) Pas

The left-hand side of the last equation is bounded, and from (h2) both terms on
the right-hand side are positive. Then, the limit in the right hand side exists and
is finite, and therefore equals zero. Thus,

s 1 oo
(AU,U) = —r / P+ / 1 (), (5)]12ds < 0,

which proves the dissipativeness of A. Next, we show that A is maximal. Let
U* = (u*m*,cp*,(b*,b'*,n*)T € H, and find U = (u,v,go,¢79,77)T € D (A) such
that

(I-A)U=U", (21)
which reads in components
u—v=u, (22)
PV = KUz — K@, + B0, = pv”, (23)
¥ — (b = (p*v (24)
(P2 +7) & — by, + Kla + K — 00 = py¢7, (25)
ch — / s)nt, (s)ds + Bv, + d¢p = c”, (26)
n—0+n,=n" (27)
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Solving equation gives

n(s)=(1-e)0+ /O e’ n" (y) dy. (28)
Substituting , and into , and we get

Klgy + Ko, — B0z — pru = —pq (u* +0%),
bppy — Ky — (K4 py +7) @ + 60 = = (po + 7)™ — pad”,

e0an — o — Bug — 8 = — (cb" + Bu* + ") / u(s) ( / o (4) dy) ds

(29)
where,

CH:/OOO/L(S) (1—e*)ds

is a positive constant. The last term in the right-hand side of the third equation of
belongs to H~!. Indeed, let ¢ € H{ such that |4, ] < 1, then

(o ([ o) | o ([ )
< [ nere ( ezl dy) s

— [ el [ atedsdy
0 Y

< / () e s ()] / " e rdsdy
- / 1 @) 72 ()] dy < .

At this point we multiply the equations 1,2 and 3 by u, p and [ respec-
tively, integrating over (0,7) and summing up, we obtain

B (U, ﬁ) -y (U‘) , (30)

where

B(U, (7) ::ﬁ/ uﬂjwd:r:—/i/ gowﬂdx—i—ﬁ/ Qwﬂdx—l—pl/ uudx
0 0 0 0

s

40 [ ppdnn [Cupdot (ot py ) [ opde
0 0 0

—5/ Hﬁdx—i—cu/ Hmézdm+c/ 95dm—|—ﬁ/ umédx+5/ go%lx,
0 0 0 0 0
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and

T

L(ﬁ) ::pl/ow(u*+v*)ﬁdx+(p2+7')/o

+/ (0 + Bu* + 6p*) bdz +/ 5/ 1w (s) </ e’k (y) dy) dsdz.
0 o Jo 0

Clearly, B (-,-) is a bounded bilinear form over W = H} x H! x H} and L is a
bounded linear form. Furthermore, we have

B({U,U) = m/ uidm—/{/ gaxudx—i—ﬁ/ qudx—l—pl/ u2dac+b/ prdx
0 0 0 0

P pdr — py / ¢*pdx
0

0
+I€/ u$<pdas—|—(n+p2+7')/ @de—é/ 9<pdx—|—cu/ 02 dx
0 0 0 0

—|—c/ 02dx+5/ umde—i—é/ pldz,
0 0 0

B(U,U):n/ (uz+go)2d$+p1/ u2d$+b/ 2da
0 0 0

+ (P2 +T)/ sozdx+cﬂ/ Oiderc/ 0% dz.
0 0 0
Therefore, there exists a positive constant « such that
B(U,U)>a|U|?.

Thus, B (:,-) is coercive and by means of the Lax-Milgram theorem, the problem
has a unique solution

(u,p,0) € W.
Moreover, taking (m @,5) = (%,0,0) in we get

KJ/W Uplpdr = /W (K, — BOx — pru+ py (u* +v*)) udz, Vi € H. (31)
0 0
Using standard arguments of elliptic equations we infer that
u € H?(0,7)N H(0,7),
with
KlUgy = —K@y + B0s + pyu — py (u* +07),
which solves 1. Similarly, by choosing (17, @,5) = (0,%,0), we obtain

b/ mxdax=—/ (kg +9) + (pp +7) (9 — ©") — 80 — pod”) B, V5 € HY.
0 0
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Let U € H} (0,7) and set

(2, 1) :\Il(x,t)—/OW\IJ(x,t)dx.

Clearly Ve H!(0,7). Plugging U in and recalling that
K (us +¢) + (py +7) (0 = ¢%) = 80 — py¢™ € L2 (0,7),

we arrive at

b/ 0,V dr = / (K (uz + @) + (pg +7) (¢ — ©*) — 00 — poyd™) Wdx, YU € H (0, 7).
0 0
Thus, by virtue of the theory of elliptic equations, ¢ € H? (0,7) N H} (0, 7) with

wm:%1(ﬁ(ux+<p)+(p2+7)(<p—<p*)—59—Pz¢*)~

Then, ¢ solves (29)s.
Substituting u, ¢, 6 just obtained in , and , we infer that

v e Hy(0,m),¢ € H(0,7) and ne€ H) ((0,+00); Hy(0,7)).
Moreover, implies that

/OOO ()t () ds € L2 (0,).

Finally we have
S
s (s) =e "0 +n"(s) - / """ (y) dy € Mo
0

and 7 (0) = 0, which proves that the solution U of belongs to D (A) . Hence,
Lumer-Phillips theorem ensures that the problem (20]) has a unique solution U (z,t) =
etUy () . This completes the proof of Theorem O

4. ASYMPTOTIC BEHAVIOR

In this section we establish an exponential rate of decay for the solution of the sys-
tem —. The following Lemma gives a sufficient condition for a Cy—semigroup
in order to be exponentially stable.

Lemma 2. [11] Let S(t) be a contraction semigroup on H, and let A be its infini-
tesimal generator. If the operator i3I — A is bounded below as 3 € R, that is there
exists A > 0 such that

Inf 1GBI = A) U = AU}, YU € D (A),
then S (t) is exponentially stable.

The main result of this paper reads as follows:
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Theorem 4. Assume that the memory kernel u satisfies the hypotheses (h1)—-(h5).
Then the semigroup S(t) = et associated to the problem - is exponentially
stable.

Proof. The proof will be done by a contradiction argument. Suppose that the
assertion is false. Then there exist a sequence (\,) C R and a sequence (U,) C
D (A), of unit norm

2 2 2 2 2
K[ Dun + @ull” + prllonll” + 0 [Den 1" + p2 [|0nlI” + ¢ 10

n / () 1Dy ()] ds = 1,

such that
lim |[(¢A I — A)U,|| =0,
o0

n—s

which reads in components as

32)
33)
34)
35)

iIAply, — Uy — 0 in H&,
1P AUy — kD?u,, — kD, + D0, — 0 in L?,
My — ¢, —> 0 in H},
ipoAnd, — bD*@, + kDu, + kp,, + T¢, — 60, — 0 in L2,

o0
icApb, — / w(s) D*n,, (s)ds + BDv, + 6, — 0 in L? 36
0

(
(
(
(
(36)
iAnn,, — 0 + Dsn,, — 0 in M;. (37)
Note that since the norm in H is equivalent to the usual norm, then there exists

v > 0 such that for any U € D (A) of unit norm, we have

2 2 2 2 2 2 > 2
[Dunl” +llvall” +lenll” + 1D, 1" + |6, ]1” + [10n]] +/0 1 (8) ([ Dy, (s)]” ds = -

(38)
First we have
™ 1 o0
Re (0] = AU U} =7 [ 2o =5 [ w()lDn,(s)ds —> 0.
0 0
Thus,
[¢nll —> 0 (39)
and | oo
B, <=3 [ #1895 — o0 (40)
Moreover, from we have
1
Oy, ~ )\—¢n — 0in L% (41)

The injection L? «— H~! is continuous, hence holds in H~! instead of L? and
101 AnVn ~ kD%, + kDo, — BDO, in H.
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On the other hand we have

H/{ (Dzun + Dgpn) — ﬁDGnH% = sup |</£ (D2un + D<pn) — BDHn,w>
IDy|<1

< [l5 (Dun + @,) = B0l sup [|Dy]],
ID¥l<1

)

< K[| Dun + ¢, | + 181 110a]] < V2.
Therefore,
|Anl ||Un||_1 <y, (42)

for a positive constant Cy independent of n € N.
Similarly, we get

| @t s < [ a1 @)
-1
o ) T 1/2
<\ [n@as([Tue [Cion i)
0 0 0
then
|[Cuepa o] <y [T a@asinl, —o
0 -1 0
Note that holds with H~! instead of L?, hence
licAnby + BDvy||_y — 0. (43)
Since
[Dvp|l_y = sup [(Dvn, )| < [lon| < oo,
[Dyl<1
Duw,, is bounded in H~!, then
||C)\n0nH_1 S 027

for a positive constant Cy independent of n € N.

Next, we need to show that ||6,,|] — 0. Exploiting the continuous embedding of
M into M, holds in My instead of M;. Let (€,,) be the sequence &, = s6,,.
Clearly &, € My. Indeed, from (h2), u(s) goes to zero exponentially fast, then

/ s2u (s)/ 10, dads = ||9n||2/ s2u(s)ds = C3 < 0.
0 0 0

Multiplying by &, in My we get
<Z)\nnn7£n>0 - <0n7£n>0 + <D57]n7£n>0 — 0 (44)

For the first term we have

(it €adol =Pl [ (o) [ e
0 0
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Then, using Holder inequality we get

[(EntasEadol < PAal 1l / )10, (5)] ds,

< ] 8]l 1,/ ds/ 5) [ D, ()] ds,

< O/ Cslm,ll, — 0.
From (h4) we infer that hm s2u(s) = 0, then, again (h4) and integration by parts

f/ sQM'(s)ds:Q/ sp(s)ds = Cy < cc.
0 0
For the third term of (44)) we have,

/ u(s)/ nnend:rder/ sp’ (s)/ N,0ndxds|,
0 0 0 0

(Dt £2)0] < 1100l [ [ n s [ ||nn||ds} ,
< ds — ! ds.
< / 11 () llmnll ds / sil (5) |7 ds

Using the Cauchy-Schwarz and Poincaré’s inequalities we conclude that

/Ooou(snnnndsgwom \// ) |l ds,

< / (s ds mlly

yield

then,

<Cp / (s ds [[nl, — 0
and

—/Ooo st (s) IITlndSZ/OOOS\/T(@\/T(S)H%HdS

< (- [ ) - (= [ o )l as) 1/2

1/2

< (—c4cp jarae ||Dnn||2ds) .
0
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Thus, is reduced to

16,2 / sp(s)ds = (0,09 — 0,

that is,

2 (0, €0)
0n|” = =m0 .
10l C

(45)

Removing the terms that tend to 0 from , then multiplying by ¢,, we obtain

We point out that
(D, ) < || Dunl| @, || — 0
and
An (D 0n) ~ lul> — 0.
Therefore,
[Dey|l — 0.

Multiplying by pyv, and by u,, we get
ip1An (Un,y Vn) — Py ||Un||2 — 0,

and
Zpl)\n <vnaun> + K ||Du’ﬂH2 — 0
Adding to the complex conjugate of , we get

K[| Dug | = py [fon]* — 0.
Combining , , , , 7, and we obtain
(142 flonl® .
K

We complete the proof by showing that leads to a contradiction.
Since A~!1Duv,, is bounded in H{ (recall that A = —D?), from (43)) we have

<ic)\n0n + 5Dvn,A*1Dvn> = <ic)\n0n, Ailen> + B ||Dvn||2_1 — 0.
On the other hand, from we have
|<ic)\n0n,A_1Dvn>| = ‘<ic)\n9n,A_1/2vn>‘

<c|Al [10nll = c|Anl [[onll—y [16n]]

’Afl/Z,Un

< cCy |0 — 0.

Thus, leads to
|Dv,||_; — 0.

From we infer that

[vn — Tl = ||Dvn||71 — 0.

(46)

(48)
(49)

(50)

(52)
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Therefore,
an_@nuz = an||2_7r‘@n|2 — 0. (53)
The comparison of and leads to

ol — s

v _.

" T (K +py)

Thus, there exists a subsequence (7,,) that converges to T, such that

_ Ky
ol =/ - (54)
7 (K +p1)
Using again we conclude that there exists a subsequence of (v,,) which converges
to v in L?(0, 7). Exploiting the continuous embedding of L?(0, ) into H~1(0, ),
one can deduce that
vy — T, in HH0, 7). (55)
At this point we distinguish two cases. Suppose that (A,) is unbounded, then we
can choose a subsequence (A, ) such that |\,| — oo and from we have

v, — 0in H (0, 7).

From the uniqueness of the limit we conclude that ¥ = 0, which is incompatible
with .
Conversely, assume that (A,) is bounded, again, there exists a subsequence (\;,)
that converges to some A € R. In this case we have
lim ||(iA — A) Uy, =0,
n—oo
and — hold with A instead of \,,. In particular
iy, — v, — 04n Hg (0, 7).

Since (uy,) is bounded in H} (0, 7), we conclude that there exists v* € H}(0,7) and
a subsequence (v,,) that converges weakly to v* in H}(0,7). From the uniqueness
of the limit we infer that v* = », which is in contradiction with v* € HE(0, ),
since 7 is a non-zero constant function, and therefore cannot be in H}(0, 7). This
completes the proof of Theorem O
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ABSTRACT. In this paper, we explore the travelling wave solutions for some
nonlinear partial differential equations by using the recently established ra-
tional (G’/G)-expansion method. We apply this method to the combined
KdV-mKdV equation, the reaction-diffusion equation and the coupled Hirota-
Satsuma KdV equations. The travelling wave solutions are expressed by hy-
perbolic functions, trigonometric functions and rational functions. When the
parameters are taken as special values, the solitary waves are also derived from
the travelling waves. We have also given some figures for the solutions.

1. INTRODUCTION

In the past decades, the travelling wave solutions of nonlinear partial differen-
tial equations (NLPDESs) play an effective role in physics, engineering and applied
mathematics. The mathematical models of these subjects give important informa-
tion about the behaviour of the physical event. Therefore, it is very important to
obtain the traveling wave solutions of NLPDEs [32]. The NLPDESs have interesting
structures that deals with many phenomena in physics, chemistry and engineering,
for example; in fluid flow, plasma waves, mechanics, solid state physics, oceanic
phenomena, atmospheric phenomena and so on. Many researchers have been pro-
posed various different methods to find solutions for nonlinear partial differential
equations and nonlinear fractional differential equations [36-40]. Such as the in-
verse scattering transform method [1], the Hirota’s bilinear method [2], truncated
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Painlevé expansion method [3], the tanh-function expansion method [4], the Jacobi
elliptic function expansion method [5], the homogeneous balance method [648], the
trial function method [9], the exp-function method [10,34], differential transform
method [33], the Bécklund transform method [11], the generalized Riccati equa-
tion method [12H15], the sub-ODE method [17-20], the original (G'/G)-expansion
method [16}29], the double (G'/G,1/G)-expansion method [35] etc.. Since there is
not a common method that can be used to solve all types of nonlinear evolution
equations.

Some researchers established several powerful and direct methods. Wang et
al. |16] first introduced the (G’'/G)-expansion method to find travelling wave solu-
tions of nonlinear evolution equations. Later Islam et al. [21] proposed the rational
(G'/G)-expansion method which aims to derive closed form travelling wave solu-
tions. In this paper we use the rational (G’/G)- expansion method and apply for the
combined KdV-mKdV equation, the reaction-diffusion equation, and the coupled
Hirota-Satsuma KdV equations. We derived abundant solutions for each equation
that is different from the solutions in the literature.

2. DESCRIPTION OF THE METHOD

Suppose that u = u(x, t) is an unknown function depends on the x and ¢ variables
and we define the polynomial P in u(x,t) and its various order partial derivatives
and nonlinear terms as

P(uvuibvutvuzzvuthumtv"‘) :0 (]-)

We use the following steps, to solve Eq.(l) by means of the rational (G'/G)-
expansion method.

Step 1: We assign a new variable U() in terms of « and ¢ variables and a new
transformation:

u(z,t) =UE) , {=x—st+& (2)
where is &y a constant and s is the velocity of the wave. The transformation in Eq.
transforms Eq.(I) into an ordinary differential equation (ODE) for u = U(¢).

QU,U', —sU' U" s*U", —sU",...) =0 (3)
where U and its derivatives with respect to £ are the elements of the @ polynomial
of U(&).

Step 2: Next we integrate Eq. one or twice as possible. Suppose that the
solution of Eq. can be written in the following form

aj(a’/a)d

u(g) = 57— (4)

8 bi(ar/G)
i=o

<.
™M=
<)
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where a; and b; (j =0,1,2,...,n), (a, # 0, b, # 0) are arbitrary coefficient to be
found later. Next we write, the G = G(&) function, which satisfies the following
second order ODE;

G"(§) + AG'(§) + nG(§) =0 ®)
where A and p are real constants. We convert Eq.(5)) into (G'/G) form,
d
(G0 == (G/G) = A(G[G) — p (6)

From Eq.(f) or Eq.(6) the solution for (G'/G) as follows

VA2-ap co sin RAEST
Wl il G ) i G ISCUDOI
2 2 clsinh((@)§)+czcosh<(#)§ 7 7
(G')G) = o= 7C1Cos<(@)g +czsin((7v‘“‘;”>£ Ndp <0
2 2 c1 sin((@)ﬁ) +c2 cos<(7W)§) 7 7
ot N0,

(7)

where ¢; and cg are constants.

Step 3: To determine the value of n, which is the degree of U(&), in Step 2,
we apply the homogeneous balance method, that is balancing between the highest
order nonlinear terms and the highest order derivatives in Eq.. The degree of
other terms in Eq. can be written as in the following form [21]

m p
deg [ddgfgf)] =n+m, deg [um (dl;;(lg)) } =mn+pn+l)

where deg[U ()] is the degree of U(§).

Step 4: After determining the value of n, we substitute Eq. along with Eq.
into Eq.(3). Equating the coefficients of (G'/G) to zero, gives a system of alge-
braic equations. In order to solve these equations we use the computer software
programme such as Maple or Matematica. If there is a possible solution, we obtain
values for a;, b;, A, pand s (1 =0,1,2,...,n).

Step 5: Finally we substitute the values of a;, b; (i = 0,1,2,...,n), A, i, s and the
solutions given in Eq., into Eq., hence the solutions of the nonlinear Eq.
are derived.

3. APPLICATION OF THE METHOD

Example 1. The combined KdV-mKdV equation
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The KdV and mKdV equations are widely studied popular soliton equations.
The nonlinear terms appearing in the KdV and mKdV equations often exist in
applied science and engineering, such as in plasma physics, ocean dynamics and
quantum field theory [22}24]. If we combine the quadratic nonlinear term of the
KdV equation and the qubic nonlinear term of the mKdV equation, then we get
the combined KdV-mKdV equation or the Gardner equation [25]

g + au Uy + Buug + Uppe = 0 (8)

where o and 8 are nonzero parameters. This equation describes the wave propaga-
tion of bounded particle,sound wave and thermal pulse [2628].

The travelling wave transformation u(z,t) =U(§) , € =z — st + &y , transforms
Eq. into to the following ODE

—sU' +aU U +pUU' +U" =0 (9)

where s is the velocity of the wave and the superscript of U shows the derivative of
U with respect to . Next, we integrate Eq.@ and deduce the following equation

1 1 "
C—sU+§aU2+§BU3+U =0 (10)

where C' is an integration constant to be found later. We use homogeneous balance
method, such as balancing the terms U” and U? in Eq. we get n = 1, so we
can write Eq. as

U(e) = R ale /o) ()

0 +01(G"/G)

Next we substitute Eq. into Eq. and organize the equation in terms of the
powers of (G'/G). Hence equating the coefficients of (G'/G) and its powers to zero
in the resulting equation, gives a system of algebraic equations for ag, by, a1, b1, s
and C. Solving the set of equations by using the computer programme Maple, we
get the following set of solutions.

Set 1

a = F- , a1 ==+ —Bbo, b1 =0 (12)

2 ﬁ _%
28N+ 8P o @ (68X + a? — 24p)
5T 43 P 2432

where by, A, o, 8 and p are all arbitrary constants. Substituting Eq. into Eq.
we get the following solution

U©) = %[-5(C16) - 357 5[5 (13)
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where

§:x+<%+>‘2;4")t+§0 (14)

and (G'/G) is given in Eq.(7). Substituting Eq.(7) into Eq.(I3), we deduce the
following travelling wave solutions.

Case 1: If A2 — 4y > 0, then we have

Ule) = L[ 8O =4 (ercosh(y/N2 — 4d) + casinh(s /A2 — duf)
= 5 B c1 sinh %MQ e Cosh(%\/mQ

%\/%‘2 3A\/7 (15)

If we choose ¢; = sinh(&y) and c¢a = cosh(§p), we get the following hyperbolic
solution for the Eq.

)\2—4 A by
U(E)::I:% —wtanh <§4/)\2_4ﬂ+§0>):‘:§ /_%_2 3 l__

The plot of the solution for the values (A =5, p=4,a=3,=—-4,§, =2 )
given in Fig 1.

FIGURE 1. Hyperbolic solution for Eq.(8)
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Case 2: If \2 — 4y < 0, then we have

U = :I:l C6(4p =A%) —clcos(g 4/L—A2)+Cgsin(§\/4ﬂ—)\2)
clsin(§\/4u—)\2)—1—02005(%\/4#—)\2)

2y B
A6 a _3X [ B

SN R
If we choose ¢; = sin(§y) and co = cos(&p), we get the following trigonometric
solution for the Eq.

1 6 (4 — A?) 13 A6 a _3XN/ B
U(f)—i§ —Ttan(§\/4u—>\2+€o))¥§ _5_%:F? %

The plot of the solution for the values (A = 4,4 = 5,0 = 3,6 = —6,§, = 2 ) is
given in Fig 2.

i

FIGURE 2. Trigonometric solution for Eq.(8)
Case 3: If A2 — 4y = 0, then we have

_ [ 6 e A6 a 3A B
v ==+ ﬁ(cwcﬁ)ﬂ\/ 5 375V 6

The plot of the solution for the values (A = 4,u = 4,0 = 3,8 = —6,& =2 ) is
given in Fig 3. In particular, if ¢; = 0 and ¢ # 0 and A > 0 and g = 0, then
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jre—
3
4557a

¥ 210

FIGURE 3. Rational solution for Eq.(8)

Eq. becomes

N[O AN A6 a_3x[5
U(ﬁ)—ii —Btanh(§§>:|:§ —B—%:F? ~% (16)

orif ¢; #0 and ¢ =0 and A > 0 and p = 0, then Eq.(L5]) becomes

A A A A
U ==+5 —%coth<§§>q:§ /_g_;‘ﬂ¢% _% an
where
a? )2
§=$+<E+7>t+£o.

Note that Eq.(I6) and Eq.(I7) represents the solitary wave solutions of the com-
bined KdV-mKdV equation Eq.(8)

Set 2

ao

_ (SAaFV-96Bu2—6NB+HABuNTH L —aby b — b1A
a8 ) 28 > Y0 2
_ —2Besus—a? o a(6)?B—24p6+a?)
8= 18 » b= 2452

(18)
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where by, A and  are arbitrary constants. Substituting Eq.(18) into Eq.(11)) we get
the following solution

_ —2a(G'/G) + (“Aa F /-968u% — 6315 + 48u)?p)

U ; 19
©) 48(G"/G) + 2208 (19)
where \2 )
2
E=x+ 21&_75—&—(1 t+&o (20)
48
and (G'/G) is given in Eq.(7).
Set 3
o 60N+ 12byyiby + 3bobi XN — 6N} ady
0 F\/—6bIA23 + 24b, Bho X — 24623 2B
—aby £ \/—6b3N2[3 + 24b; Bbo A — 24623
ay = (21)
2
B —2X28 4+ 8upB — a? o o (6)\25 —24uB + a2)
sz 48 YT 242

where by, b1, A\, a, 8 and p are arbitrary constants. Substituting the values of con-
stants from Eq.(21) into Eq.(11)) gives

—aby £4/—6b3 22 3+24b1 S \—24b3 3 (@'/G) + (—Gbg)\+12b1,ubg+3b0b1AQfGAubf
28 F/—6b2225+24b1 BboA—24b7 3

U =

abo

28

)

bi(G'/G) +bo

where £ =2 + (W)t + &.

Example 2. The reaction-diffusion equation

We have the reaction-diffusion equation [30]
Ust + QUgy + fu + yu® =0 (22)
where o, § and 7y are nonzero constants. The traveling wave variable Eq. reduces
the Eq. into an ODE
(a+s*)U"+BU+U? =0, (23)
where s is the velocity of the wave. Next we express the solution of the Eq. in
terms of (G'/G) as it is written in Eq. (), where G = G(€) satisfies the second order
linear ODE in Eq.. We use homogeneous balance method, such as balancing
the terms U” and U? in Eq.(23) we get n = 1, hence from Eq., we have
ag + ay (G//G)
U) = +— 7/

b+ b (GNG)” @)
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Substituting Eq.(23) into Eq.(22) and write the left hand side in terms of (G'/G).
Hence equating the coefficients of the resulting equation to zero, gives a system of
algebraic equations for ag, by, a1, b1 and s. Solving the set of equations by using the
computer programme, we get the following set of solutions:

Set 1

1
2

(25)
ap =0, s==+ 2 _ o

where b1, A and p are all arbitrary constants. Substituting Eq. into Eq. we
get the following solution

41 /=B 4
2—7
(G"/G) +A/2

and (G'/G) is given in Eq. . Substituting Eq. into Eq., we deduce the
following travelling wave solutions.

U = (26)

where

Case 1: If A2 — 4 > 0, then we have

U) = + ¢y sinh %\/ )+ co Cosh A2 —4p)
c1 cosh %\/ )+ e smh A2 —4pu) -

If we choose ¢; = cosh(&y) and co = Sinh(fo), we get the following hyperbolic
solution for the Eq.

U = iﬁtanh ( VA2 =4+ §o>

Case 2: If \2 — 4y < 0, then we have

U = + B clsin(§ 4y — A?) + ¢o cos( \/4u A?)
B —clcos(%\/élu A2) —|—czsm§ dp — A2)

gl

If we choose ¢; = cos(§p) and co = sin(§p), we get the following trigonometric
solution for the Eq.

U(¢) = ¢\/>tan ( m+5o>
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Case 3: If \2 —

440 = 0, then we have trivial solution for the Eq .

U(§) = 0.
Set 2
_ o bovB 3
= i 1T smemto

: (28)
by=0, s==+ /\g_ﬂém—a

where by, A, 8 and p are arbitrary constants. Substituting Eq into Eq . we
get the following solution

_ 2VB / A
0(e) = 2= ((0/6)+3). (29
where

g:m:( )\22_64#—04)1%&-50 (30)
and (G'/G) is given in Eq.(7).

Set 3

a0 = /sy (Abo — 2ub) (31)
a1=i\/%()\bl_2b0) s =+ %—a

where by, by, A and p are arbitrary constants. Substituting Eq into Eq we
get the following solution

[%%iJM”®W1%MGM)%4wWWOMM

bi(G'/G) + bo
where

f=$i< )\2264M—a>t+§0

and (G'/G) is given in Eq.(7).

Set 4

a0::|:

A
e (3£ 5vB = 120) —20) b1, @
b +

A 1 2 28 (32)
o= (3£ 4vBV 120 b s= 52 —a
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where by, A and  are arbitrary constants. Substituting Eq.(32) into Eq.(24)) we get
the following solution

i) = 2V T CV) e (3% 8OV D) )
1
6

(@1)G) + 2 £ 1/3)2 — 12

where

§:$i< )\22_54#—@)15—5-50

and (G'/G) is given in Eq.(7).

Example 3. The coupled Hirota-Satsuma KdV equations

The coupled Hirota-Satsuma KdV equations (CHSK) describes an interaction of
two long waves with different dispersion relations [31]. We will consider the CHSK
equations in the following form

1
Ut = FUggy + Uty — 6VV,
!
Vg = —5VUzgpq — SUVg -

Making the transformations wu(x,t) = U(§) , v(z,t) = V() , & =z — st + &,
where s is the velocity of the wave to be determined later. We get the CHSK
equations in the following form

(33)

1
U = ZU”’+3UU’—6VV’, (34)
—sV! = —%V”’—SUV’.

By balancing the highest order derivatives and nonlinear terms in Eq., we get
n = 2 and from Eq. we write the solutions of Eq. as
_ aotai(G'/G)+ax(G'/G)?
U(g) - bo+b1(G’/G)+b2(G’/G)2 9 (35)
V() = coter(G'/Q)+ea((G'/G)?
do+d1 (G']Q)+da(G'/G)?
Substituting Eq. into Eq., and we convert Eq. into a polynomial in
(G'/G). Equating the coeflicients of the same power of (G'/G) to zero, yields a set
of simultaneous algebraic equations. Solving the set of equations for a;, b;, e;,d;(i =
0,1,2) and s by using the computer programme, we get the following set of solutions

Set 1
a2:—2b0 5 a1:—2)\b0 s b1:b2:0 s d1:d2:0
2
e = _ =20 boziubws%) , €1 =2Xez , do=e (36)
_ A%bo+8uby+6ag

2bo



SOLVING SOME COUPLED AND COMBINED WAVE EQUATIONS 127

where ag, by, e2, A and p are constants. Substituting Eq.(36]) into Eq.(35), hence we
reach the following solutions

U(€) = ~2[(G/G) + MG (G)] + 52 -
2
V() = (G )G + NG /G — 44208“ _ 2%
where
=x— ()\ ;b_OSM +3b0>t+§0

and (G'/G) is given in Eq.(7). Substituting Eq.(7) into Eq.(37), we deduce the
following travelling wave solutions.

Case 1: If A2 — 4 > 0 and if we choose ¢; = cosh(&), c2 = sinh(&p), then we have
the hyperbolic solutions for the Eq.

e R e (4 ).

Case 2: If A2 — 4y < 0 and if we choose ¢; = cos(&p), c2 = sin(&p), then we have
the trigonometric solutions for the Eq.

U(f) — %+£ _ MCOtQ (é\/m‘i‘fo)
_2a, 2 2 —4p
V() = e = A = N o (§VA N o)

Case 3: If \2 — 41 = 0, , then we have rational solutions for the Eq.

_a )\2 202
U({) - ﬁ + - (cl+cQ§)2’

_720,0_&_)\4-8/; 2
VIO == 7 — "a T (5Fae)™
Set 2
Ad
CLQ:—bO ) a’1:_>\b0 ) bleQZO ) dQZO , €0 = 23162
bo(A2d2+-8ud? +4e2 e (Ad1+2d
ao = — ( 83 ) ;e =l 2 o) (38)
A2d? —4pd?—12e32
5= 82

where by, dg, d1, e2, A and p are constants. Substituting Eq. into Eq., hence
we reach the following solutions

vt =~ [€ 167 +x6 @) - (2E2) - ()

(GG + (M2 (@) + Yo
di(G'/G) + do

V(§) = €2
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where

A —4 4 2
5:55—( 3 M+3d§>t+fo
i

and (G'/G) is given in Eq.(7).

Set 3
az=—-by , a1 =—-Aby , by =02 =0
_ eadg — eady
€0="4 » Q1= (39)
_ XNbo+8uby+12ag
§= 1by

where ag, bo, do, d1, da, €2, A and p are constants. Substituting Eq.(39) into Eq.(35),
hence we reach the following solutions
ag

U =~ |(@ /0P +NE e + 3

(G')G)? + 9(G'/G) + &

V =
(&) =e2 d2(G' /G2 + d (G G) + do
where
)\2
fmay (B 5000 g,
4 bo

and (G'/G) is given in Eq.(7).

Set 4
a0 — Ao —8A% by +161u%ax+1612bg
0 — 4)\2
— A*bo—8X\% by +16u2as+1612bg do —
a1 = ZY)N ) 2 — 0
Abo A2bg (40)
by=22, bb=72 , eo=e1=e=0
5= — Mbo—162%bou+48u>as+48u°bg
- 4bo N2

where ag, by, A and p are constants. Substituting Eq. into Eq., hence we
reach the following solutions

, 2 Abo—8A2 by +16pu2az+1612bg ’ Abo—8A2 by +1612as+16u2bg
az(G'/G)* + ( . (G'/G) + e

ApA
U = 3
© A (G1G)2 + 2 (G /G) + by
V(£) =0
where
A2 —16p  12u2aq + 12u%bg
§_x+< T b2 )t+§o

and (G'/G) is given in Eq.(7).
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Set 5
4p _qy2 2 2
ag = 2bo—8X boui—igu az+164°bo e1=e3=0
Atby—8A%b 1642 1612b
a1 = 0—38 0#1’)\3# az+16u“bg , dl — d2 — 0 (41)

2 4; 2 2 2
bl _ Abg bg _ Abo s =  ATbo—16A"bopu+48u~ax+48u"bo

w0 T 4p2 0 4bo A2
where as, bg, A and p are constants. Substituting Eq. into Eq.7 hence we
reach the following solutions

/ 2 )\4b0—8>\2b0,u+16u2a2+16u2b0 / )\4b0—8)\2b0,u+16u2a2+16u2b0
a2(G'[G)? + ( e (¢'/G) + o

U(e) = 2R (G )G)? + A (G )G) + b
Ve =3

where eq, dy are constants and

A2 — 16 12p2as + 12420
5::5—1—( 1 M-i— a ZO/\Q 0)t+fo

and (G'/G) is given in Eq.(7).

4. CONCLUSION

In this paper, we have obtained various types of travelling wave solutions for
the combined KdV-mKdV equation, the reaction-diffusion equation, and the cou-
pled Hirota-Satsuma KdV equations that are solved by using the rational (G'/G)-
expansion method. The main idea of this method is to reduce the partial differential
equation to an ODE by using the travelling wave transformation (Eq.)7 after in-
tegrating the ODE in Eq., once or twice, then express the ODE in a compact
form. This ODE can be written by a n-th degree polynomial in terms of (G'/G),
where G = G(€) is the general solution of the second order LODE in Eq.(§). In
order to find the positive integer, we use the homogeneous balance method, that is
balancing between the highest order derivative term and nonlinear term. The coef-
ficients of the polynomials can be obtained by solving a set of algebraic equations.
Generally, the resulted algebraic equations can be solved by using Maple software
program. It is mostly possible to find a solution of the algebraic equations, but it
is generally unable to guarantee the existence of a solution. Despite of this, the
rational (G'/G)-expansion method is still powerful method for finding travelling
wave solutions of nonlinear evolution equations. The rational (G'/G)-expansion
method is also direct, concise, elementary that the general solution of the second
order ODE Eq. is well known and effective that it can be used for many other
nonlinear evolution equations, such as the generalized shallow water wave equation,
the compound KdV-Burgers equations, the Klein-Gordon equation, the generalized
KPP equation, the approximate long water wave equations, the coupled nonlinear
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Klein-Gordon-Zakharov equations, and so on. Therefore, various explicit solutions
of these nonlinear evolution equations can be obtained by this method.
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ABSTRACT. Using the matrix representation form, the first, second, third,
fourth, and fifth derivatives of 5th order Bézier curves are examined based
on the control points in E3. In addition to this, each derivative of 5th order
Bézier curves is given by their control points. Further, a simple way has been
given to find the control points of a Bézier curves and its derivatives by using
matrix notations. An example has also been provided and the corresponding
figures which are drawn by Geogebra v5 have been presented in the end.

1. INTRODUCTION

French engineer Pierre Bézier, who used Bézier curves to design automobile bod-
ies studied with them in 1962. But the study of these curves was first developed in
1959 by mathematician Paul de Casteljau using deCasteljau’s algorithm, a numer-
ically stable method to evaluate Bézier curves. A Bézier curve is frequently used
in computer graphics and related fields, in vector graphics, and in animations as
a tool to control motion. To guarantee smoothness, the control points at which
two curves meet must be on the line between two control points on either side. In
animation applications, such as Adobe Flash and Synfig, Bézier curves are used to
outline, for example, movement. Users outline the wanted path in Bézier curves,
and the application creates the needed frames for the object to move along the
path. For 3D animation Bézier curves are often used to define 3D paths as well as
2D curves for key frame interpolation. We have been motivated by the following
studies. First Bézier-curves with curvature and torsion continuity has been exam-
ined in [6]. Also in [4], [7] and [10], Bézier curves and surfaces has been given.
In [1] and [5], Bézier curves are designed for Computer-Aided Geometric Designs.
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Recently equivalence conditions of control points and application to planar Bézier
curves have been examined in [§] and [9].The Serret-Frenet frame and curvatures of
Bézier curves are examined those in E* in [3|. Frenet apparatus of the cubic Bézier
curves and involute of the cubic Bezier curve by using matrix representation have
been examined in E3, in [11] and [12], respectively.

2. PRELIMINARIES

A Bézier curve is defined by a set of control points Py through P,, where n is
called its order. If n =1 for linear, if n = 2 for quadratic, if n = 3 for cubic Bézier
curve, etc. The first and last control points are always the end points of the curve;
however, the intermediate control points (if any) generally do not lie on the curve.
Generally, Béziers curve can be defined by n + 1 control points Py, Py, ..., P, and
has the following form:

B(t) = n)t’l—t’”t P, telo,1],

0= ()¢ a0 w e, e

where () = #LI), are the binomial coefficients [2]. The points P; are called
control points for the Bézier curve. The polygon formed by connecting the Bézier
points with lines, starting with Py and finishing with P,, is called the Bézier polygon
(or control polygon). The convex hull of the Bézier polygon contains the Bézier
curve.

The derivatives of the any Bézier curve B(t) is

n—1
n—1 i n—i—
=3 (" )0 e
where Qozn(Pl _PO);QI :TL(PQ—Pl),QQ :77,(P3—P2),... iQI
Given points Py and P;, a linear Bézier curve is simply a straight line between
those two points. Linear Bézier curve is given by

a(t) = (1—t) Py + tP,

and also it has the matrix form with control points Py and P;

at)y=[t 1][_11 éHﬁ;]

A quadratic Bézier curve is the path traced by the function «(t), given points
Py, P, and P», which can be interpreted as the linear interpolant of corresponding
points on the linear Bézier curves from Py to P; and from P; to P», respectively.
A quadratic Bézier curve has also the matrix form with control points Py , P; and
Py

1 -2 1 Py
at)y=[1 t 1] —12 g 8 ?
2
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Four points Py, Py, P», P3, and P, in the plane or in higher-dimensional space
define a cubic Bézier curve with the following equation
at)= (1=t Py+3t(1—t)° Py +3t> (1 —t) Py + tPs.

We have already examined the cubic Bézier curves and involutes in [11] and [12], re-
spectively. The matrix form of the cubic Bézier curve with control points Py, Py, Ps,
and Pj is

-1 3 =31 Py

: 3. -6 3 0 P

— 3 2 1
ay=[# ¢ ¢t 1] % 5 o P,

The matrix form of the first derivative of a cubic Bézier curve based on the
control points Py, Py, P>, and Ps is

-3 9 -9 3 ]]jo

ody=[¢ t 1]| 6 -12 6 0 P
2

=3 3 0 0]y

The first derivative of a cubic Bézier curve is a quadratic Bézier curve with control
points 62():3(f)1—P0)7 Ql :3(P2—P1), and 622:3(P3—P2)7

1 -2 1 3(PL— Py)
dy=[# t 1]]| -2 2 0 3(Py— Py)
1 0 0 3(Ps— Py)

The matrix form of the second derivative of a cubic Bézier curve based on the
control points Py, Py, P>, and Ps is

Py

" -6 18 —18 6 Py
6 —12 6 0 Py

Py

The second derivative of a cubic Bézier curve is a linear Bézier curve with control
points 6 (P, — 2P, + Fy), and 6 (Ps — 2P, + Py),

wo=le 0[5 o[ |

Five points Py, Pi, P», P53, and Py in the plane or in higher-dimensional space define
a 4th order Bézier curve with the following equation

alt) =) (;L)tf =0T @W[P], telo,1].

1=0
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The matrix form of the 4th order Bézier curve based on the control points is

1 -4 6 —4 1 P,

-4 12 —-12 4 0 Py

at)y=[t* & ¢ ¢t 1] 6 —-12 6 0 0 P
-4 4 0 0 O Py

1 0 0 0 0 P,

3. 5" ORDER BEZIER CURVE AND ITS DERIVATIVES
Definition 1. In the plane or in higher-dimensional space define a 5" order Bézier
curve with six points Py, Py, P, P3, Py, and Ps and it has the following equation

5

alt) =) (?) -0 @), telo1].

I=0

Theorem 1. The matriz representation of 5" order Bézier curve with control
points Py, Py, Pa, P3, Py, and Ps is

1 5 -10 10 -5 11[nR
5 —20 30 -20 5 0|

, 10 30 -3 10 0 ol]|~P

_ 5 4 3 2 2
af) =& ¢ © & ¢ 1] 0" 0 19 o o ol p
5 5 0 0 0 0]]|mn

1 0 0o o o0 o0ll|nr

Proof. We have already found that

at)y=[t ¢+ 2 * t 1][BB

where [5Bc|g, ¢ is the coefficient matrix of 5 order of Bézier curve. ”[5Bc]4, 4 ”

is obtained by the initial letters of "5t order Bézier curve” , and the coefficient
matrix of 5"degree Bézier curve is

-(0) (3) )G GG 06 G
ég éz g%) (2 ég 6)6) g§ o g

- go) g;) 12 (24)1 gz) gl 3) 0) 0 0
(0) (22 - §1) 51 2) (0) 0 0 0

-0 (6 o0 0
@ 0 0 0 0
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Inverse matrix [5Bc],of 5" order of Bézier curve is

[5Bd " =

0

_ o o oo

0

—ual= o O O

oS- o © O

0

—oles|ws|— ©

= Glpoteat bt = O

= e e

6X6
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O

Theorem 2. The matriz representation of the first derivative of 5" order of a

Bézier curve with control points Py, Py, Ps,

-
/3
ao(t)=| 2
t
1

T

-9
20
-30
20

| —9

—4
6
—4
1

25
—80
90
—40
)

—4
12
—12
4
0

-50
120

-90
20

=2}

0

\
—_
[N}

o O >

50
—80
30
0
0

S OO

oo oo

., and Ps is
-25 5 ﬁo
20 0 .
Py
0 0
Ps
0 0
0 0 Py
Py
-5 5 0
0 -5 5
0 0
0 0 0
0 0

O O O
O O OO

o
|
(o3

Also as a 4" order Bézier curve, the matriz representation of the first derivative

of 5" order of a Bézier curve with control points Qo, Q1, ..., Q4 is
1 -4 6 -4 1 Qo
4 12 —12 4 Q,
dt)y=[¢ 2 2 t 1]] 6 -12 6 0 Qs |,
-4 4 0 0 Qs
1 0 0 0 Q4
where the control points, (5P —5Fy), (5Py —5P1), (5P3—5F), (5P, —5P;),

and (5Ps — 5Py), respectively.

Proof. We have already found that

dty=[t* £ 2 t 1][BBd
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where [5Bc]’ is the coefficient matrix of the first derivative of 5** order of a Bézier
curve defined by following

=

[5G G 5GE) GG -506) 6@ ]
105 —4DE) 406 G 4Q)6) 0
BB =] =30)(3) 30 -30)0) 3G 0 0 :
2003 200 200 0 0 0
L -06) D) 0 0 0 0
-5 25 —50 50 —-25 5
20 —80 120 —80 20 0
=| -3 90 -9 30 0 0|,
20 —40 20 0 0 0
| -5 5 0 0 0 0
and thus,
-5 25 —50 50 —25 5 1120
20 —80 120 —80 20 0 P1
dy=[t+ © 2t 1 -30 90 -9 30 0 0 P2 . (1)
20 —40 20 0 0 0 P3
-5 5 0 0 0 0 4
Py

Also the first derivative of 5*" order of a Bézier curve is a 4*" order Bézier curve.
Hence, the matrix representation of 4** order Bézier curve with control points

Q0> Q17 ERE) Q4 is

ot)y=[¢" 2 2 t 1]

1
—4
6
—4
1

—4
12

—12

4
0

6

—12

6
0
0

—4
4
0
0
0

OO OO

Qo
Q1
Q2 |,
Qs
Q4

(2)

where Qo = 5P1 — 5P0,Q1 = 5P2 — 5P1,Q2 = 5P3 — 5P2,Q3 = 5P4 — 5P3 and
Q4 = 5P5 — 5Py are the control points. From (1) and (2), we write

1 -4 6 —4
-4 12 =12 4
6 —-12 6 0
-4 4 0 0
1 0 0 0

OO OO

Qo
03}
Q2
Qs
Q4

-5
20
-30
20
-5

25
-80
90
—40

5

—50
120
-90
20
0

50
-80
30

0
0

—25
20
0
0
0

SO OO ut
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Since,
1 -4 6 -4 171" 000 0 1
-4 12 —-12 4 0 0 0 0 % 1
6 —-12 6 0 0 =10 0 % 2 1,
-4 4 0 0 0 o+ I 2
1 0 0 0 0 11 1 1 1
we have
Qo [0 0 0 0 1 -5 25 —50 50 -25 5 1120
Q: 0 0 0 % 1 20 —80 120 —80 20 0 Pl
Q2 |=1]0 0 % : 1 -30 90 -9 30 0 0 P2 ,
Qs 0o+ 1 21 20 —-40 20 0 0 0 P
Q4 11 1 1 1 -5 5 O 0 0 0 P4
-5 5 0 0 0 0 1120
0 -5 5 0 0 0 P1
=/ 0 0 -5 5 0 0 P2 ;
0 0 0 -5 5 0 P3
4
0 0 0 0 -55 P
[ 5P, — 5P,
5P, — 5P,
= | 5P3—5P, |,
5P; — 5P
| 5P — 5P,
or equivalently we may write
#7171 -4 6 —41]7[-5 5 0 0 0 0
t3 -4 12 -12 4 0 0 -5 5 0 0 0
o) = | 2 6 —-12 6 0 0 0 0 -5 5 0 0
¢ -4 4 0 0 0 0 0 0 -5 5 0
1 1 0 0 0 0 0 0 0 0 -5 5
O
Theorem 3. The matriz representation of the second derivative of 5" order of a
Bézier curve with control points Py, Py, Ps, ..., P5 is
P
#7177 =20 100 —200 200 —100 20 P
") = t2 60 —240 360 —240 60 0 P,
@ |t —60 180 —180 60 0 0 Pl
1 20 —40 20 0 0 0 Py

Ps
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3 -1 3 -3 1 20 —40
B 2 3 -6 3 0 0 20

t -3 3 0 0 0 0

1 1 0 0 O 0 0

-1 3 -3
a'(W)=[t £ t 1] 5’3 _36 g
1 0 0

where the control points Ry, R1,, ...,

R3 are given by

20Py — 40P, + 20P,
20P; — 40P, + 20P;
20P, — 40P; + 20P,
20P; — 40P, + 20Ps

20
—40
20
0

oo o+

0
20
—40
20

P

0 0 P,
0 0 Py
20 0 Py
—40 20 Py
Ps

Proof. We have already found o (t), therefore the coefficient matrix of the second
derivative of 5" order of a Bézier curve is

[ =540 () 540 () —54G)(E) 546)0)
. 436 430G 43G)E) —43()(G)
-32(0)() 32000 -320)() 320)0)
L 2006 20060 2606 0
[ —20 100 —200 200 —100 20
- 60 —240 360 —240 60 0
| —-60 180 —180 60 0 0
| 20 —40 20 0 0 0
By the definition of a cubic Bézier curve that
-1 3 -3 1
a'(ty=[# 2 t 1] _33 _36 g 8
1 0 0 O

=54 1) 54()6) ]

4.3(

D
0

0

) 0

0

0
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and by using the equality of these, we get

-1 3 -3 1 Ry —20 100
3 -6 3 0 Ry | | 60 —240
-3 3 0 0 Ry | | =60 180
1 0 0 0 R3 20  —40
Since inverse is
-1 3 -3 117" 0
3 -6 3 0 o
-3 3 0 0 |0
1 0 0 0 1
we have
Ry [0 0 0 1 —20 100 —200
Ri| [0 0 % 1 60 —240 360
Ry | |0 3 5 1 —60 180 —180
R |11 11 20  —40 20
[20 —40 20 0O 0 0
|0 20 —-40 20 0 0
10 0 20 —-40 20 0
| 0 0 0 20 —40 20
Here,

Ry = 20Py — 40P, + 20P;,
Ry = 20P, — 40P5 + 20P;,

—200
360
—180
20

—we o O
— wlnwi= O

200
—240
60
0

Py
P
P
Py
Py
Py

200
—240
60 0

60

0 0

—_ = = =

—100 20
60 0
0 0
0 0

Ry = 20P;, — 40P, + 20P;,
R3 = 20P; — 40P, + 20Ps

—100 20

are the control points. By combining the calculations above, we finally write

B1'r-1 3 -3 1
y 2 3 -6 3 0
a )=, 3 3 0 0
1 1 0 0 0

which completes the proof.

20
0
0
0

—40

20
0
0

20
—40
20
0

0 0

20 0
—40 20

20 —40

141

P
P
Py

Py
Ps
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Theorem 4. The matriz representation of the third derivative of a 5" order Bézier

curve with control points Py, Py, Ps, ..., Ps is
Py
Py
—60 300 —600 600 —300 60 P
a'”(t):[t2 t 1] 120 —480 720 —480 120 O P2 ,
—120 360 —360 120 0 0 3
Py
Ps
Po
2 T P1
t 1 =21 —120 360 —360 120 0 0 P
=1t -2 2 0 —60 120 0 —120 60 0 P2
1 1 0 O —60 180 —240 240 -—180 60 Pi
P

Also, since the third derivative of 5" order of a Bézier curve is a quadratic Bézier
curve, with control points So, S1, and Sz , &' (t) has the following representation
1 -2 1 So
o W)=[t t 1]] -2 2 0 S|,
1 0 O So
where
So = —60F + 180P; — 180P; + 60P5,
S1 = —60P; + 180P, — 180P3 + 60P;,
So = —60P, + 180P; — 180P; + 60P5.
Proof. We have already found that
B
Py
P
P |’
Py
Ps

o"t)=[t t 1][B"

where the coefficient matrix of the third derivative of 5t"order of a Bézier curve is

r 75.4.3(8)(2) 5.4.3(‘;’) (j) 75.4.3(2) (g) 5.4.3(2)@) 75.4.3(;”1) (}) 5.4.3(2) (8)
BB = | 15 020 120@) 0206 206 o
L —2(0)(E) 220G 200 220)0) 0 0

[ —60 300 —600 600 —300 60

=| 120 —480 720 —480 120 O
| —60 180 —180 60 0 0
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Hence
P
Py
—60 300 —600 600 —300 60 P
o(ty=[t t 1]| 120 —480 720 —480 120 0 P2
—60 180 —180 60 0 0 3
Py
Ps

Also Bézier curve is a quadratic curve with control points Sy, S1 and Ss, it has the
following form

1 -2 1 Sy
o O)=[* t 1]] -2 2 0 S
1 0 0 Sy
By using the equality of these, we get
Py
Py
1 -2 1 So —60 300 —600 600 —300 60 P
-2 2 0 Sy | = 120 —480 720 —480 120 O P2
1 0 0 So, —60 180 —180 60 0 0 3
Py
Py
Since again the inverse is
1 —2 177"t 00 1
-2 2 0 =0 5 1],
1 0 0 1 1 1
we have
Py
So 0 0 1 —60 300 —600 600 —300 60 ?
Si|=10 41 120 —480 720 —480 120 0 P? ,
S 11 1 —60 180 —180 60 0 0 3
Py
P
Py
—60 180 —180 60 0 0 ?
= 0 —60 180 —180 60 0 P2
0 0 —60 180 —180 60 3
Py

Py
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or correspondingly,

—180

2 1 -2 1 —60 180 —180
ot)y=| t -2 2 0 0 —60 180
1 1 0 0 0 0 —60

Theorem 5. The matriz representation of the fourth derivative of a

Bézier curve with control points Py, Py, Ps, ..., and Ps is

[t 1 ] [ —120 600 —1200 1200
120 —480 720 —480

1] [ —1 1 ][ 120P, — 480P; + 720P, — 480P; + 120P;
- 120P; — 480P, + 720P5 — 480P; + 120P;

10

—600 120

120

180

0

60
—180 60

|

P
P
P
Py
Py
P

5th

order

)

|

Also the fourth derivative of a 5" order Bézier curve is a linear Bézier curve, with
control points Ty, and Ty, and it has the following equation

(4) - -1 1 To
a(t)[tl][l OHTl ,
where
To = 120P; —480P; + 720P, — 480P5 + 120P;,
T, = 120P; —480P, + 720P; — 480P,; + 120P;

are the control points of the fourth derivative of a 5" order Bézier curve based on

the points Py, Py, Ps, ..., and Ps.

Proof. We have already found that

aW)y=[t 1][pBJW

P
Py
Py
P

Ps
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where the coefficient matrix of the fourth derivative of 5" order of a Bézier curve

i) —5.432(;)@) 5.432(2)@) —5.432(2)(}) 54.32(2)(3)

[5BC](4) _ [ —5‘4A3A2(g)(g) 54&2@)(
) ) ) ) @O o

—120 600 —1200 1200 —600 120
120 —480 720 —480 120 0

Hence
Py
Py
[t 1 ] [ —120 600 —1200 1200 -—600 120} P,
120 —480 720 —480 120 0 Ps
Py
P

And also as a linear Bézier curve it has the matrix form with control points T and

h I 117 T
o) = [ t 1][ : OHTJ.

By using the equality of these, we get

aW(t) =

B

Py
—120 600 —1200 1200 —600 120 Py -1 1 To
120 —480 720 —480 120 0] [ H ]

Since the inverse matrix is

we get
P
P
To | [0 1 —120 600 —1200 1200 —600 120 P
[Tl}_[l 1}[ 120 —480 720 —480 120 0 ] Ps
Py
Ps

5th

Therefore, the control points of the fourth derivative of a 5**order Bézier curve

based on the points Py, Pi, Ps, ..., and P5 are given by

To = 120P, — 480P; + T20P, — 480P; + 120P,,
Ty = 120P; — 480P, + 720P; — 480P; + 120Ps,
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and accordingly the matrix represented form of the curve is

= 10 || 120P, — 480P, + 720P5 — 480P, + 120P; |

O

Theorem 6. The matriz representation of the fifth derivative of a 5*" order Bézier

curve with control points Py, Py, Ps, ..., and Ps is

a® (t) = 600P; — 120P) — 1200P, + 1200P5 — 600P; + 120Ps.

Proof. Tt is clear that

P
Py
Py
P |’
Py
Ps

a®(t) = [5Bd"Y

where [5B¢]® = [ =120 600 —1200 1200 —600 120 . O

Now, we may consider an example of a curve given by its parametric form. Our
first attempt is to find its control points with the help of matrix representation.
Second we examine its derivatives and their control points. Finally, we represent
each control point of every derivatives by the control points of initial curve, and
draw their correspondence figures by using a free-ware program Geogebra v5.

Example 1. Let us consider the 5th order Bézier curve parameterized as

a(t) = (74t° — 210" + 180> — 50¢* + 5¢ + 1,
— 79t° + 185t* — 130t + 10t% + 10t + 1,
— 63> + 95t* — 30t — 5t + 2).

To find the control points, we first write it as in the matriz product form by follow-
mg:

74 -79 —63
—210 185 95
180 —-130 -30
—50 10 0

5 10 -5

1 1 2

at)y=[t° t+ ¢ & t 1]
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Hence

74
—210
180
—50

_o0 O O OO
—a O O O O

Py
P
Py
Py
Py
Py

—-79 —63 -1 5 —=10 10 -5 1 Py
185 95 5 —20 30 —-20 5 0 P
-130 =30 | | -10 30 -30 10 0 O Py
10 0 10 —-20 10 0 0 0 Py |
10 -5 -5 5 0 0 0 0 Py
1 2 1 0 0 0 0 0 P
0 0 0 1 74 =79 —63 P,
0 0o L1 —210 185 95 P
0 @ % 1 180 —130 =30 | _ | P
é o5 1 —50 10 0 - Pl
2 2 2 5 10 -5 Py
1 1 1 1 1 1 2 P

1 1 2

2 3 1
-2 6 0
7 =3 —4 |’

5 0 5

0 -3 -1

where 1 is a siz by six identity matrix.

Inversely, we find the parametric form of a 5th order Bézier curve, «(t) with
control points Py = (1,1,2), P, = (2,3,1), Py = (=2,6,0), Py = (7,-3,—4),
Py, =(5,0,5), Ps = (0,—3,—1) as follows:

T

-1
)
—10
10
-5
1

5 —-10 10 =5 1 1 1 2
-20 30 =20 5 O 2 3 1

30 =30 10 0 O -2 6 0
-20 10 0 0 0 T =3 —4 |’

) 0 0 0 0 5 0 5

0 0 0 0 O 0 -3 -1

= (74> — 210t* + 180¢> — 50t + 5t + 1, —79¢> + 185¢t* — 130¢> + 10¢* + 10t + 1,
— 63t” + 95t — 30> — 5t + 2).

Let us find the control points of the first derivative o’(t)

o (t) = (370t" — 840> + 540> — 100t + 5, —395¢" + 740t> — 390¢> + 20¢ + 10,
— 315t* + 380> — 90t* — 5).
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FIGURE 1. 5" order Bézier curve with control points P; (j =
0,....5)

First we need to write its matrix product form as:

370 —395 —315
—840 740 380
o(t)y=[t* 2 ¢ ¢t 1 ]| 540 =390 —90
—-100 20 0

5 10 -5
Next, by equating the terms we have
4777 30 —395 —315] [#]7[ 1 -4 6 -4 1
t3 —840 740 380 t3 -4 12 -12 0
12 540 =390 —90 | = | t? 6 —-12 6 0
t —100 20 0 t -4 4 0 0
1 5 10 -5 1 1 0 0 0

-840 740 380 -4 12 -12 Q1
Q2

Q4

540 -390 -90 | = 6 —-12 6
—100 20 0 -4 4 0
5 10 -5 1 0 0

4
0
0
0
370 —395 —315 ] [ 1 -4 6 -4 [Qo
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)
-20
45
—10
—25

—20
45
-10
—25

Qo

Q1

= | Q2
Qs

| Q4

Qo

Q1

Q2

Qs

| Q4

10 -5
15 =5
—45 —20
15 45
—-15 =30
10 -5
15 =5
—45 =20
15 45
—-15 =30

5 10
—20 15
45 —45
—10 15
-25 -15

-5
-5
-20

45

-30

)

O OO O

O O OO

Py
P
P,
Py

Ps

Py
P
P
Py
Py
Ps

FIGURE 2. 1%t derivative of a 5" order Bézier curve with control
points Q; (j =0, ...,4)
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By following same steps given above, we may find the control points of the second

and third derivative of the curve a(t) and draw them as in Fig. 3 and Fig. 4.

o' (t) = (1080t — 2520t* + 1480¢> — 100, —780¢t + 2220t> — 1580¢> + 20
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—180¢ + 1140t — 1260t°) ,
o (t) = (—5040t + 4440t> + 1080, 4440t — 4740¢> — 780, 2280t — 3780t> — 180) .

FIGURE 3. 2" derivative of a 5! order Bézier curve with control
points R; (j =0,...,3)

2]

s,

FIGURE 4. 3" derivative of a 5" order Bézier curve with control
points S; (j =0,...,2)

The fourth derivative of the curve, a(t) is simply draws a line while the fifth
derivative is a single point:

oW (t) = (8880t — 5040, —9480t 4 4440, — 7560t + 2280) ,
a®)(t) = (8880, —9480, —7560) .
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4. CONCLUSION

We can write the parametric form of 5* order Bézier curve using a simple matrix
product. Further, we can find the control points using a simple matrix product,
inversely. Also the second derivative of a 5t order Bézier curve with the con-
trol points P;, (i = 0, ...,4) can be considered another 4" order Bézier curve having
(54 1)—2 = 4 control points as R; = n(n—1) (P; —2Pj41 + Pj42),j =0, ...,3.The
third derivative of a 5! order Bézier curve with the control points P;, (i = 0, ..., 5)
can be considered another cubic Bézier curve having (5 + 1) — 3 = 3 control points
as Sj = n(n — 1)(77, — 2)(7PJ + 3Pj+1 — 3Pj+2 =+ Pj+3), ] = O, ceey 2The thlI‘d deriv—
ative of an 5t order Bézier curve with the control points P;, (i = 0,...,5), can be
considered a quadratic Bézier curve having (54 1) —3 =5 — 2 = 3 control points
as Nj = TL(TL — 1)(7’L — 2) (7Pj —+ 3Pj+1 — 3Pj+2 —+ Pj+3), j = O, ,2
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ABSTRACT. The initial idea of this paper is to investigate the split complex
bi-periodic Fibonacci and Lucas numbers by using SCFLN now on. We try
to show some properties of SCFLN by taking into account the properties of
the split complex numbers. Then, we present interesting relationships between
SCFLN.

1. INTRODUCTION

The literature contains many articles that related to the special number se-
quences such as Fibonacci, Lucas, Pell ( |2,[3}/6,8,/14},(15,[17,/18]). One of these
articles goes through to the bi-periodic Fibonacci (or, equivalently, generalized Fi-
bonacci) and the bi-periodic Lucas (or, equivalently, generalized Lucas). In [3.|6],
the authors introduced and studied bi-periodic Fibonacci {qn}zozo and bi-periodic
Lucas {ln}zozo sequences that depend on two real parameters used in a non-linear
(piecewise linear) recurrence relation as defined below.

Gn = a* Mg, g, o, n>2, (1)
Iy =afMp =€ 41, 5, n>2, (2)

where ¢ and b are any two nonzero real numbers, go = 0,1 =1, lp =2,]; = a and
the condition & (n) =n — 2| %] can be read as

0, n is even
{(n)—{ 1, nisodd (3)
Furthermore, the authors in the references [3], [6] and [18] gave so many proper-
ties on the bi-periodic Fibonacci and bi-periodic Lucas sequences as in the following;:
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e The Binet formulas are given by

- al—ﬁ(n) a” — Bﬂ
qn_mmBJ(&—ﬂ) W
and
aé(m)
lp = ——5m7 (@ +67), (5)

(ab) L]

where the condition & (n) is depend to definition in equation and «, 8
are roots of the characteristic equation of A — ab\ — ab = 0.

e The generating functions for the bi-periodic Fibonacci and the bi-periodic
Lucas sequences with odd and even subscripted are

2

mal r— a3 ax
ZQQ e’ 1—(ab+2x2+x4’zq2mx 1 —(ab+2)a2 + a2t
(6)
and
+ ax® 2 — (ab+ 2)z?
l 2m—+1 __ ax l 7
ZZ e 1—(ab+2$2+x4’zzmx 11— (ab+2)22 + a2t Q
e The bi-periodic Fibonacci and the bi-peridoic Lucas sequences provide the
equations
ln = Gn-1+ Gns1 (8)
(ab + 4)Qn = ln—l + ln+1 5 (9)
and
1[0 b ,
Gmin = 5 [( )£(m+1 € gl _,_( )&(M)é( gl | (10)

—glm n b m n
V€A DEA ) g a4 (= )5( ey 1
(11)

I £(m+1)E(n+1)
i = | (@2 + 4a0) () (=

and
qd—n = (71)n71Qn7 (12)

ln=(=1)",. (13)
On the other hand, split complex numbers have applications in different areas
of mathematics and theoretical physics. A split complex number (or hyperbolic

number, also perplex number, double number) has two real number components a
and b, and the set of split complex numbers is

H={z=a+hb: h*=1,a,beR}.
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The split complex ring H is a bidimensional Clifford algebra, look at [10] for details.
Also, split complex numbers are useful for measuring distances in the Lorentz space-
time plane (you can examine [12]). The addition and multiplication of any two split
complex numbers such as x = a + hb,y = ¢ + hd are defined by

x4+y=a+c+h(b+d) and zy = ac+ bd + h(ad + be) .

It is clear that this algebra of split complex number is commutative. The conjugate
and norm of = are enounced by

T=a—0bh, aT=a®—-0%. (14)

For more information on split complex numbers, see for example, [4], [7], [9], [10],
[11] and [12].

Many researchs activities can be seen in resent years studies on split complex(or
hyperbolic) Fibonacci, Lucas, Jacobsthal and Tribonacci numbers (see [1], [5], [13],
[16]). For example, in [1], it was investigated some properties of the split complex
Fibonacci numbers are defined as F, = F,, + hEp1 .

2. THE SPLIT COMPLEX BI-PERIODIC FIBONACCI AND LUCAS NUMBERS

The objective of this paper is to define split complex bi-periodic Fibonacci and
Lucas numbers(SCFLN) with a different aspect. In this part, we introduce the
SCFLN that generalize split complex Fibonacci, split complex Lucas, split complex
Pell and split complex Pell-Lucas numbers. We give some properties of the SCFLN
such as the Binet formulas, the generating functions, sums, binomial sums of the
SCFLN. We also present the Catalan, Cassini, D’Ocagne and other identities of the
SCFLN.

Definition 1. The split complex bi-periodic Fibonacci (§,) and Lucas (I,,) numbers
are defined by

Gn = qn + ha'=EMpE Mg, 1 Go = ha, G = hab+ 1 (15)
and
Iy =l + haSMp =M 0 Iy = hab+2, 11 = h(a®b+2a) +a (16)

wheren € N, h% = 1, £(n) is as defined the equation and gn, l, are the bi-periodic
Fibonacci and Lucas numbers, respectively.

It can be easily shown that

| agn—1+ Gn—2, ifniseven (17)
n b(in—l + (jn_g, if n is odd
and . 3
~ bly_1+1,_2, if niseven
[, =4 V-t 1
{ alp_1+1,_9, if nis odd (18)



156 N. YILMAZ

From the equations (12)), (13), and (18), the SCFLN with negative subscripts
are defined by

~ | —ag_(n—1) + G—(n—2), if niseven
9=n = { _bd—(n—l) + 4 (n-2) if nisodd ’ (19)
and _ _
= —bl_ (1) Fl_(n_ if n is even
I, = t—(n—1) '—(n—2)» 20
{ —al,(n,l) + l,(n,g), ifnisodd ’ ( )
where n € N.

After all, we give the following Table[I] This table show that the first few SCFLN
with positive and negative subscripts.

TABLE 1. The first few SCFLN with positive and negative sub-

scripts.
n dn ln
—4 h(a®b +a) — a®b — 2a h(a®b + 3a) — a®b® + 4ab + 2
-3 —hab+ab+1 h(a®b + 2a) — a®b — 3a
-2 ha —a —hab + ab+ 2
-1 1 2ha —a
0 ha hab + 2
1 hab+ 1 h(a®b +2a) +a
2 h(ab +a) + a h(a?b? + 3ab) + ab + 2
3 h(a®b® + 2ab) + ab + 1 h(a3b? + 4a°b + 2a) + a*b + 3a
4 | h(a®b® + 3a®b + a) + a®b + 2a | h(a®b3 + 5a%b? + 5ab) + a?b% + dab + 2

Now, we give the Binet formulas for the SCFLN and so find some well-known
mathematical properties.

Theorem 1. For any integer n, the Binet formulas for the SCFLN are

_ al=¢m) [ Gamn — g"
Gn = NEY ( g ) (21)
and )
I, = (Z)L*J (da” + Bﬁ") , (22)
a 2

where a, B are as the equation and & = 1+ ha, B =1+ hp.

Proof. Tt can easily established by using the Definition |1/ and the Equations ,
B)- O

The generating functions of the SCFLN are given in the following theorem.



SPLIT COMPLEX BI-PERIODIC FIBONACCI AND LUCAS NUMBERS 157

Theorem 2. For the SCFLN, we have the generating functions

) ioj G = h(abz + a — ax?®) + z + az? — 23 7
=0 1—(ab+2)x? + z*

i) S L™ =
n=0

h(ab+ a?bx + 2ax + abx? — 2az3) + 2 + ax — abx?® — 222 + ax?®
1— (ab+2)x2? + 24 '

Proof. i) Let f(x) = > ¢nz™. From the Deﬁnition we have
n=0
flx) = z:(hal—ﬁ(n)bé(n)qwrl + gp)a"

n=0

oo o o
= hb Z Gont22”" T + ha Z @12 + Z nz”.
n=0 n=0 n=0

By considering the Equation @, we obtain

B habx n ha(1 — x?) L= + ax? — a3
S l—(ab+ 222+t 1—(ab+2)z2 + 2t 11— (ab+2)x2 + 2t

f(z)

as needed.
i7) Similarly, we obtain equation in 4i.
O

Next, we give the formulas which give the summations and binomial sums of the
SCFLN.

Theorem 3. Forn > 0, the following formulas are true:

e e a1 d™@)lEl g, et @y g0 — a— ha
i) Yoo a8l )(ab) [%] G = " o lL | ;
.. n ; i1~ —&m) () [FH ] 4 =€t (o) 22T, — 2 4 ab — 3hab
i) Y a0 (ap) Ff = @ (ab) a - Eal) +1 a ab

iii) S (7)af® (ab) L5 G = Gan,
Yico (?)af(iﬂ)(ab)tglj(ﬁﬂ = aQan+1,
w) S, (?)a£(i+1)(ab)L7§ J[Z. = aly,,

Proof. We will prove the parts ¢ and iv, since the proof of the others can be done
similarly with them.
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1) The proof will be handled just the outcome of Theorem [I} Thus, we con-
sider:

Sl = 300 =8
2o (ab)l3)g, = M
ad (ot -1 aB (BT —1
- a—ﬁ( a1 )+a—ﬂ( i1 )
a alamtg—amt — 8 +1) - B("a - —a+1)
a—p af—a—-0+1

At this point, by rearragement the last equality by using the equalities
af = —ab and a + B = ab, we give

30 L —a%b (ab) \-%J a N (ab) \_n+1J
Z a ab 5] = Gn — Gt
1—2ab™" q1—¢0) 1—2ab al—€(n+1)
~a_ B+ha)—a(l+hp) L0y
1—2ab a—pf 1—2ab
B a5(7z)(ab) |_%J+lq~n + aﬁ(n-{—l)(ab) |_7‘L~2}»1J Gt — G — ha
a 2ab — 1
iv) From Theorem |1} we have
" +1 | ~ n . it+1 (
S (D)@l = 3 () Ol a9
i= im0 \' (ab)L ]

= ada(l+a)"+aB(1+ )"
By using the equalities ab(1 + o) = 2 and ab(1 + ) = 7, we get

—~ (n S+ (LT Y (aaln 4 BR2e
> (Daer@nl T = @+ h)

=0

|
S
=
¥
3

Similarly, we obtain

Z (?)aﬁ(i)(ab)\_itz 1 = Z (?)CZ)(~ i+l pgitly
i=0
ac
ab

=0
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Theorem 4. The relations of between the SCFLN are
i)

b §(n+1)¢€
Gnr = () q . (hal f(n)bﬁ(n)q 1+ Qn)
a
b £(r+1)§(n)
(a) haf(n)bl PR 1)
i)
£(n)&(r)
n+7‘ = ( ) qr+1 ha{(n bl f(nl n+1 +l )
p\ E(nFDEr+1)
+ () qr (halig(n)bg(n)ln + ln—l) )
a
i) G- = (=1)"Gn-2 + (=1)""'py_1,
) ln = (- )"_lln 2+ (=1)"(ab+ 4)gn—1,
U) Qn:l +1+ln 1,
UZ)( + )H*Qn+1+Qn 1,
where n,r € N.
Proof. i) Using the Equation , Definition [1} Table|l] and iterative method,

it was obtained
G = ha' " EMBEM g 4g
Gra1 = (hab + 1)gniq + hafMp =6 g,
Gnse = A EOBE™ (hab 11 4 B)guir + (hab + 1)gn,

Gnis = (ha®b? 4+ ab+ 2hab + 1) gy 41 + ha®™p =) (hab + 1 + h)qy,

b E(n+1)E(r)
Gntr = (a) Gr+1 (halfg(n)bg(n)%ﬂ + qn)

b EHDEM)
+ <a> qr (hag(n)blig(n)%z + Qn71) .

i7) Using the Equation , Definition |1} Table [1| and iterative method, it was
obtained

Iy = hat™Mp =€ 4,
= (hab+ 1)l,41 + ha'=SMWptM,

-
Inyo = a8 (hab + 1 + h) 41 + (hab+ 1)1,
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Inys = (ha®b? + ab + 2hab + 1), 41 + ha* S (hab 4+ 1 + h)l,,,

. b\ EME)
Ly = <a) i1 (haﬁ(n)bl—f(n)anrl + ln)

b EHDECHD)
+ <a> a (hal—ﬂ")bf(")zn + ln_l) .

ii1) By taking account of the Definition |1} Equations , and , it was

obtained
~ o _1yn-1 al—=¢m) (0&" _ Bn) e abé™) (Ozn_l _ ﬁn1>
e (@)lz] \ a=8 D h(ab)L’%lJ a—f
_ 1yl i al=8n) (anl _ ﬁn—1> o .
=(=D)"" g+ (=) h(ab)L%J—l P + (=12 — (=1)" G2

= (=1)"Gn_o + (=1)" "1, 1.

iv) The proof can be done quite similarly as the part i7i by using the Definition
Equations , and .
v) The result is obtained by using Definition [1| and Equation . That is, we
have
lng1 1oy = haSFORI=80FD o ) + haS D=8y

= hat RN g,

= n
as required.
vi) The proof can be done quite similarly as the part v by using Definition

and Equation @
|

Following Theorem gives Catalan’s identities for the SCFLN;

Theorem 5. Forn,r € N and n > r, we get
i) €I Gy — a€MBLE G2 = (—1)m T aE B0 (1 4 hab — ab)g?,
.. +r) s 5 = _ 1-
1) (g)g(n ) ln—rlpar— (g)g(n) 2= (-1 (%) ) (14+hab—ab)(ab+4)q¢>.

Proof. 1) From Theorem [1} we have
~ ~ 7% —r pn4+r Rx ndrpn—r 22 p2n
ag(nfr)blff(nfr)q q — a a2a2n — aﬂan /6 r— ﬂOlOL + 5 + ﬂ 52
e oy (a =5 |

afmpl—€mz2 — @ &*a® — aB(aB)" — Ba(af)" + B g
= (ap)n1 (a—B)? '
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From the properties of split complex numbers, we write &B = Bd =
1 + hab — ab. Then, by using equation , we have

aﬁ(n*T')blfﬁ(nfr)qniranrr _ aﬁ(")blfﬁ(n)q’i _

r 7\ 2
(—ab)"~" (1 + hab — ab) <O‘a - g )

a
(ab)n—l

= (=) et (1 4 hab — ab)q?
#1) The proof can be done analogously to i.

O

Note that for r = 1 in Theorem [5| we obtain the following result which are
Cassini’s identities for the SCFLN.

Corollary 1. For any positive integer n, we have
i) afUpt=E =N Gy — afMp G2 = a(—1)"(1 + hab — ab),
i) (1) VLl — ()™ 2 = (—1)"L(1 + hab — ab)(ab + 4).

Note that for » = n in Theorem [o, we obtain the following result.

Corollary 2. For any positive integer n, we have
i) habga, — atMp—EM G2 = €M p1=€(") (1 4 hab — ab)q?,
ii) (hab+ 2)la, — (2)°" 12 = (2)'*") (1 & hab — ab)(ab + 4)¢2.
Following Theorem gives D’ocagne identities for the SCFLN;
Theorem 6. For m > n and m,n € N, we obtain
i) attmmtmpEmntn) g g,y — aftmmEmptmntmg, gy = (=1)"af " (1 + hab — ab)gm—n,
1) gt tmmtn)pelmntm)j j o gflmntm)pelmntn)] 00— (—1)HgEm=n) (1 4 hab — ab)(ab 4 4)gm—_n.

Proof. 1) From Theorem [1} we have
a(ab)™" (&2am+n+l — &Ba™ B+ — Baantigm 4+ 326m+n+1>

aE(mn+m) b&(mn+n)

Gmin+1 = —— = e
a — g( : (CY - ﬂ)Q
_ ~ - ~ ~2
af(mn+n)b.§(mn+m)q~ t1Gn = a(ab) n &2amtntl _ a,@am-&-lﬂn _ Baa"6m+l + B 6m+n+1
m n — —n—€&(m—n :
(ab) = (a— B)?

Let us label the left-hand side of the equality in 7 as LHS. Then, from equation
, we write

LHS

a(ab)7" am " — ﬂmfn)
(ab)L =" a—p

= (=1D)"a®" (1 4 hab — ab)gm—n.

i) The proof can be done analogously to i.

aB(ap)” (
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We give summation formulas for the SCFLN in the following theorem.

Theorem 7. For m,n € Z, we have

. E(m+DE(m) - 7 E(m)E(nt1) - = . () nE(man) ~
Z) (é) " " qmln+(g) Rl qnlm:2Qm+n+2ha1 &(m+ )b&( * )Qm+n+17

a

ii) (abt4) (2)STDRED G (2) O [T = 9l s 2haS A =€

a

Proof. 1) The proof can be done analogously to ii.
1) We must express that the proof should be examined for both cases of m
and n.

If both of m and n are even, from equations , and 7 we find

(ab+4) (Z) Gmlin + bmln = (ab+4) (Z) (Gm@n + hagm@ni1 + hagngms1 + a>qmi1qn41)
+ Ll + Wblily1 + Wbl y + V2l 1l
= 2lppgn + 4hbLy g1 + 2ably g2
= 2mgn + 2hbl i1
If both of m and n are odd, from equations , and , we get

R b\ ;s >
(ab + 4)Qan + (a) Imln = (ab + 4)(qun + than+1 + than+1 + bQQm+IQn+1)

b
+ (> (Il + halyly i1 4 halplyy1 + a2l 1lngr)
a

= 2lm+n + 4hblm+n+1 + 2ablm+n+2
= 21~m+n + 2hb[m+n+1-

If one of m and n is even and the other is odd, from equations ,
and , we obtain

(ab + DimGn + bnln = 2lmgn + 4halmyni1 + 2ablynio
= Qim+n + 2haim+n+1.

If we put the all results together, we obtain the desired equation.

If we take m = 0 in Theorem [7] it is easy to see the following:
Corollary 3. Forn € Z, we have
) b+ (2) T =2(8)" s,
i) (ab+4) (2" g+ bl = 2(8)

If we take m = n in Theorem [7] it is easy to see the following:

&(n+1) l~ o
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Corollary 4. Forn € Z, we have

Z) Gnln = Gon + ha(bn-{-la
ii) (ab+4) ()7 g2 + (8)*" B = 2, + 2hbla .

If we take m = 1 in Theorem [7} it is easy to see the following:

Corollary 5. Forn € Z, we have

i) @il + (2 Gl = 2G04 + 2haEMHECHD G,
i) (ab+ )drdn + (£)° 1y = 201 + 2has VB, .

a

3. CONCLUSION

In this paper, we define split complex bi-periodic Fibonacci and Lucas num-
bers and give some properties of these new numbers. Thus, it is obtained a new
genaralization for the split complex number sequences that have the similar recur-
rence relation. That is, in the all results of Section [2] we can express certain and
immediate relationships as follows:

e If we replace a = b = 1 in G, and ,, we get the same result in [1] for the
split complex Fibonacci and Lucas numbers.

e If we replace a = b = 2 in ¢, and l~n, we find the split complex Pell and
Pell-Lucas numberss.

e If wereplace a = b = kin ¢, and l,,, we obtain the split complex k-Fibonacci
and k-Lucas numbers.

Declaration of Competing Interest The author declare that there are no con-
flicts of interest regarding the publication of this paper.
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STUDY STRONG SHEFFER STROKE NON-ASSOCIATIVE
MV-ALGEBRAS BY FUZZY FILTERS
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ABSTRACT. In this paper, some types of fuzzy filters of a strong Sheffer stroke
non-associative MV-algebra (for short, strong Sheffer stroke NMV-algebra) are
introduced. By presenting new properties of filters, we define a prime filter in
this algebraic structure. Then (prime) fuzzy filters of a strong Sheffer stroke
NMV-algebra are determined and some features are proved. Finally, we built
quotient strong Sheffer stroke NMV-algebra by a fuzzy filter.

1. INTRODUCTION

Sheffer operation was introduced by H. M. Sheffer as a single binary operation
on a Boolean algebra restated all Boolean operations or formulas [16]. Since it
has all diods on the chip forming processor in a computer, producing a single
diod for this operation is simpler and cheaper than to produce different diods for
other Boolean operations. Therefore, it is applied to algebraic structures such as
Boolean algebras ( [9], |[16]), ortholattices [3], orthoimplication algebras [1], Hilbert
algebras [11], UP-algebras [14] and BL-algebras [13|. In recent times, Chajda et
al. introduced and studied non-associative MV-algebras (briefly, NMV-algebras)
( [, [5], [6]) because associativity of the binary relation of a MV-algebra causes
serious problems in expert systems in artificial intelligence ( 2], [6]). Also, Oner
et al. analyzed filters and neutrosophic structures on strong Sheffer stroke NMV-
algebras ( [10], [15]). Omn the other side, the notion of fuzzy logic was originally
introduced by Lotfi Zadeh [18] and has been developing expeditiously. Since these
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concepts have an important position in classic or nonclassic logical algebras, it leads
to interesting results ( [7], [8], |12], [17])-

In this study, basic concepts and new properties of a strong Sheffer stroke NMV-
algebra are presented. Then a (prime) filter of strong Sheffer stroke NMV-algebras
is defined and some features examined. It is shown that a filter of a strong sheffer
stroke NMV-algebra is prime if and only if it is not contained by another filter of
this algebraic structure. Indeed, it is proved that a filter of a strong Sheffer stroke
NMV-algebra is prime if and only if the quotient structure defined by the filter is
totally ordered strong Sheffer stroke NMV-algebra and its cardinality is less than
or equals to 2. By describing a (prime) fuzzy filter of strong Sheffer stroke NMV-
algebras, related notions are stated. It is proved that « is a (prime) fuzzy filter
of a strong Sheffer stroke NMV-algebra if and only if o, = {x € 4 : a < a(x)}
is empty or a (prime) filter of A, for all a € [0,1]. Besides, it is shown that F
is a (prime) filter of a strong Sheffer stroke NMV-algebra if and only if a fuzzy
subset ap defined by F is a (prime) fuzzy filter of this algebraic structure. It is
demonstrated that a strong Sheffer stroke NMV-algebra is totally ordered if and
only if every fuzzy filter is prime if and only if the filter {1} is prime. Also, we
prove that a fuzzy filter « of a strong Sheffer stroke NMV-algebra is prime if and
only if «y, is a prime fuzzy filter of this algebra, for a surjective endomorphism h
on this algebra, and that aj, = « if and only if h(a,) = g, for an automorphism h
on this algebra and a € I'm(«). Finally, a congruence relation on a strong Sheffer
stroke NMV-algebra is defined by a fuzzy filter, and so, a quotient strong Sheffer
stroke NMV-algebra is constructed by means of the congruence relation. In fact,
a fuzzy filter a of a strong Sheffer stroke NMV-algebra is prime if and only if the
quotient structure is a totally ordered strong Sheffer stroke NMV-algebra and its
cardinality is less than or equals to 2. In addition, it is shown that oo h is a fuzzy
filter of A and the quotient structures defined by the fuzzy filters o o h and « are
isomorphic, for strong Sheffer stroke NMV-algebras A and B, an epimorphism h
between these algebras and a fuzzy filter a of B. Consequently, it is stated that the
class of all fuzzy filters of a strong Sheffer stroke NMV-algebra forms a complete
lattice since the interval [0, 1] is a complete lattice and has important properties.

2. PRELIMINARIES

In this section, basic definitions and notions about strong Sheffer stroke NMV-
algebras are presented.

Definition 1. [§] Let A= (A,|) be a groupoid. The operation | on A is said to be
a Sheffer stroke operation if it satisfies the following conditions:

(S1) zly = ylz,

(52) (z]z)|(z|y) = =,

(53) z[((y[2)|(yl2)) = ((z[y)[(x[y))]z,

(54) (|((z]2) [yl ([ ((z]2)[(yly))) = 2.
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Definition 2. [4] A strong Sheffer stroke NMV-algebra is an algebra (A,],1) o
type (2,0) satisfying the identities for all x,y,z € A:

(n1) xly ~ yl,

(n2) z|0~1,

(n3) (z|1)]1 =~ =,

(nd) ((z[D]y)ly = ((y[1)|z)l|,

(n5) (z[D)[((z|y)[1) =~ 1,

(n6) z|(((((zly)ly)[2)|2)[1) = 1

where 0 denotes the algebraic constant 1]1.

Lemma 1. [10] Let (A,|,1) be a strong Sheffer Stroke NMV-algebra. Then the
binary relation < defined by
x <y if and only if z|(y|1) = 1

is a partial order on A. Hence, (A, <) is a poset with the least element 0 and the
greatest element 1.

Lemma 2. [10] In a strong Sheffer stroke NMV-algebra A, the following properties
hold for all z,y,z € A:

(1) =[(z[1) = 1,

i) r<yeyll <z,

y < z|(y[1),

)
i)
)
) x <
)z < (((zly)|y)]2)lz,
) ((@YY)ly =~ zly,
(mu) x|l =~ x|z,
) z|(z|z) ~ 1,
) 1(z|z) =~ z,
) x <y=ylz <zlz,
zii) z|(y|1) < (y[(z[1))]((z[(2[1))[1),
) z|(y[1) < (2[(=|1)[((2](y|1))[1).

Definition 3. [10]/ A nonempty subset F' C A is called a filter of A if it satisfies
the following properties:

(Sf—1)1eF,

(Sf—2) Forallz,y € A, z|(y|1) € F and x € F imply y € F.

xii
(mu

Definition 4. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A,|,1).
Define the binary relation g on A as below: for all x,y € A

xxpyif and only if x|(y|1) € F and y|(z|1) € F. (1)

Definition 5. [10] If z€y implies x|k&y|k, for all x,y, k € A, then the equivalence
relation £ is called a congruence relation on A.
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Lemma 3. [10] An equivalence relation £ is a congruence relation on A if and only
if x€y and k1&ky imply x|kiEy|ks.

Lemma 4. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A,|,1)
and the binary relation g be defined as (1). Then xp is a congruence relation on

A.

Theorem 1. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A4, ], 1)
and o be a congruence relation on A defined by F. Then (A] &, |, [1]x) is also a
strong Sheffer stroke NMV-algebra where A/F = A/ x= {[z]« : © € A}, the strong
Sheffer stroke |« on A/F is defined by [2]«|x[y]ec = [Z|Yy]x, for all x,y € A and
F =~ [1]«.

Definition 6. [10] Let (A,|a,14) and (B,|p,1B) be strong Sheffer stroke NMV-
algebras. A mapping h : A — B is called a homomorphism if

h(z[ay) = h(z)[sh(y),
for all x,y € A.

3. SOME RESULTS IN STRONG SHEFFER STROKE NMV-ALGEBRAS

In this section, new properties of strong Sheffer stroke NMV-algebras are given.
Unless otherwise stated, A represents a strong Sheffer stroke NMV-algebra.

Lemma 5. Let A be a strong Sheffer stroke NMV-algebra. Then (A, <) is a bounded
lattice with the least element 0 and the greatest element 1 of A, where z V y ~

(@[ (1)) and z Ay = (((=[1)|y)[y)|L, for all z,y € A.

Proof. 1t is known from Lemma [I] that (A4, <) is a poset. Then z < (z|(y|1))|(y|1)
and y < (z|(y[1))|(y|1) from Lemmal2] (v) and (iii), respectively. Thus, (z|(y[1))|(y|
1) is an upper bound of z and y. Let z,y < z. So, z|(z]1) = 1 and y|(z|1) ~ 1 from
Lemmal[ll Since

(@|(yI))(yI1) < (=|(yI1)](y[1)
(D)D) (y[1)
() D) I/1)I(=11)
MEED
z|1)|1
z
from Lemma [2| (i), (xi), (nl), (n3) and (n4), it follows that (z|(y|1))|(y|1) is the
least upper bound of z and y. Hence,x Vy = (x|(y|1))|(y|1), and similarly, z Ay ~
(((z[)[y)ly)I1, for all z,y € A.

Since 0|(z|1) = (z]1)|0 &~ 1 and z|(1|]1) = z|0 ~ 1 from (nl) and (n2), it is
obtained from Lemma [I] that 0 < z and = < 1, for all z,y € A. Therefore, 0 is the
least element and 1 is the greatest element of A O

Q

Q

(
(
(

Q

Q

Q
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Proposition 1. Let A be a strong Sheffer stroke NMV-algebra. Then
z|((yl(z[1))11) = (x[(y[1))[((=[(z[1))[1),

forall x,y,z € A.

Proof. Let A be a strong Sheffer stroke NMV-algebra.

z|((yl(z10))[1) = z[((yl(=[1)[(yl(2[1)))
~ y|((=[(z|1))|(2](2]1)))
~ y|((=[(z[1)[1)
> (2] (y[))|((=(z[1))[1)
from Lemma [2] (viii), (iii), (xi
A I

~—
—~~
5]
[ry
N
&
=
o
—~~
wn
w
~—
>
—
n
o

RN WIN RN

from Lemma [2] (viii), (xiii), (S1)-(S3).
Hence, z|((y|(2[1))[1) = (z[(y[1))|((z[(z[1))[1), for all z,y,z € A. O
Proposition 2. Let A be a strong Sheffer stroke NMV-algebra. Then
(@)1 < and (z|y)[1 <y,
forall x,y € A.
Proof. Let A be a strong Sheffer stroke NMV-algebra. Since ((x|y)|1)|(z|1)

(@[)]((z[y)[1) ~ 1 and ((z[y)[1)[(y[1) ~ (y[1)|((ylx)|1) = 1 from (n1) and (n5), i
is obtained from Lemma [I] that (z|y)|1 < z and (z|y)|1 < y, for all z,y € A.

O= 2

Lemma 6. A nonempty subset F' of A is a filter of A if and only if
(Sy —3) z,y € F imply (z|y)|1 € F,

(Sf—4)zeFandx <y implyy e F,

forall x,y € A.

Proof. (=) Let F be a filter of A and x,y € A. Since

x| (((z[y)[y)]1) = = ((@[y)y)|(z[y)]y))
~ (zly)[((z|y)|(=]y))
~1

from Lemma 2] (viii), (ix), (S1) and (S3), it follows from (S — 2) that (z|y)|y € F.
Since y|(((z|y)|1)]1) = (z]y)|y € F from (nl) and (n3), respectively, it is obtained
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from (Sy —2) that (z]y)|1 € F. Let x € F and = < y. Then z|(y|1) € F from
Lemmaand (Sy —1). Thus, y € F from (S; — 2).

(<) Let F' be a nonempty subset of A satistying (Sy —3) and (Sy —4). Assume
that « € F. Since < 1 for all z € A, it follows from (S;y — 4) that 1 € F. Let
z|(y]1) € F and z € F. Then (z|(x|(y|1)))|1 € F from (S; — 3). Since

([N (1) = (yID)]2)]2)[1)](y[1)
(

~ (D))l V)(y]1)

~ (y[DI((l(y[(z[1)))[1)

~1
from (nl), (n4) and (n5), it is obtained from Lemma [I| that (z|(x|(y|1)))|]1 < v.
Thus, y € F from (S; —4). O

Lemma 7. Let F be a filter of A. Then

(a) 2[(((y[(z[1)|(z[1))]1) € F and z € F imply (z|(y[1))|(y[1) € F,
(0) 2|((yl(x[1))|1) € F and z € F imply ((x|(y[1))|(y[1))|(x[]1) € F" and
(@) «[((yl(z[1)[1) € F and z[(y|1) € F imply |(z[1) € F,

forall x,y,z € A.
Proof. (a) Since

(| w1 ~ 2| (D) D)y [1))](y]1))[1)
zZfl(((((yl1)\1)I(36\1))I(96|1) 1)
~ 2| (((yl(z|D)|(z[1))[1) €

from (n3) and (n4) and z € F, it follows from (S — 2) that (z|(y|1))|(y|1) € F
(b) Since

2[((([ ()| [))]1) = 2 (((DD)[(D)I(y[1)|(=[1))]1)
~ z[ (D) ([1))|(2[1))|(z[1))]1)
%ZI((((yI(wI1))I(w|1))l(w| NI)
~ z|((yl(z[1)[1)

from (n3), (n4) and Lemma [2] (vii) and z € F, it is obtained from (S; — 2) that
(2l (/1) (/1) (]1) € F.

(¢) Since (z|(y|1))|((z|(z]1))]1) =~ z|((y|(#]1))|1) € F from Proposition |l and
z|(y|1) € F, it follows from (S; — 2) that z|(z|1) € F. O

Definition 7. Let F' be a filter of A. Then F is a prime filter of A if tVy € F
impliesx € F ory € F, for all z,y € A.

Example 1. Consider a strong Shefeer stroke NMV-algebra (A,|,1) where a set
A = {0,a,b,¢c,d,e, f,1} and the operation | on A has the following Cayley table
( 110)):
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TABLE 1. Cayley table of |

|10 a b ¢ d e f 1
0jr 1111111
a|l f 1 1 f f 1 f
b1l 1 e 1 e 1 e e
c|l 1 1 d 1 d d d
dll f e 1 ¢ f e c
ell f 1 d f b d b
fl1 1 e d e d a a
111 f e d ¢ b a 0

Then {a,d,e,1} is a prime filter of A while {e,1} is not since a ¢ {e,1} and
c ¢ {e, 1} when aVc = (al](c|1))|(c|]1) = (a|d)|d ~ f|ld = e € {e,1}.

Lemma 8. Let F' be a filter of A. Then F is a prime filter of A if and only if
x€F orzx|l e F, foradllxz € A.

Proof. Let F be a prime filter of A. Since
zV (z[1) = (xf((=[1)[1))|((x[1)[1)

~ z|(z|z)
~leF

from Lemma [f] (n1), (n3), Lemma [2| (ix) and (Sy — 1), it is obtained that € F
orz|l € F, for all z € A.

Conversely, let F' be a filter of A such that x € F or z|l1 € F, for all z € A.
Assume that Vy € F such that ¢ F and y ¢ F', for some 2,y € A. Then z|1 € F
and y|1 € F. Since all < (yDI((@1)]1) = ol(y]1) and yl1 < (@DI((YID]1) ~
y|(z[1) from Lemma[2] (iii), (n1) and (n3), it follows from (Sy —4) that z|(y|1) € F
and yl(x]1) € F. Since (al(y11)|(4]1) ~ 2V y € F and (yl(a|1)|(z[1) ~ y ¥ & ~
zVy € F from Lemmalf] it is obtained from (Sy —2) that # € F and y € F. This
is a contradiction. Thus, z V y € F implies « € F or y € F' which means that F is
a prime filter of A. O

Lemma 9. Let F' be a filter of A. Then F is a prime filter of A if and only if
x¢ F andy ¢ F imply z|(y|]1) € F and y|(z|1) € F, for all z,y € A.

Proof. Let F' be a prime filter of A, z ¢ F and y ¢ F. Then z|1 € F and
y[l € F. Since z[1 < (y[1)[((z[1)[1) ~ z|(y[1) and y[1 < (z[1)[((y|)[1) ~ y|(z[1)
from Lemma [2] (iii), (nl1) and (n3), it follows from (Sy — 4) that z[(y|1) € F and
yl(z|1) € F.

Conversely, let F' be a filter of A such that z ¢ F' and y ¢ F imply z|(y|1) € F
and y|(z|1) € F, for all z,y € A. Assume that x ¢ F' and z|1 ¢ F, for some = € A.
Then z[1 ~ x|z ~ z[((z[1)[1) € F' and z = (z|2)|(z]x) ~ (1]((z|)|(z]2)))|(1|((z]z)
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|(z]z))) ~ (z|1)|(z|1) € F from (n3), Lemma [2] (viii), (x) and (S1)-(S2). This is a
contradiction. Thus, x € F or z|l € F, for all x € F, i.e., F is a prime filter of
A. O

Lemma 10. Let F' be a filter of A. Then

(i) x € Fandy € F implyx ANy € F,

(ii) F is a prime filter of A if and only if x|(y|1) € F or y|(x|1) € F,
forall x,y € A.

Proof. (i) It is clear.
(ii) Let F be a prime filter of A. Since

(@(y[1)) v (yl(z[1)) = ((=[(y )| (Y ([1))1))((y](x]1))]1)
~ ((2| () I((yl(z]x)] (yl(x]x))) | ((yl(z]z))[1)
~ (ANl (@l G0)[(2) )| ((y] (z]z)[1)
~ (yl(z]2)|((yl(z|2))]1)
~1leF,
from Lemmal[5| Lemmal2 (i) and (viii), (S1)-(S3), it follows that z|(y|1) € F

or y|(z|1) € F
Conversely, let F' be a filter of A such that z|(y|1) € F or y|(z|]1) € F,
for all z,y € A. Suppose that x Vy € F. If z|(y|l1) € F, then we have
from (S — 2) that y € F since (z|(y|1))|(y|]1) = z Vy € F from Lemma
Similarly, if y|(z|1) € F, then we get from (Sy — 2) that € F since
(y|(z]1))|(z]l) =y Va ~ z Vy € F from Lemma [5| Hence, F is a prime
filter of A.
(]

Corollary 1. Let F' be a filter of A such that F # A. Then F is a prime filter of
A if and only if (z|(y|1)) V (y|(z|1)) € F, for all z,y € A.

Lemma 11. Let F be a filter of A such that F # A. Then F is a prime filter of
A if and only if there is no a filter G of A such that F C G C A.

Proof. Let F' be a prime filter of A. Assume that G is a filter of A such that
FCGcC Aandy € G such that y ¢ F. Then y|1 € F, and so, y|1 € G. Since
y € G and y|1 € G, it follows from Lemma [2| (ix), (n1), Lemma [5| and Lemma
(i) that

0 1

1
(WD)
(

(yID)|(y[1))[(y[1))[1
yA(yll) e G.

Q

Q

Q

Q
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Since 0 € G and 0 is the least element of A, we have from (S; —4) that z € G, for
all x € A. Thus, G = A which is a contradiction. Therefore, there is no a filter G
of A such that FF C G C A.

Conversely, let there be no a filter G of A such that FF C G C A. Suppose that
x Vy € F such that 2,y ¢ F. Then there exists a filter G of A such that z € G or
y € G. Since z,y < =V y, we have from (S; —4) that x Vy € G. Thus, F C G
which is a contradiction. Hence, z V y € F implies € F or y € F which means
that F' is a prime filter of A. |

Lemma 12. Let F be a filter of A and xg be a congruence relation on A defined
by F. Define a relation C on A/F by

[#locr € [Wlocr & 2[(y[1) € F,
for all x,y € A. Then the relation C is a partial order on A/F.
Proof. Let F be a filter of A and g be a congruence relation on A defined by F
Then (A/F,|x,, F) is a strong Sheffer stroke NMV-algebra by Theorem

e Since z|(z|1) ~ 1 € F from Lemma (i) and (S§ — 1), it follows that [z]x, C
[%]acpr, for all z € A.

o Let [Z]ocr C [U]ap and [Y]«p C [2]p- Then z|(y|l) € F and y|(z|1) € F, and
80, ¥ XF Y. Thus & ]O<F = [y]O(F

o Let [x]o, C [ lxcr and [y]ocpr C [2]ocr- Then z|(y|1) € F and y|(z|1) € F. Since
z|(y|1) < (y |( [IN((z](2]1))]1) from Lemma (xii), it is obtained from (S; — 4)

that (y|(2]1))|((z|(z|1))|1) € F. Thus, it follows from (S; — 2) that z|(z|1) € F'
which implies that [2]o, C [2]ocp-
Hence, the relation C is a partial order on A/F. O

Theorem 2. Let F be a filter of A and xp be a congruence relation on A defined
by F. Then F is a prime filter of A if and only if (A/F,|«p,F) is totally ordered
and |A/F| < 2.

Proof. Let F be a filter of A and g be a congruence relation on A defined by F.
Then (A/F,|x,,F) is a strong Sheffer stroke NMV-algebra by Theorem |1} Let F'
be a prime filter of A. Then z|(y|1) € F or y|(z|1) € F by Lemma[10] (ii). Thus,
[*]ocr C [Ylxp OF [Ylep C [#]ocp from Lemma Hence, (A/F,|xp,F) is totally
ordered. Moreover, let |[A/F| > 2. Then [z]x, € A/F such that [0], C [z]«, C
[1]«. Since F'is a prime filter of A, it is known that € F or z|1 € F. Assume
that z|1 € F. Since z|(0|]1) = z|1 € F and 0|](z|]1) ~ 1 € F from (n2), we get
[]a; = [0]x, which is a contradiction. Therefore, |A/F| < 2.

Conversely, let (A/F, |xp, F) be totally ordered. Then [#]x, C [y]ocp OF [Y]ocr C
[@]ocp, for all 7,y € A. So, z|(y|1) € F or y|(x[1) € F by Lemma [12] Thus, F is a
prime filter of A from Lemma [10] (ii). O

4. Fuzzy FILTERS OF STRONG SHEFFER STROKE NMV-ALGEBRAS

In this section, fuzzy filters strong Sheffer stroke NMV-algebras are introduced.
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Definition 8. A fuzzy subset « of A is called a fuzzy filter of A if
(FF1) a(z) < (1),

(FF2) min{a(z), a(e|(y1))} < aly),

forall x,y € A.

Example 2. Consider the strong Shefeer stroke NMV-algebra A in Ezample [1]
Then a fuzzy subset a of A defined by

o(z) = 0.19, ifx=~0,a,b,d
“ | 0.81, otherwise

is a fuzzy filter of A.

Lemma 13. Let a be a fuzzy filter of A. Then
1) if # <y, then a(x) < a(y),
z|(y1)) = (1) implies o(z) < a(y),
(z[y)|1) = a(z) Aaly),

Ay) = a(z) Aaly),
x) A a(z|l) = a(0),
[(w1)) A a(yl(2[1)) < afz|(z]1
) Aa(z|(yl) = aly) A a(yl(z
((=DY)ly)]1) = a((((y[1)|z)
x,y,z € A.

QQQQQ@Q

)
1)) = a(z) Aaly) and

2)11) = a(o A ),

(
(
(x
(
(
(
(8) o
for al
Proof. (1) Let & <y. Then z|(y[1) ~ 1 from Lemma[i} Thus,

a(z) = min{a(z),a(1)}
= min{a(z), a(z|(y|1))}

o~ v

<a(y)
from (FF1) and (FF2).
(2) Let a(z|(y|1)) = «(1). Then

a(z) = min{a(x),a(1)}
= min{a(z), a(z|(y[1))}
<a(y)

from (FF1) and (FF2).
(3) Since (z]y)|1 < z and (z|y)|]l < y from Proposition [2 it follows from

(1) that a((zly)|1) < az) and al(zly)[1) < aly). Thus, a(zly)1) <
a(x) A aly). Also,

a(z) Aa(y)
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from Lemma 2] (v), (1), (nl), (n3) and (FF2), respectively, Hence,

a((z[y)|1) = alz) Aaly),
for all z,y € A.
(4) Since x Ay < x and x Ay < y, it is obtained from (1) that a(x Ay) <
a(z) and a(z Ay) < a(y). So, a(z Ay) < a(r) A aly). Moreover, since
(zly)|1 < x and (z|y)|1 < y from Proposition [2] we have (z|y)|1 < z A y.
Thus, a(z) A a(y) = a((z|y)]1) < a(z Ay) from (3) and (1), respectively.
Therefore, a(xz A y) = a(z) A a(y), for all z,y € A.
Eg; a(z) A a(z|l) = a((z|(z[1))[1) = a(1]1) = a(0) from (3) and Lemma [2] (i).
a(zl(y[1) A a(yl(z[1)) = min{a(z|(y[1)), a(yl(z[1))}
= min{a(z|(y[1)), a(x|(
= min{a(z|(y[1)), a((z]
< a(z|(2[1))

from Lemma [2] (iii), (1), Proposition [I] and (FF2).

(7)

a(y) A a(yl(z[1)) =

«
=«
«
o

and similarly, a(z) A a(z|(y|1)) = a(y) A a(z) = alz) A a(y) from (3),

(n1), Lemma [5| and (4), respectively. Thus, a(x) A a(z|(y|1)) = a(y) A
a(yl(z]1)) = a(z) A a(y), for all z,y € A.
(8) Tt is proved Lemma
(]

Theorem 3. Let « be a fuzzy subset of A. Then « is a fuzzy filter of A if and only
if

(1) « is order-preserving,

(1) a(x) ANa(y) < a((z|ly)1), for al z,y € A.

Proof. Let a be a fuzzy filter of A. Then it follows from Lemma [13[ (1) and (3).
Conversely, let a be a fuzzy subset of A satisfying (i) and (ii). Since x < 1, it is
obtained from (i) that a(z) < (1), for all z € A.
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from (ii), (nl), Lemma [5| and (i), respectively. Thus, « is a fuzzy filter of A. O
Theorem 4. Let o be a fuzzy subset of A. Then « is a fuzzy filter of A if and only
if x < yl(z|1) implies a(z) A a(y) < a(z), for all x,y,z € A.
Proof. Let a be a fuzzy filter of A and x < y|(z|1). Then z|((y|(z]1))|1) =~ 1 from
Lemmalll Since
((=[y)VI(z11) = ((zly)|(|y))|(z1
~ 2|((yl(z[1))1(y] (=
[((yl(=[1))1)

) )
| 1))
|

~1

from Lemma [2| (viii) and (S3), it follows from Lemma [I| that (z]y)|1 < z. So,
a(z) Aaly) = a((z]y)|]1) < a(z) from Lemma (13| (3) and (1), respectively.
Conversely, let a be a fuzzy subset of A such that @ < y|(z|1) implies a(z) A
aly) < a(z), for all z,y,z € A. Since z < 1 = z|0 = z|(1]1), from (n2), it
is obtained that a(z) = a(z) A a(z) < a(l), for all z € A. Since z < x V
y ~ (z|(y[1))|(y|1) from Lemma [5] it follows that min{a(z), a(z|(y[1))} = a(z) A
a(z|(y|1)) < a(y), for all x,y € A. Hence, « is a fuzzy filter of A. O

Theorem 5. Let A be a strong Sheffer stroke NMV-algebra. Then « is a fuzzy
filter of A if and only if g = {x € A:a < a(x)} is empty or a filter of A, for all
a € [0,1].

Proof. Let « be a fuzzy filter of A and oy, = {x € A:a < a(z)} # 0. Suppose that
T € ag. Since a < ax) < a(l), we have 1 € a,. Let z, z|(y|1) € a,. So, a < a(x)
and a < a(z|(y|1)). Since ¢ < min{a(x),a(z|(y|1))} < aly), it is obtained that
Yy € ag. Hence, oy is a filter of A.

Conversely, let a, # 0 be a filter of A. Assume that = € a, such that a(1) <
afz). If a = 1/2(a(1) + a(z)), then a(l) < a < a(z). Thus, 1 ¢ «, which
is a contradiction with (S;y — 1). Hence, a(z) < «a(1), for all z € A. Suppose
that x,z|(y|l) € a4 such that a(y) < min{a(z), a(z|(y|1))}. If a = 1/2(a(y) +
min{a(z), a(z|(y|1))}), then a(y) < a < min{a(z), a(zl(y11))} < a(z) and a(y) <
a < min{a(x), a(z|(y|1))} < a(z|(y|l)). Thus, y ¢ a, which is a contradiction
with (S —2). So, min{a(z), a(z|(y|1))} < a(y), for all z,y € A. Therefore, a is a
fuzzy filter of A. O

Lemma 14. Let o, and ap be two filter of A such that a < b. Then ag = oy if
and only if there exist no xo € A such that a < a(zg) < b.

Proof. Let ag = ap be such that a < b. Then ay, ={r € A:a<a(r)}={rcA:
b < a(z)} = ap. If there exists z¢g € A such that a < a(xg) < b, then xg ¢ ap = a4
which is a contradiction with xg € «,. Thus, there exist no zg € A such that
a < a(zg) <b.
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Conversely, suppose that there exist no zyp € A such that a < a(xp) < b. Let
g 7# ap be such that a < b. Then there exist zp € A such that a < ¢ = a(zg) < b
which is a contradiction. Hence, o, = . O

Corollary 2. Let o be a fuzzy filter of A. Then o, = ay, for any a,b € Im(«) if
and only if a = b.
Proof. Tt is obvious that a, = ap, for any a,b € Im(«) if a = b.

Conversely, let a, = a, for any a,b € Im(a). Then there exist zg,z1 € A
such that a(zp) = a and «(z1) = b. So, ¢ € a, = ap and 1 € o = a,. Thus,
b < a(xg) =a and a < a(xy) = b which imply a = b. O

Lemma 15. Let « be a fuzzy filter of A and xo € A. Then a(xg) = a if and only
if xo € @ and xg ¢ oy, for all a < b.

Proof. Let o) = a. Since a(xg) = a < b, we get x9 € o and xg ¢ ap, for all
a < b.

Conversely, let 9 € a, and 29 ¢ ap, for all @ < b. Then a < a(zg) < b. If
a < a(xg) = by, then xy ¢ ap, which is a contradiction. Hence, a(zg) = a. O

Let a be a fuzzy subset of A. Define a subset
Ay ={z € A:alzx)=a(l)}
of A.
Lemma 16. Let F' be a nonempty subset of A and ap be a fuzzy subset of A by

ar(z) = a, ifrxeF
XY= ag,  otherwise

where a1, as € [0,1] such that a1 > as. Then ap is a fuzzy filter of A if and only if
F is a filter of A. Also, Ay, = F.

Proof. Let ap be a fuzzy filter of A. Since ap(l) = a; by (FF1), we get 1 €
F. Let z,z|(y|l) € F. Then ap(zx) = a1 and ap(x|(y|l)) = a1. Since a1 =
min{ar(z),ar(z|(y]1))} < aly), we have ap(y) = a1, ie., y € F.

Conversely, let F' be a filter of A. Since 1 € F, ap(z) < ap(l) = a1, for all
x € A. Let min{ap(x), ap(z|(y|1))} = a1. Then ap(x) = a1 = ap(x|(y|1)) which
means that € F and z|(y|1) € F. So, y € F which implies ap(y) = a1. Thus,
min{ap(z),ar(z|(y|1))} < aly). Moreover, if min{ar(z),ar(z|(y|1))} = a2, then
min{arp(z), ap(x|(y]1)} < a(y), for all z,y € A. Hence, ap is a fuzzy filter of A.

Since F is a filter of A,

Ao ={z€A:ap(x)
={zxeA:ap(z)
={rcA:xeF}
=ANF=F

ar(1)}
al}
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Definition 9. Let « be a fuzzy filter of A. Then « is called a prime fuzzy filter of
Aifa(zVy) =alx)Valy), for al z,y € A.
Example 3. Consider the strong Sheffer stroke NMV-algebra A in Ezample [1.
Then a fuzzy subset aq of A defined by
(@) = 0.007, ifx=~0,a,c,e
o) = 0.993, otherwise
is a prime fuzzy filter of A.
However, a fuzzy subset as of A defined by
092, ifz~l
az(z) = { 0.9, otherwise
is not a prime fuzzy filter of A since az(bV e) = az((b|(e]1))|(e]1)) = aa(b|(bb)) =
az(ble) = az(1) # az(b) = az(b) V az(e).
Theorem 6. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(x) = a(l) or a(x|l) = «(1), for all z € A.
Proof. Let a be a prime fuzzy filter of A. Since
a(z) Va(z|l) = alz Vv (z]1))
a((z|((«[D)NI((=[1)[1))
= o(z|(z[x))
= a(1)
from Lemmal5] (n1), (n3) and Lemma[2|(ix), it follows that a(z) = a(1) or a(z[1) =
a(l), for all z € A.

Conversely, let « be a fuzzy filter of A such that a(z) = a(1) or a(z|1) = a(1),
for all x € A. Since z < xVy and y < x V y, it follows from Lemma (1) that
a(r) < alzx Vy) and a(y) < alz Vy), and so, a(z) V a(y) < a(z Vy), for all
z,y € A. If ax) = (1) or ay) = «(1), then a(z Vy) < a(z) V aly) from (FF1).
If a(z) # a(1) and a(y) # «(1), then a(z]|l) = (1) and a(y|1) = a(1). Since

a(zVy)=alyVz)
=a(l)ANa(yVa)
|

z|1) A a(y V)

o

(z[D](y v 2))|1)
@Dyl (z[1)[(z[1)))[1)
yl(z[1))[1)

< a(y),

and similarly, a(z V y) < a(z) from Lemma [13] (1) and (3), Lemma[f] (n1), (n3),
Lemma [2f (iv), (vil) and (ix), it is obtained that a(z V y) < a(x) V a(y). Hence,
alzVy) =a(z)Valy), forall z,y € A,, i.e., F is a prime fuzzy filter of A. O

=

[
Q

(
(
((
((
((

|
Q
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Theorem 7. Let « be a fuzzy filter of A. Then « is a prime fuzzy filter of A if and
only if a(x) # a(1) and a(y) # o(1) imply o(z|(y[1)) = (1) and a(y|(z[1)) = a(1),
for all x,y € A.

Proof. Let a be a prime fuzzy filter of A and a(x) # (1) and a(y) # «(1). Then
a(z|l) = a(1) and a(y|l) = a(1) from Theorem [6] Since (z[1)|((z|(y[1))|1) ~ 1
and (y|1)|((y|(z|1))]1) = 1 from (n5), it follows from (FF2) that

a(1) = min{a(1), «(1)} = minfa(z(1), a((=[1)[((z[(y[1))[1))} < a(z[(y[1))

and

a(1) = minfa(1), a(1)} = min{a(y[1), a((y[D[((yl([1))[1)} < a(yl(z]1)),

respectively. Thus, a(z|(y|1)) = a(1) and a(y|(z|1)) = a(1) from (FF1).
Conversely, let « be a fuzzy filter of A such that a(z) # a(l) and a(y) #
(1) imply a(z|(y|1)) = a(1) and a(y|(z]1)) = «(1), for all z,y € A. If ax) #
a(l) and a(1]1) = a(0) # a(l) for any € A, then a(z|l) = a(x|(0]1)) = a(1)
and a(0|(z|1)) = a(1) from (nl) and (n2). Also, if a(z|1) # «(1) and a(1|1) =
a(0) # a(l) for any = € A, then a(zr) = a((z/1)|1) = a((z|1)](0]1)) = «(1) and
a(0]((z]1)[1)) = a(1) from (nl)-(n3). Therefore, a(x) = a(1) or a(x|1) = a(1), for
all z € A. Hence, « is a prime fuzzy filter of A by Theorem [6] O

Corollary 3. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(zx V (z|1)) = a(1), for all z,y € A.

Theorem 8. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(z|(y|1)) = a(1) or a(y|(z|1)) = a(l), for all x,y € A.

Proof. Let a be a prime fuzzy filter of A. Since

a(z|(y[1)) V a(yl(z(1) = a((z[(y[1)) v (y|(2|1))
= a(((2| ()l @)Yl (=[1))[1))
= a(((«|(yly) (Yl @]2) |yl (2l2))I (] (@]2)[(y](z]2))))
= a(((((|(yly)[(z]2))|((=[(yly))]
(@[2)) )| ((y[(z]2))|(y[(z]2))))
|

)
= a((yl(z]2))|((y|(z[2))|(y](z]2))))
=a(l)

)
|

from Lemmal[5] Lemma [2] (viii), (ix) and (S1)-(S3), it follows that a(z|(y[1)) = a(1)
or a(y|(z|1)) = a(1), for all z,y € A.

Conversely, let « be a fuzzy filter of A such that a(x|(y|1)) = a(1) or a(y|(x|1))
a(1), for all z,y € A. By substituting [y := z|1] in the hypothesis, we have a(1)
a()((zI)[1)) = a(zlz) = a(zl1) and a(1) = a((z1)|(z]1)) = a((zl2)](}))
a(z) from (n3), Lemma [2] (viii) and (S2). Thus, « is a prime fuzzy filter of A. O
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Corollary 4. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(z|(y|1)) V a(y|(z]1)) = a(l), for all x,y € A.

Theorem 9. Let A be a strong Sheffer stroke NMV-algebra. Then « is a prime
fuzzy filter of A if and only if o is empty or a prime filter of A, for all a € [0,1].

Proof. Let o be a prime fuzzy filter of A and a, # 0. Assume that = Vy € a,.
Since a < a(x Vy) = a(x) V aly), it follows that a < a(x) or a < a(y). Thus,
T € aq or Yy € o which imply that o, is a prime filter of A.

Conversely, a, # () be a prime filter of A and a = a(z V y). Since z Vy € aq,
it is obtained that z € «a, or y € «a,. Hence, a < a(z) or a < a(y), and so,
alzVy) =a<a(x)Va(y). Sincex <z Vyand y <zVy, we get from Lemma
(1) that a(z) < a(z Vy) and a(y) < a(z Vy). So, a(z) V a(y) < alz V y).
Therefore, a(x V y) = a(x) V ay) which means that « is a prime fuzzy filter of
A. O

Corollary 5. Let A be a strong Sheffer stroke NMV-algebra. Then « is a (prime)
fuzzy filter of A if and only if a,, is a (prime) filter of A.

Corollary 6. Let F be a nonempty subset of A. Then F is a (prime) filter of A if
and only if the characteristic function xp of F is a (prime) fuzzy filter of A.

Corollary 7. Let F' be a nonempty subset of A and ap be a fuzzy subset of A by

_J oa, fxeF
ar(r) = { as, otherwise
where ay,aq € [0, 1] such that a1 > as. Then ap is a prime fuzzy filter of A if and
only if F' is a prime filter of A.

Proof. Let ar be a prime fuzzy filter of A. It is obvious that F' is a filter of A by
Lemma [16] Since ap(z) = ap(l) = a1 or ap(z|l) = ap(l) = a1 from (S — 1), it
follows that « € F or z|1 € F which means that F' is a prime filter of A by Lemma
B

Let F' be a prime filter of A. It is clear that ap is a fuzzy filter of A by Lemma
Since € F or z|1l € F, for all x € A, it is obtained from (Sy — 1) that
ap(z) = a1 = ap(l) or ap(z|l) = a1 = ap(l) which means that ap is a prime
fuzzy filter of A by Theorem [6] O

Theorem 10. Let A be a strong Sheffer stroke NMV-algebra. Then the following
conditions are equivalent:

(1) A is totally ordered.

(2) Every fuzzy filter of A is prime.

(3) {1} is a prime filter of A.

Proof. Let A be a strong Sheffer stroke NMV-algebra.
(1)=(2) Let A be totally ordered and « be a fuzzy filter of A. Then z < y or
y <z, for all z,y € A. Since z|(y|1) ~ 1 or y|(z|1) ~ 1 from Lemmal[i] it follows
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that a(z|(y|1)) = a(1) or a(y|(z]1)) = a(1) for all x,y € A which means that « is
a prime fuzzy filter of A from Theorem

(2)=(3) Let every fuzzy filter of A be prime. Then Xy is a prime fuzzy filter
of A. Thus, {1} is a prime filter of A by Corollary [6]

(3)=(1) Let the filter {1} of A be prime. Then x;y is a prime fuzzy filter of A
by Corollary@ Since X113 (z[(y[1)) V xg1y(wl(z[1)) = X413 (1) = 1 from Corollary
it follows that x g (2[(y[1)) = 1 or xy3(yl(z(1)) = 1, for all z,y € A. Thus,
z|(y|1) =~ 1 or y|(z|1) ~ 1 which implies that < y or y < z from Lemmal[l] Hence,
A is totally ordered. U

Let h be an endomorphism on A and « be a fuzzy subset of A. Define a new
fuzzy subset of A by

ap(z) = a(h(z)),
for all z € A.

Theorem 11. Let h be a surjective endomorphism on A. Then « is a (prime)
fuzzy filter of A if and only if oy, is a (prime) fuzzy filter of A.

Proof. (=) Let h be a surjective endomorphism on A and « be a fuzzy filter of A.
Then ay(z) = a(h(x)) < a(l) = a(h(1)) = ax(1), for all z € A. Also,
min{a (z), s (2] (y[1))} = min{a(h(z)), a(h(z|(y[1)))}

= min{a(h(z)), a(h(x)[(h(y)|h(1)))}

< a(h(y))

= an(y),
for all z,y € A. Thus, «y is a fuzzy filter of A. If « is prime, then ap(z) =
a(h(z)) = (1) = a(h(1)) = an(l) or an(z|l) = a(h(z[1)) = a(h(z)|h(1)) =

alh(z)|l) = a(l) = a(h(1l)) = ap(l), for all z € A, for all z € A so that «y, is

prime.

(<) Let h be a surjective endomorphism on A and «ay, be a fuzzy filter of A.
Then a(z) = a(h(a)) = an(a) < an(l) = a(h(1)) = a(1) and

min{a(z), a(z[(y[1))} = min{a(h(a)), a(h(a)[(h(b)|h(1)))}
= min{a(h(a)), a(h(al(b[1)))}
= min{ay(a), an(al(b]1))}
< an(b)
= a(h(b))
= a(y)
where z = h(a) and y = h(b), for all z,y,a,b € A. If oy is prime, then a(zr) =
a(h(a)) = an(a) = ( )(: (1)) = a(1) or a(a|1) = a(h(a) k(1)) = a(h(al1)) =

a(h(l)) =
ap(all) = ap(l) = a(h(l)) = a(1), for all z,a € A, for all x € A. Hence, «a is
prime. ([l
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Theorem 12. Let h be an automorphism on A and « be a fuzzy filter of A. Then
ap = a if and only if h(ag) = g, for any a € Im(a).

Proof. Let ap, = o, a € Im(a) and x € a,. Then h(z) € h(ag). Since a < az) =
ap(z) = a(h(x)), it follows that h(z) € ag, i.e., h(a,) C aq. Let © € ag and y € A
such that h(y) = z. Since a < a(z) = a(h(y)) = an(y) = a(y), it is obtained that
Y € aq. Then z = h(y) € h(o,) which implies that a, C h(ag). Thus, h(ag) = oy,
for any a € Im(«).

Conversely, let h(a,) = a4, for any a € Im(a) and a(z) = a. By Lemma
x € a, and x ¢ ap, for all @ < b. Since h(z) € h(ag) = aq, we have a <
a(h(z)) = ap(z). Suppose that ap(xr) = b. Then a(h(z)) = ap(z) = b, and
so, h(z) € ap = h(ap). Since h is an automorphism, we get © € «; which is a
contradiction. Thus, ay(z) = a(h(z)) =a = a(z), for allxz € 4, ie, ap, =a. O

Definition 10. Let a be a fuzzy filter of A. Define the binary relation ~, on A
by for all x,y € A

x~ay if and only if o(z|(y[1)) = a(1) = a(y|(x[1)). (2)

Example 4. Consider the strong Sheffer stroke NMV-algebra A in Example[l. For
a fuzzy filter o of A by

)= { 08T, fmd
L) = 0.03, otherwise,

~a= {(0,0), (a,a), (b,b),(c,c), (d,d), (e,e), (f, f), (1,1),(d, 1), (L, d), (c,0), (0, c), (a,
e), (e,a), (b, f),(f,b)} is a binary relation on A.

Lemma 17. Let a be a fuzzy filter of A and the binary relation ~, be defined as
(2). Then ~ is a congruence relation on A.

Proof. & Reflexive: Since a(z|(z|1)) = (1) from Lemma [2] (i), it follows that
T ~q x, for all z € A.
o Let  ~, y. Then a(z|(y|1)) = a(1) = a(y|(z|1)). Since a(y|(z|1)) = a(1)
azl(y]1)), we get y ~ z.

e Let x ~y y and y ~, z. Then a(z|(y[l)) = a(1) = a(y|(z|1)) and a(y|(z|1)) =
a(1) = al#|(y[1)). Since (1) = a(1) A (1) = a(z|(y]1)) A ayl(=/1) < alz|(=|1))
and a(1) = a(1) A (1) = a(=|(yI1)) A a(y|(z/1) < a(z](#]1)) from Lemma I3 (6),
it is obtained that a(z|(z]1)) = a(1) = a(z|(z[1)). Thus, x ~, z.

Hence, ~,, is an equivalence relation on A.

Let © ~, y and z ~, t. Then a(z|(y|l)) = a(1) = a(y|(z|1)) and a(z|(t]|1)) =
a(l) = a(t](z[1)).

(a) It follows from (nl), (n3) and Lemmal2](xiii) that z|(y|1) =~ (y[1)|((z|1)[1) <
DI = (412 (#]2)]1), and similarly, y|(z]1) < (z]2)
((p12)11). Since a((z]2)[((y]2)[1)) = a(1) = a((y]2)|((]2)|1)) from Lemma
(1) and (FF1), it is obtained z|z ~, y|z.
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(b) By substituting [z := 2|, [y := t] and [z := y] in (a), simultaneously, it
follows from (nl) that y|z ~, ylt.
Therefore, z|z ~, y|t from the transitivity of ~,, and so, ~, is a con-
gruence relation on A.

(]

Theorem 13. Let a be a fuzzy filter of A and ~ be a congruence relation on A
defined by . Then (A/ ~,|~,[1]~) is also a strong Sheffer stroke NMV-algebra
where A/ ~= {[z]~ : © € A}, the strong Sheffer stroke |. on A/ ~ is defined by
[Z] |~ Y]~ = [2lY]~, for all z,y € A. Also, a relation < defined by [z]. = [y]~ &
a(z|(yl)) = a(l), for all x,y € A, is a partial order on A/ ~ and [1] is the
greatest element and [0]~ is the least element of A/ ~.

Proof. Let « be a fuzzy filter of A, ~ be a congruence relation on A defined by
a and the binary operation |. be defined by [z]<|~[y]~ = [z|y]~, for all 2,y € A.
Since

(n1)(and (S1)): [2]~|~[y]~ = [2ly]~ = [Ylz]~ = [Yl~ |~ [2] s
(n2): [2]~|~[0]~ = [2[0]~ = [1]~,

(m3): ([z]~[~ [~ [~ = [(=D[A]~ = [2]~,

(nd):

@] o (e ) e ) [ (2 ) [ (1)
- m«(((ﬂynynz)|z>\1>1~
(52): ([z]olole])] (@)~ ) = (@) @) = 2]
S3):
@)l (Wlel2) = (2@l wl2)]
= [((l)|(lw)|d~
= (e~ )~ (2 ) D)lm [2]
and
(S4):

([#]~ |~ ()~ [~ [2] ) [ (Y]~ [ )) |~ (2] [~ (2]~ 2] ) [~ () [~ y]0)
= {(TI((ﬂflx)\(yly)))|($|(($|$)|(y|y)))}~

for all x,y, 2z € A, the binary operation |. is a strong Sheffer stroke.

e Reflexive: [z]. < [z]. since a(z|(z|1)) = a(1), from Lemma [2] (i)

o Antisymmetric: let [z]. = [y]~ and [y]~ = [z]~. Since a(z|(y[l)) = a(l) =
a(y|(z|1)), we have x ~ y which implies [z]. = [y]~.
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e Transitive: let [z]. < [y]~ and [y]~ < [z]~. Then a(z|(y|1)) = «(1) and
a(yl(z[1)) = a(1). Since a(1) = a(1) A a(l) = a(z|(y|1) A a(y|(z[1)) < afz](z]1))
from Lemma [13] (6), it follows from (FF1) that a(x|(z|1)) = a(1), i.e., [z]~ =[]~

Thus, < is a partial order on A/ ~.

Since a(z|(1]1)) = a(z|0) = «(1) from (n2), it is ontained that [z]. < [1]., for
all z € A. Thus, [1]. is the greatest element, and so, [0]. = [1]1]~ = [1]~|~[1]~ 8
the least element of A/ ~. O

Example 5. Consider the strong Shefeer stroke NMV-algebra A in Example[ll For
a fuzzy filter o of A defined by

. 1, ife~ f,1
olw) = { 0.001, otherwise

Na: {(0’ 0)7 (a7 a)7 (b7 b)? (C’ C)? (d’ d)’ (e’ e)’ (f’ f)’ (17 ]‘)’ (f? 1)7 (]" f)? (a7 0)’ (07 a)’
(c,e), (e, c), (b,d),(d,b)} is a congruence relation on A. Then (A) ~q, |~y [1]~)
is also a strong Sheffer stroke NMV-algebra with the following Cayley table where

A/ ~a={[0]~ns [l €l (a3

TABLE 2. Cayley table of |

S I (O O PSP PO
Ove | Mva Mo [Hea [~
e | Mo [e)va [na [elna
[€lve | Hra [Hno [dna [d)~
Uea | Mra [elva [dlna (0]~

~Na

Q

Theorem 14. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if A/ ~q is totally ordered and |A) ~4 | < 2.

Proof. Let o be a prime fuzzy filter of A. By Theorem [§ a(z|(y|1)) = «(1) or
a(y|(z]|1)) = a(1). Then [z]. =< [y]~ or [y]~ = [z]~ which means that A/ ~,
is totally ordered. Also, let |A/ ~, | > 2. Then [z]., € A/ ~4 such that
[0]~, < [z]~, <[1]~,- Since « is a prime fuzzy filter of A, we have a(z) = a(1) or
a(w|1) =a(l ) Assume that a(x]1) = «(1). Since a(x\(0|1)) = a(z|l) = a(1) and
a(0|(z|1)) = a(1) from (n2), it follows that [z]~., = [0]~, which is a contradiction.

So, |A) ~q | < 2.

Conversely, let A/ ~, be totally ordered. Then [z]. < [y]~ or [y]~ =< [z]~, for
all x,y € A. Since a(z|(y|1)) = a(l) or a(y|(x|1)) = «(l), it is obtained from
Theorem [8] that « is a prime fuzzy filter of A. ([

Theorem 15. Let (A,|a,14) and (B, |, 1p) be strong Sheffer stroke NMV-algebras,
h: A — B be an epimorphism and o be a fuzzy filter of B. Then ao h is a fuzzy
filter of A and A/ ~aon™ B/ ~q.
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Proof. Let (A,|a,14) and (B, |p, 15) be strong Sheffer stroke NMV-algebras, h :
A — B be an epimorphism and « be a fuzzy filter of B. It is first shown that
a o h is a fuzzy filter of A.

e aoh(z) =a(h(x)) <a(lp) =a(h(la)) =aoh(ly) and

min{ao h(z), a0 h(za(ylala))} = min{a(h(z)), a(h(z]a(ylala)))}

= min{a(h(z)), (h(z)|(h(y)|Bh(14)))}

min{a(h(z)), a(h(z)|s(h(y)|s1s))}

a(h(y))
o h(y),

IN

for all z,y € A.

A/ ~qon and B/ ~, are strong Sheffer stroke NMV-algebras by Theorem
Let f: A/ ~aon—> B/ ~q be defined by f([z]~.,,) = [h(z)]~,, for all z € A.

e f is well-defined and one-to-one: Let [x]~_.,,[y] € A/ ~aon. Then

[~ aon = Wl~aon € @ ~aoh Y
< aoh(z|a(ylala)) = aoh(la) =aoh(yla(z|ala))
& a(h(@)|(h(y)ph(14))) = a(h(14))
= a(h(y)|s(h(z)[ph(14)))
< a(h(@)|p(h(Y)lblp)) = a(lp) = a(h(y)|s(h(z)|s1s))
h(ﬂﬁ) ~a h( )

f( naon ) f([] aoh)
|

e f is a homomorphism: Let [z]. Ylowon € A/ ~aon. Then

~aoh?

F([@lmaonlmaon Wl~aon) = F2]aYl~uen)
= [h(z|ay)]~.
= [W(@)[Bh(y)]~.,
= [W@)]~ [~ (DY)~
= f([#]~aor) o f ([Wmaon)-
e f is onto: Let [y]~, € B/ ~,. Since h is an epimorphism, there exists
x € A such that h(z) = y. Thus, there exists [x]~,., € A/ ~aon such that
f([#lngon) = [M@)]~s = Y]~ 0

Theorem 16. The class Fa of all fuzzy filters of A forms a complete lattice.

Proof. Since every fuzzy filter of A is a mapping from A to the interval [0, 1] and
[0,1] is a complete lattice where a V b = max{a,b} and a A b = min{a, b}, for all
a,b € [0,1], F4 forms a complete lattice. O
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5. CONCLUSION

In present study, basic definitions and notions of a strong Sheffer stroke NMV-
algebra are given. Then new properties, various filters, fuzzy filters of a strong
Sheffer stroke NMV-algebra and the relationships between them are investigated.
We prove that a filter of a strong Sheffer stroke NMV-algebra is prime if and only
if it is not contained by another filter of this algebraic structure, and examine some
features of a prime filter. Also, it is shown that the quotient structure of a strong
Sheffer stroke NMV-algebra defined by a prime filter is totally ordered and it has
at most 2 elements. Besides, we define a (prime) fuzzy filter of strong Sheffer stroke
NMV-algebras and show that « is a (prime) fuzzy filter of a strong Sheffer stroke
NMV-algebra if and only if o, = {z € A : a < a(x)} is empty or a (prime) filter
of A, for all a € [0,1]. It is demonstrated that a fuzzy subset ap is a (prime)
fuzzy filter of a strong Sheffer stroke NMV-algebra if and only if F' is a (prime)
filter of the algebra. Thus, the relationships between filters and fuzzy filters of
a strong Sheffer stroke NMV-algebra are stated. We prove that a strong Sheffer
stroke NMV-algebra is totally ordered if and only if every fuzzy filter is prime if and
only if the filter {1} is prime. It is shown that a fuzzy subset ay, of a strong Sheffer
stroke NMV-algebra is a (prime) fuzzy filter defined by means of a (prime) fuzzy
filter o and a surjective endomomorphism A on this algebra, and that oy = « if and
only if h(a,) = a, whenever h is an automorphism on this algebra and a € Im(«).
By describing a congruence relation on a strong Sheffer stroke NMV-algebra by a
fuzzy filter, a quotient structure of a strong Sheffer stroke NMV-algebra is built
via the congruence relation. Hence, it is shown that the structure forms a strong
Sheffer stroke NMV-algebra. Indeed, we prove that the quotient structure defined
by a prime fuzzy filter is totally ordered strong Sheffer stroke NMV-algebra and
it has at most 2 elements. Moreover, we present that a o h is a fuzzy filter of A
and the quotient structures defined by the fuzzy filters a o h and « are isomorphic
when an epimorphism h between strong Sheffer stroke NMV-algebras A and B and
a fuzzy filter a of B. Finally, it is easy to see that the class of all fuzzy filters of a
strong Sheffer stroke NMV-algebra forms a complete lattice.

In the future works, we wish to investigate annihilators ans stabilizers on strong
Sheffer stroke NMV-algebras.
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ABSTRACT. In this paper, sufficient conditions are obtained for nonoscilla-
tion/oscillation of all solutions of a class of higher-order difference equations
involving the generalized difference operator of the form

A(li(pnA?zyn) = f(n,yn, Aayn,A(QLynv ) A§+lyn),
where A, is generalized difference operator which is defined as Agyn = Yn+1—
ayn , a # 0.

1. INTRODUCTION

In this paper, we study nonoscillation and oscillation of solutions of a class of
higher-order difference equations of the form

AR (paA2y,) = F(1,Yny Datins o AFFLy,), neN, (1)

where N is the set of natural numbers, a € R\{0}, R is the set of real numbers,
{pn} is a real sequence with p, # 0 for n € N and f : N x RF*2 — R. The
generalized difference operator A, is defined as Ay, = ypt1 — ayn. For a =1, we
write A; = A where A is known forward difference operator. We define inductively
AFy, = A, (AF=1y,) for k > 2. By a solution of Eq. (1) we mean a sequence {y, }
of real numbers which satisfies Eq. (1) identically. We consider only nontrivial
solutions, i.e., such for which sup{|y,| : n > i} > 0 for every ¢ € N. A solution
of Eq. (1) is called non-oscillatory if it is eventually of constant sign (positive
or negative) otherwise it is called oscillatory. For a € R\{0}, Eq. (1) always
admits a solution on N. The oscillation and nonoscillation of solutions of difference
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equations are very popular for researchers in the last two decades. For this we refer
the monograps [1,2,3]. The oscillation and nonoscillation of solutions of higher
order difference equations has been studied by many authors. For example in
[9], oscillation criteria are obtained for higher-order neutral-type nonlinear delay
difference equations of the form

A (rn (A (yn +9uyr))) + anf (Yo,) = 0,1 > ng,
where ry,,Dn,qn € [1n0,00), 7 > 0, ¢ > 0;0 < p, < pg < 00, lim 7, = o0,
n—oo

lim o, = o0, 0, < n, 0, is nondecreasing, A1, > 79 >0, 7, = 0; @ >m>0
n—oo

for u # 0. In [5], Agarval et al. established some new criteria for the oscillation of
higher order difference equations of the form

A (A" (20))" 4 gua®[n — 7] =0,

where m > 2, 7 > 1 and « is the ratio of positive odd integers. In [4], Agarval et
al. established sufficient conditions for the oscillation of all solutions of the even
order difference equations of the form

A"z, + pp A"z, + F (Tn—g, Azp_p) =0, m is even,

by comparing it with certain difference equations of lower order whose oscillatory
character is known. In [6], some oscillation criteria for solutions of nonlinear higher-
order forced difference equations are established. The investigations are carried out
without assuming that the coefficients of the equations are of a definite sign and
by showing that the forcing term needs not be the mth difference of an oscilla-
tory function. In [13], Saker et al. established some new oscillation criteria for a
certain class of third order nonlinear delay difference equations by employing the
generalized Riccati transformation technique. In [7], sufficient conditions are estab-
lished for the oscillatory and asymptotic behavior of higher—order half-linear delay
difference equation of the form

A (pn (Am_l (xn + qnmm))a) + rnxgn =0, n > ng,

(oo}
where it is assumed that Y. —lr < oco. In [8] Bolat et al. investigated the oscilla-
s=ng S
tory behavior of solutions of the th order half-linear functional difference equations

with damping term of the form

A (an (Am_lyn)) +qn@Q (Am_lyn) +rnQ (yrn) =0,n > no,

where m is even and Q(s) = |s|* s, a > 1 is a fixed real number.

The generalized difference operator A, is a generalization of the difference op-
erator A. Due to the relation between the ordinary difference operator A and gen-
eralized difference operator A,, most difference equation can be considered more
effectively by using generalized difference operator A,. In the literature there are

number of papers on the behavior of the difference equations involving operator
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A,. In [12], Popenda obtained sufficient conditions for nonoscillation/oscillation of
solutions of a class of nonlinear nonhomogeneous second order difference equations
involving generalized difference of the form

A2z, = F(n,z,, Apxy). (2)
For some results of this type we refer the reader to the recent papers [11,14,15]. In
[16], Tan and Yang generalized and improved the result of Popenda by considering
the equation
Aa(pnAaxn) + QnAaxn = F(’I’L, Tn, Abxn) (3)
In [10], Parhi and Panda obtained sufficient conditions for nonoscillation /oscillation
of all solutions of a class of nonlinear third order difference equations of the form

Au(PaB2yn) + @ A2yn = F(1, Yny Doy, A2yn). (4)

Our purpose is to establish oscillation and nonoscillation criteria for a class of
higher-order difference equations involving generalized difference operator of the
form Eq. (1).

2. AUXILIARY LEMMAS

Lemma 1. [10] Let {y,}be a real sequence. If {Apyn}, b > 0, is eventually of one
sign, then {y,} is non-oscillatory.

Lemma 2. [10] Forb > 0, a real sequence {y,} is oscillatory if and only if {ALy,}
is oscillatory for all integers | > 0, where Ady,, =y,

Lemma 3. Forn € Z, Agyn+1 = A2y, + alAyyn.

Proof. By the definition of generalized difference operator, we write A, y, = Y11 —
ayn. Thus, If we apply the generalized difference to the both sides of this equality,
we obtain that A2y, = Auyni1 — aAgyn. O

Lemma 4. [10] Let b < 0 and k € N. Then Afy, = kaAk(g—{), l €N, for any
sequence {y,} of real numbers.

m . .
Lemma 5. Form > 1, A™(p,A2y,) = Z%)(—l)z(?)azpn+m_iAzyn+m_i.

=
Proof. One can easily show it using the definition of the generalized difference
operator. O

k
Lemma 6. Fork > 1, Ay, = > d (’f)Afj“‘l_iyl_k.
0

1=

Proof. From Lemma 3, we can write Ay,y—1 = A2y, +alA,y—2. If we apply the
generalized difference operator to the both sides of this equality, we obtain A2y, ; =
Ady_o 4+ al%y, 5. Also from Lemma 3, we can write Ay = A2y 1 + alayi_1.
Then we have

Agyy = A3y o 4+ 2002y 5 + a?Agyr_o.
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Thus we obtain
Agyi—1 = Adyi_s 4+ 2aA2y_5 + a*Agyi—s.

Similarly, by applying the generalized difference operator to the both sides of last
equality , we obtain that

Aﬁym = Aﬁyz—s + QCLAiyl_g + Q2A§yl_3.
By writing Agy;—1 and Aiyl,l in the last equation, we obtain
Ay = Ajyi—s + 3aAbyi_s + 3¢ Alyi_5 + a® Ay—s,

and so on , we reach

k
k .
Ay =Y d’ (i)Al;—H_lyl—k-

i=0
(I
Lemma 7. A2y, . 1 = Zz 0 (kzl) alAkt1=iy fork>1,n€N.
Proof. By the Lemma 3, we have
AZynt1 = Alyn + aliyn. (5)
From (5) we can write
Aynio = Adyni1 + allynyr. (6)

Applying generalized difference operator to the Equation (5), we obtain Ay, 1 =
Ay, + aA3y,. Hence from (5) and (6) we have

A2y, o = Aby, +2aA3y, + a>A2y,
Similarly, we obtain
Aiyn+3 = Aiyn + 3aA4yn + 3a2A3yn + a?’Azyn

and so on we reach

k—1

A2y s Z < > a'!AFHI=hy for k> 1, n € N. (7)

=0

From (7) we can write

Bl N
< i )aJA];H_jyn_kH, fork>1, neN. (8)
=0

<.

The proof is completed. O
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3. NONOSCILLATION OF SOLUTIONS
In this section non-oscillatory behaviour of solutions of Eq. (1) is studied.

Theorem 1. Let a > 0. Assume that

k
> at () Ay,

=0 [f(n»yna Aayna ey AZ—Hyn)
Pn+k
k j .
k\ J
+ ) a] < ) -1 m—+1 b A§+2—m n Z O7 9
;(g) (ﬂ;w Y™ ik y )

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Assume that {y,} is a possible oscillatory solution of Eq. (1). Hence, for
every s € N, there exists [ > s such that y; > 0 and y;41 < Oory; > 0and y; 41 <0.
Therefore, Ay = yi+1 — ay; < 0. By the Lemma 5 and Lemma 7, for n > [, Eq.
(1) can be written as

1 X
Aayn+1 = aAayn + ; [f(n - k7 Yn—k;s - Algﬁ_lynfk)

n

50 (£ (s oo

m=1

Multiplying (10) by A,y; and considering (9) we have

A,
AaylAalerl = G(Aayl)Q + Tyl [f(l — k‘,yl,k, ey A];—Hyl,k)

k 7 .
k\ J _
J -1 m-+1 _ k+2—m _
> () (z(m)< i, m)Aa ye| >0

m=1

ko .
Hence Ayyi11 < 0, since Ay = > d (?)A’;*lﬂyl,k < 0. Puttingn =1+1in
i=0
(10) and proceeding as above, we obtain A,y;+1A.y1+2 > 0. Hence Ayyi42 < 0.
Generally, we see that Agy;4+ < 0 for t € N. That is, Agyi4++ is eventually of one
sign. From Lemma 1 it follows that {y,} is eventually non-oscillatory. This is a

contradiction to our assumption. Thus the theorem is proved.
O

Theorem 2. Let a > 0. Assume that

[f(na Yns Daln, - A§+1yn)

Pn+k
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’ i (?)aj (i: (:ﬁ)(‘l)mﬂpwk—m) AbT2my, 1 <0, (11)

7 m=1

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Let {yn} be a solution of Eq. (1). We claim that it is non-oscillatory. If
not, then {y,} is oscillatory. Hence, for every s € N, there exists [ > s such that
y > 0and y;41 <0 or gy, >0 and y;41 < 0. Therefore, Ay, = Y141 — ay; < 0. For
n > 1, we can write Eq. (1) as in (10). Considering (10) and A,y; < 0, we have

1
Agyip1 = algy + P [f =k yipy oy AF i)
+> ( .)aJ (Z ( )(—1)m+1pzm> ATFEy
= N m=1 \"
< 0.

Putting n =141 in (10) and by (11) we obtain A,y;+2 < 0. By similar processes,
we reach that A,y;4s < 0 for s € N. Hence {y,} is eventually non-oscillatory by
Lemma 1. This contradiction completes the proof. ([

Theorem 3. Let a > 0. Assume that

(£ (10 Y Doy oo A )

Pn+k
k k _ J j
+ , <j)aj (Z (m> (_1)m+1pn+k—m> A§+27myn
j=1 m=1
>0,

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.

Proof. Assume that {y,} is an oscillatory solution of Eq. (1). So we choose n > ny,
where ng € N, such that y, < 0 and y,41 > 0 or y, < 0 and y,+1 > 0. Thus
AgYn = Ynt1 — ayy > 0. The rest of proof can be made. O

Theorem 4. Let a > 0. Assume that
S Yy Dan, A2y, ... ARTLy ) = 0, if A2y, =0

Zio (el Ad Ty

(70 s By D2, e AP ) + 500, (o (12)
(S D™ ) AE2 ] > 0, if A2y, 0

is satisfied. Then all solutions of Eq. (1) are non-oscillatory.
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Proof. Let X is the set of all solutions y = {y,} of Eq. (1). Assume that X; =
{y € X : A%y, =0 for some n € N} and Xo = X — X;. Suppose that y = {y,} is
a solution of Eq. (1). If y € X1, then there exists t € N such that A2y, = 0. From
the first part of assumption (12) it follows that f(t,ys, Aaye, A2ys, ..., AFly) = 0.
Thus from Eq. (1) we obtain

AZ(PtAiyt) =0.

Hence, by from Lemma 5, we have

k

kN
> (=1 (i>alpt+kiAiyt+ki =0.

=0

In here we know that p,x A2y x = (V) apiir—182ys 11— () a®pron—2 D2y o+
o= (=D)FaFp A2y, Tf A2y, =0, Auyir1 = algy;. Thus, If we apply the general-
ized difference operator to both sides of the last equality, we obtain that A2y, =
alAZy,. Since A2y, = 0, A2y, = 0. Since A2y = 0, Agyiio = aloyii1-
Likewise if we apply the generalized difference operator to both sides of the last
equality , we obtain that A2y, s = aA2y,. ;1. Since A2y, 11 =0, A2y, 5 = 0. Con-
tinuing the progress in the same way yields p; A%y 41 = 0, that is, A2y, = 0.

Writing ¢ + k instead of n in Eq. (1) and using the first part of (15), we ob-

. . k . .
tain AF(pipA2y,pp) = 0, that is, Zi:o(_l)z(?)alpt—&-Qk—iAiyt-i-Qk—i =0 If

A2yiig = 0, Agyssns1 = algyssr. If we apply the generalized difference oper-
ator to both sides of the last equality, we obtain that A2y, 411 = aA2y, . Thus
A2y, 401 = 0 . Continuing the progress in the same way for the first part of

yields Yirs = or s € N. e may observe tha Y11 = 0 implies
12) yields A2y, 0 f N. W b that A2y, 0 impli
Aoyirz = alayip1 and Ay, o = 0 implies Agyirs = alayirz = a*Agyi1. In
general case, we obtain

Ay = a " Agyeyr, L€ N (13)
If Ayyey1 =0, then Ayyey; =0 for I € N. Hence

Yerit1 = aypyr, | € N (14)

Since the solution {y,} of Eq. (1) is nontrivial, we can find ng € N, ng > ¢ + 1,
such that y,, # 0. Putting I = ng —t, ng —t + 1,... in (13) we get Yng+1 = AWng,
Ynot2 = AYng+1 = a*Yn,, etc. In general, yn,+s = a°yn,, s € N. Hence {y,} is
eventually of one sign, that is, {y,} is non-oscillatory. From (13) it follows that
since Ayypr1 > 0 or < 0, Agys; > 0 or <0 for [ € N. Hence {A,y,} is eventually
of one sign. Thus {y,} is eventually of one sign by Lemma 1. Consequently, {y,}
is non-oscillatory.

Now let y € X3. Then A2y, # 0 for all n € N. Eq. (1) can be written in the
form

A(szn-‘rk = [f(nvynv"'vA(]j+1yn)

Pn+k
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+Z @ (Z (ﬁ;)H)m“pwm) AFE Myl (15)

m=1

Putting n = [ — k+ 1 in (15) for a fixed [ and multiplying (15 ) by A2y;, we obtain

A2
A2y A2y, = =¥ [fO =+ Ly pgr, o AT 1)
Pi+1
NN
> <j)“] (Z (m> (—1)m+1pz—m+1> ALk
j=1 m=1
> 0

by the second part of the assumption (12). Since A2y; # 0, A2y; > 0 or < 0, also
A2y >0 or < 0. Putting n =1 — k + 2 in (15) and considering the second part
of (12), we have A2y, A2y, 11 > 0. Therefore since A2y; > 0 or < 0, A2y;.5 >0
or < 0. The repeated considering of the second part of (12), we yield A2y, x > 0
or < 0 for k € N. Hence from (8) we have A2y, = Zf;é (kgl)ajA’;+1*jyl7k+1 >0
or < 0.Thus {A2y,} is non-oscillatory. From Lemma 2 it follows that {y,} is
non-oscillatory. Thus the theorem is proved. (I

4. OSCILLATION OF SOLUTIONS
In this section, we study oscillatory behavior of all solutions of Eq. (1).

Theorem 5. Let a < 0. Assume that
k i —i
Sioa (AR "y,

[f (Y, ooy ATy,

Pn+k
k k J ]
j m+1 k+2—m
3 () (32 () menn ) sk <0 s

is satisfied. Then all solutions of Eq. (1) are oscillatory.

Proof. Let {y,} be a solution of Eq. (1). If Ay, = 0, then y,+1 = ay, . Hence
{yn} is oscillatory because of a < 0. Suppose that Ay, # 0. If we write Eq. (1)
as in (10) and multiply both of this equality A,y, = Zf:o al (M) Ak1=ty, . for
Ayyn # 0, we have

A(l n
AaynAayn+1 = a(Aayn)Q + 73/ [f(n - ka Yn—Fks - AZ—Hynfk)

n

£ 00 (B Q) )otons

m=1

< 0.
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Hence (16) holds. By the Lemma 4 we have a"™'A (%) a" ™A (£41) < 0, that
is, a?"T3A (L) A (441) < 0. Since a < 0, then

A(y—”>A<y"“) >0,n €N, (17)

am an+1

IfA (£2) >0, then A (£41) > 0. As (17) holds for every n € N, then A (£4}) >0
implies that A (gﬁié) > 0 and so on. Hence {A (g—z)} is eventually of one sign.
Consequently, {2} is eventually of one sign by Lemma 1 for b = 1. This implies
that {y,} is oscillatory because a < 0. Similarly, if A (%) < 0, then {y,} is

O

oscillatory. Thus the theorem is proved.

Remark 1. If

Ptk [f(nvyn7Aaynam7A’;+lyn)
n

+i (l;) o/ (i: (;)(—Um“pn%—m) ARy =0, (18)

m=1

then all solutions of Eq. (1) are oscillatory. Indeed, if {y,} is a non-oscillatory
solution of Eq. (1), then there exists k, € N such that y, > 0 or < 0 for n > ko.
Eq. (1) can be written in the form

1

AiynJrk = [f(na Yns s A];-i—ly’ﬂ)
Pn+k
k B\ J j
+Z (j)aj (Z (m) (_1)m+1pn+k‘—m> A§+2_myn
7j=1 m=1

Then considering (18), we have A2y, ), =0, n € N. Then for k > 1, A2y,,1 =0
implies that AqYnio = algyni1. Similarly, A2y, o = 0 implies that Agyniz =
aAoYnio = a2Agyni1 - In general case, A2y, = 0 implies that Ayynipr1 =
a*Ayyni1, k € N. In particular, AuYkothtl = akAayk0+1 forn > ky. Lety, >0
forn > k. We consider three possibilities for Agyk,+1, viz., DNgYke+1 =0, > 0 and
< 0 and obtain a contradiction in each case. If Agyr,+1 =0, then Agyro+k+1 =0,
that s, Ykg+k+2 = OYko+k+1 < 0 for k € N, a contradiction to the fact that y, > 0
forn > ko. Let Agypo+1 > 0. Then Agypo+or+2 = a2k+1Aaka+1 < 0 implies that
Yko+2k+3 = QWko+2k+2 < 0, a contradiction. If Agyr,+1 < 0, then Ayyky+2k+1 =
a?k AuYko+1 < 0 implies that Yro+ort+2 < AYko+2k+1 < 0, a contradiction. Thus
Yn > 0 for n > ko is not possible. Let y, < 0 for n > kg. Proceeding as above
we arrive at a contradiction in each of the three cases, viz., Agyr,+1 =0, > 0 and
< 0. Hence y, <0 for n > ko is not possible. Thus {y,} is oscillatory.
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Theorem 6. Let a < 0. Assume that
f(n, Yns DalYn, Aiyna ey A];Jrlyn) =0, if A(Zzyn =0
Sz (FF el Akt iy, ko kY i 19
=0 Ptk f(n,ynvAaynvAgynv~'~7AZ+1yn) +Zj:1 (j)aj ( )
X (an:l (i)(—l)’"“pmkim) A’;”"”yn} <0, if Ajyn #0

is satisfied. Then all solutions of Eq. (1) are oscillatory.

Proof. Let X be the set of all solutions y = {y,} of Eq. (1). Assume that X; =
{y € X : A2y, = 0 for some n € N} and X5 = X — X;. Suppose that y = {y,}
be a non-oscillatory solution of Eq. (1). Hence {y,} is eventually of one sign. If
y € X1, then there exists ¢ € N such that A2y, = 0. Thus from Eq. (1) and (19) it

follows that AF(p;A2y;) = 0, that is, Zfzo(—l)i(f)aipt+k,iA3yt+k,i = 0. Then

k k .
Pt+kA<21yt+k = (1> apt‘l*k*lAiyfrFk*l_ (2) a2pt+k72Aiyt+k72+--.—(—1)kakptA¢21yt~

If A2y; =0, then Ayysy1 = algy;. If we apply the generalized difference operator
to both sides of the last equality, we obtain that A2y, = aAZy,. Since A2y, = 0,
A2y, = 0. Since A2y, 1 = 0, Agyiro = algyir1. Likewise , if we apply
the generalized difference operator to both sides of the last equality, we obtain
that A2y;10 = aAZyq. Since A2y = 0, A2y 0 = 0. By recurrence of the
processes ,we obtain that p; x A2y, = 0, that is, A2y = 0. If A2y = 0,
for k > 1, Agyiso = alayir1. Since A2y, 10 =0, Agyiis = alaYiio = a?Auyi1
and so on. Generally, we have A,y = ak_lAaytH. We can choose kg € N
such that yr > 0 or < 0 for k > kg. Let yx > 0 for k > ko. If Agysr1 = 0,
then A,yi+k, = 0 and hence i1 x,+1 = aYiyr, < 0, a contradiction. If Ajy;4q >
0, then Agyiiop, = a?*o=1A,y;.1 < 0 and hence Ytt2ko+1 = OYt+2k, < 0, a
contradiction. If Agyir1 < 0, then Agyiion,+1 = a?*oA,y41 < 0 implies that
Yitoko+2 = OYit2ke+1 < 0, a contradiction. Similar contradiction is obtained if
yr < 0 for k > ko. Thus y ¢ X;. Now let y € Xo. Hence A2y, # 0 for all n € N.
Writing Eq. (1) as we obtain

A2
A2ynAlynt1 = paff [fn—k+ 1, Yn—ti1, DaYn—rtts s ATy _gii1)
n
Fo (3 j
+ (j)aj (Z (m>(_1)m+1pn—m+l> A§+2_myn—k+1
j=1 m=1
< 0,

by the second of (19). In here A2y, = Zf;é (k;,l)ajA’;“_jyn_kH. Applying
Lomuma 1 wo et 57 () 8 (Bs] 2 0. Honco A% (1) A% (B1) > 0,

n € N, since a < 0. If A2 (y—") > 0, then A2 (yZﬂ) > 0. This in turn implies

a™ a
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that A% (£43) > 0 and so on. If A? () < 0, then A% (£:£) < 0 which in turn

implies that A? (£33) < 0 and so on. Therefore {A? (£2)} is of one sign. By
Lemma 1, {A (%)} is eventually of one sign and hence {¥2} is eventually of one

sign . Consequently {y,} is oscillatory. This contradicts our assumption y = {y, }
be a non-oscillatory solution of Eq. (1) . Thus y ¢ X5. Consequently, all solutions
of Eq. (1) are oscillatory and this completes the proof of the theorem. O

5. EXAMPLES
Example 1. Consider
4Aiyn = (1 - SQ)Aiyn + 2(1(1 - QQ)Aiyn + a2Aayn; (20)

where a > 0, Pn = 4, k=2 and f(n7yn7AaynaA2ayn7Azyn) = (1 - SQ)Agyn +
2a(1 — 2a)A2%y,, + a®?A,y,. Since

5 ()t

s [f(nvynaAayna ---aAZ_Hyn)
pn+2

R

m=1

_ Bapnt 20800 + Ay LF (7 Yns Doy Alyn, Adyn)
Prso s Yny Bayny RgYny LRaYn
+2apn+1A2yn + a? (2ppy1 — pn)Aiyn]
A3y, + 2aA2y, 2A0Yn
_ DayYnt2 o T Babn 111 8a)ABy, + 2a(1 — 2a)A2y, + a2 Agyn
+4aA3y, + 2a2A3yn]

(Adyn 4 202y, + a®Agyn)?
1

> 0,

all solutions of (20) are non-oscillatory by Theorem 1. In other way, Equation (20)
can be written as

Aynia + (=1 = 8a)ynts + (4a® + a)ypya = 0.
The characteristic equation concerning with this equation is given by
AN 4 (=1 = 8a) NP + (4a® + a)N* =0,
that is,
(A= a)(4\* + (-1 — 4a)\?) = 0.
A fundamental set of all solutions of (20) equation is {{a"}, {(}3£22)"}}. Thus we
again see that all solutions of (20) are non-oscillatory.
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Example 2. Consider the equation

— 2A%y,, = 6A%y, + 6A%, + 2A%, + (Ay,)?, (21)
where a = 1, p, = =2, k = 3 and f(n, Yn, DNaYn, A2y, Ady,, Aly,) = 6AYy, +
623y, +2A2%y, + (Ay,)?. Thus

[f(na Yns Aa/ynv EX) A2+1yn)

Pn+3

(£ (o s

m=1

1 .
= Prors [f(n, Yns Daln, A(szm Aiym Aiyn)
n+

+3apnt2Dayn + 30°(2pnia — Prg1) Adyn + a® (3pn2 — 3pns1 + pn) ALYy
1
- = [6A4yn + 6A3%y, +2A%, + (Ay,)?

76A4yn - GAgyn - 2A2yn]

(Ayn)Q
- <
5 <0

and the condition of Theorem 2 is satisfied. Hence it follows that all solutions of
(21) are non-oscillatory. In particular, y, = ¢, where ¢ # 0 is a constant, is a
non-oscillatory solution of the equation.

Example 3. Consider
— 2A%y, = 6A%y, + 6A%y, +2A%, — (Ay,)?, (22)

where a = 1, p, = =2, k = 3 and f(na ynyAaynvAgynvAgynvAéyn) = 6A4yn +
603y, + 2A%y, — (Ay,)?. Thus

1 [f(na yn7 AayTH ceey A2+1yn)

Pn+3
3 3 J j

+ ] aj ( > -1 m—+1 n m Ai+27m n
> (o (3 () ’

1
= p +3 I:f(n) yn7 Aaynv Aiynv Agynv Aiyn)
n

+3apn1285Yn + 30° (2pnt2 — Pt 1) Adyn + 0 (3pnr2 — 3pni1 + pn) Alyn]
_ _ig [6A%y,, + 6%y, + 222y, — (Ay,)?

—6A%y, + —6A%y, + —2A%y,|

(Ayn)®

> >0
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Then all solutions of the equation (22) are non-oscillatory due to Theorem 3.

Example 4. Consider
3A2yn = QA?Lyn7 (23)

where a > 07 Pn = 3a k=1 and f(na Yn, Aay’ru Aiyn) = 2A3yn- f(n, Yn, Aayny Agyn) =
0 if A2y, =0, and if A2y, #0,

S (T hal ALy, NG
: . - f(n’ yn,AaynaAiynv“ﬂA;—‘rlyn) + (.)aj
Pr+1 = J

(E Q) sn]

m=1

Agyn 2 2

= =2 [f(n,Yn, Daln, A2yn) + apnAlyy]
Pn+1
A2y,

= =20 202y, + 302y,

AZy,)2(2
_ hwreri

Therefore all solution of (28) are non-oscillatory by Theorem 4. We can make the
proof by the another way. For this, we can write the Eq. (23) as in the form

3Yn+s — (9a + 2)ynt2 + (9a2 +4a)ynt1 — (2(12 + 3a3)yn =0.
The characteristic equation concerning with this equation is
302 — (9a + 2)A\? + (942 + 4a)\ — (2a% 4 3a®) = 0,
that is,
(A —a)(3)\* — (6a + 2)\ + 3a® + 2a) = 0.

Hence a fundamental set of all solutions of Eq. (23) is {{a”},{na”},{(%)n}.
Thus all solutions of (23) are non-oscillatory.
Example 5. Consider

Aiyn =—(1+ a)AZyn — algYn, (24)
where a < 0, p, = 1, k =1 and f(n,Yn, Aan, A2y,) = —(1 + a)A%y,, — al,y,.
Since

Simo @' (AT 'y
pn+1

1 J .
3 L\ ; 3 J _
J _1\ym+1 14+2—m
+j:1 (])a < <m>( 1) pn—i—l—m) Aa Yn

m=1

[f(na Yns -y A¢11+1yn)

Arzzyn + aAayn [

P F(, Yn, Dayn, Aiyn) + apnAiyn]
n+
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Azyn + alyyn
1
_(Aiyn + aAayn)2

0,

[_(1 + a‘)Aiyn —algyn + aAiyn]

IN

all solutions of the equation are oscillatory by Theorem 5. In particular, a funda-
mental set of all solutions of Eq. (24) is {{(a™)},{(a — 1)"}}. Thus all of solutions
of (24) are oscillatory.

Example 6. Consider

ZAiyn = —(4aA3yn + QaQAiyn), (25)
where a < 0, pn = 2, k = 2 and f(n,Yn, Daln, A2yn, Ady,) = —(4aA3y, +
2a2A2y,,). Since

1
Prto [f(nv Yn, Aaym B A3+1yn)
n

(O (£ ()t

m=1

1
=5 [ (s Yy DaYns A2y, Adyn) + 2app 1 Adyn + a*(2pns1 — Pr) Alyn]
n+2

1
= 5 [-(4allyn + 20 Aly,) + 4aAGyn + 20° Alyn]

= 0’
all solutions of the equation (25) are oscillatory in view of Remark 1. In particular,
{a"} and {na™} are two oscillatory solutions of the equation.
Example 7. Consider
3A3y, = —2A%y,, (26)
where a < 0, k=1, p, =3 and f(n,Yn, Da¥n, A2y,) = —2A2y,,. Hence A2y, =0
implies that f(n,yn, Aayn, A2y,) = 0. If A2y, # 0, then
1-1 (1-1\ _jAl+1—j 1
i—o (; )a? A yn 1\ |
o= () FO Y, D, A2y, s A ) + ) < .>a3
Pn+k j=1 J

J .
J m —m
X (Z (m) (=1 Jrlpn-&-l—m> Aclz+2 yn‘|
m=1
A2y,
= oY [f(n, Yn> DaYn, Aﬁyn) + apnA§y7J
Pn+1
A2y,
= 7‘? [—2AZy, + 3aAZy,]
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- @i (2

< 0.

-2+ 3a>

Hence by Theorem 6 all solution of (26) are oscillatory . On the other hand, the
characteristic equation of (26) is

(A —a)?(3\* + (2 — 6a)\ + 3a® — 2a) = 0.

Hence a fundamental set of all solutions of Eq. (26) is {{a™},{na™}, {(%)n}}
which consists of all oscillatory solutions.

6. CONCLUSION

In this paper we investigated the sufficient conditions of the oscillation and non-
oscillation of higher -order difference equations (1). In this study, we used definitions
of generalized difference operator and oscillation /non-oscillation for the proof of the
results. Also, we have considered both cases of a < 0 and a > 0. We have obtained
non-oscillatory behaviour of solution of Eq. (1) in Section 3, we have studied oscil-
latory behaviour of solution of Eq. (1) in Section 4, respectively. Finally, we have
discussed some examples related to our main results.
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ABSTRACT. In this paper, by using some classical Mulholland type inequal-
ity, Berezin symbols and reproducing kernel technique, we prove the power
inequalities for the Berezin number ber(A) for some self-adjoint operators A
on H(§2). Namely, some Mulholland type inequality for reproducing kernel
Hilbert space operators are established. By applying this inequality, we prove
that (ber(A))™ < Ciber(A™) for any positive operator A on H ().

1. INTRODUCTION

1 1
Ifp>1 -+ = =1, a,,b, > 0 satisfy 0 < Z—ap < 400 and 0 < Z b
p q

then the Mulholland’s inequality [13}20] is given by

P e ot N )

mn ln mn - gn (%)

and an equivalent form is

r P
1/ an P T > 1
— — ) < |— —ab 2
nz::ﬂl <mz—:2m1nm”> sin (1) ”zj?ﬂ " ?
L P
1P
77 s .
where the constants and are the best possible.

sin (g) sin (g)
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The integral analogues of (1) and (2) are as follows:

1/p 7/ oo 1/q

]Off:v(yln xy wdy < sing;/p) ]Ofpix)dx /gqy(y)dy , (3)
/ 1/ ey ) Lm(w/p} /fp dz.

Inequalities (1) and (3) are called the Mulholland’s inequality and Mulholland’s
integral inequality, respectively (see [13,[20]). Some generalizations of these type
inequalities are given in [5,8{11}/12}/141[29].

Denote by F (£2) the set of all complex valued functions on some set Q. A
reproducing kernel Hilbert space (RKHS for short) on the set 2 is a Hilbert space
H C F(Q) with a function ky : QxQ — H, which is called the reproducing kernel
enjoying the reproducing property ky := k (., \) € H for all A € Q and

) = (£ kx)y

holds for all A € Q and all f € H (see |1123]).
Let k) = H%H be the normalized reproducing kernel of the space H. For any

bounded linear operator A on H, the Berezin symbol of A is the function A defined
by (see [4])

AN = <AEA,@A>H (A eQ).

Recall that the Berezin set and the Berezin number for an operator A € B(H(f2))
were introduced in [15[16] as follows:

Ber(A) := Range(A) = {ﬁ()\) T € Q} (Berezin set).

ber(A) := sup H/Nl()\)‘ tA€E Q} (Berezin number).

Clearly, Ber(A) C W(A) := {(Az,z) : |||, =1} (numerical range) and ber(A) <
w(A) := sup {|{(Az,z)| : ||z]|,, = 1} (numerical radius). More information about
numerical range and numerical radius can be found in [64(7}/9,/18,19L/21].

Using the Hardy-Hilbert type inequalities and some well-known inequalities,
some important results about the Berezin number inequalities were obtained in
23,10, 22124 28].

In the present paper, by using inequalities (1), (2) and some ideas of paper |17],
we will estimate Berezin number (which is a new numerical value of the bounded
linear operators on RKHS) of operators acting in the reproducing kernel Hilbert
spaces.
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2. MULHOLLAND TYPE INEQUALITIES AND BEREZIN NUMBER OF SOME
OPERATORS

In the following result, we prove an analog of inequality (1) for some self-adjoint
operators on a RKHS H = H(Q).
1 1
Theorem 1. Letp > 1 and —+— = 1. Let f, g be two continuous functions defined
p q
on an interval A C (0,4+00) and f,g > 0. Then the following is true:

e~ —_—~ e~ e~~~

8/ (A)g(A)N) + f(C)g(C)(€) | FANg(B)(1) + F(B)(1)g(A)(N)

32In4 * 6In6 (4)
L F@M9(©0)(© +7 () @A) | 3/ (B)g(B)w)
- . 81118/_\/ - 9In9
L FB)wg (C) () +7(C) (&) 9(B)(n)
12In12
i A B PO\ () g'(B) | g (O~
sin(ﬂ/p)<< > T3 T 1 ) (2 Tty ) ]“’]“>’

for all self-adjoint operators A, B,C € B(H(Q2)) with spectra contained in A and
for all p, A\, € € Q.

Proof. Let ag,as,aq,bs,bs, by be positive scalars. Then using inequality (1), we
have

8asbs + agby  asbs + asbs  asbs + agbs asbs asbs + aybs

32In4 61n6 8In8 9In9 12In12 (5)
p p p\ /P /14 q a\ 1/a
™ ay ag o ay b by b
<—|2+2+2 24344 :
sin(ﬂ/p)<2+3+4> <2+3+4

Let z,y,z € A. By the hypothyses of the theorem f(x) > 0, g(z) > 0 for all z € A.
If we pU-t a2 = f(l'), az = f(y)a Ay = f(Z)a b2 = g(‘r)a b3 = g(y>7 b4 = g(Z) in (5)a
then we have

8f(w)g(z) + f (2) g (2) n f(@)gy) + fly)g(x)

32In4 61n6 (6)
f@)g(x)+ f(2)glx)  faly)  fwg(z)+ f(2)g(y)
+ 8In8 t 9mo 121n 12

T (@) P PN () ety g ()Y
sin(7r/p)< 2 + 3 + 4 ) (2 + 3 + 4 )

for all z,y,z € A. Let A be a self-adjoint operator. Then, by using functional
calculus and inequality (6), we get

8f(A)g(A) + f(2)g(2) n f(A)g(y) + f(y)g(A)
321n4 6Iln6
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N f(A)g (2) + f (2) g(A) n fWaly) | fy)g(2)+ f(2)g(y)
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8In8 9In9 * 12In12
T (A ) PN () gy | gt ()
sin(w/p)( 2 + 3 - 4 ) ( 2 + 3 + 4 ) ’

and therefore, we have that

8 (F()gknT) + £ (g (2)  (F(kFr) 9) + F() (g(Ar, T )
32In4 + 61n6
L U@k E) o)+ 1) (s R b)) | o (e)

+ [ (2) 9(y)
8In8 t 9mo 12In12

w ) ) PO (A | ') L gt (@) -
< (2 20 Y (1 0 ) ),

3
for all A € Q and any y,z € A.

Using the functional calculus once more to the self-adjoint operators B and C,
we get

8(F(A)g( kT + F(C)g(C)  (F(AknFr) g(B) + £(B) (9(A)kn,Fr)

32In4 * 61ln6
(7)
(F)Rx T )9 (C) + 1 (O (g ME0E)  1(BYg(B)  F(B)g(C)+ 1 (C) g(B)
+ 8In8 + 9In9 + 12In12 -
n A B O\ (9A) | gl B) | g (O
sin(ﬂ/p)<2+3+4><2+3+4>()\)'
Hence, we have from (7) that
BF(A)g(A)N) + £ (©)g(C) () | FAN(B)r) + F(B)(wa(A)(N
32In4 /\_/61116
N fA)N)g (C) (&) + [ (C) (£) g(A)(N) n f(B)g(B) (1)
- - 81n8/\/ - 9In9
L FB)(wg(C) () +7(C) (&) 9(B)(n)
12In12
n ) B ONT (g4 | g1 B) | gt (O)\ 1
<sin(7r/p)<(2 Tyt 4) (2+ 3 4) Fankx )

for all self-adjoint operators A, B,C € B(H(2)) and for all A, u, & € Q. This proves
the theorem. (]
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Corollary 1. (ber (f (A)))* < Ciber (f (A)Q) for any self-adjoint operator A €
B(H(Q)) with spectrum contained in A; in particular,
(ber (A))* < Cyber (A?),
2.904r7
sin (/)

Proof. Indeed, for C = B = A, g = f and £ = p = A, we have from inequality (4)
that

where Cy = ( — 0.678) .

92(A)(\) Q[J’/(X)(A)}2 2[?(7)@)}2 A 2[?(?4/)@)}2
32In4 6ln6 | 88 18In3 12In12

12 silfz;/p) P,

or equivalently

4logg e+ 3logg e + 2logs e\ 17— 2
: 3 28) [Faw]
12
137 8llogye + 16logge\ >~
— A)(A
(1251n(7r/p) 288 PN

—_~—

—~—— 2
for all A € Q. Since [ f(A)(/\)} > 0 and f(A)2(\) > 0, we have that

o FO0]” < (e 0™ sy Py

for all A € Q. This obviously implies that
2.9047
b A))? —
in particular, for f(x) = z, we have that

ber(A)? < (m

- 0.678) ber(f2(A));

- 0.678) ber(A?).
O

Our more general result is the following theorem which gives a sharper estimate
than Corollary 1.

1 1
Theorem 2. Letp > 1 and — + — = 1. Let f be a continuous function defined on

p q
an interval AC (0,4+00) and f > 0. Let A : H(Q2)—=H(Q) be a positive operator on
a RKHS H(Y) with spectrum contained in A . Then there exists a constant Cp > 1
such that

[ber(f(A)))" < Crber(f(A));
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P
in particular, ber(A)P < Ciber(AP), where C1, = 1.73 {W] .
sin (7/p)

Proof. Let as, as, as be positive numbers. Then using (2), we have that
1 a9 as ay )p 1 ( as as ay )p
2(21n4+31n6+41n8 +3 21n6+31n9+4ln12 (8)
i 1 ( ao i as n ay )p
4\2In8  3Inl12 4Inl6

() (%),
sin (7/p) 2 3 4

Let x,y,z €A . Since f(z) > 0 for all x €A, by putting as = f(z),as = f(y) and
ag = f(2) in (8), we have

LOf) , fly)  fRN 1 f) |, fly) | fz)
2(21n4+3ln6+41n8) +3(21n6+3ln9+4ln12> ©)
L(f=) , fly) , fz)

+4(21n8+3ln12+41n16)

< <Sm gf/p))” (fpz(:v) N fp§y> N fﬂ}z)) .

So, by using the same functional calculus arguments as in the proof of Theorem 1,
finally we get from (9) that

1<<f<A>@A,EA> ($(B)F, ) <f(C)Ez,Ef>)p

2 21n4 + 3In6 41n8

1<<f<A>zA,zA> (F(B)hus o) <f<c>&,%§>>’”

t3 26 ' 3mo | 412
A PR ~ o~ p
] <f(A)k,\,k,\> <f(B)ku,k,L> <f(0)ks7kg>
3 28 3Wmiz | 4mmi6

(m/p

<( . >p<<fP(A)@A,E,\> (F7(B)kyus ) <fp(C)E5,E§>>
sin ) '

and hence

1(?@4’)@) f”<§><u>+f<5><§>>p
2 2In4 3In6 4In8

! <m<x>+ﬁm>+%<o>”

3\ 26 3In9 41n 12
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1 <m<x>+%<u>+m<g>>p

4\ 2ms 312 | 4lnl6
T\ (AN | B W) | (0 )
<sin(7r/p))< 2 * 3 * 4 >

for all positive operators A, B, C' which spectrum contained in A and all A, u, £ € Q.
Now by replacing C'= B = A and £ = p = A, we have from the latter equality that

1291og, e + 321logs e + 1921logs e + 96log, e | [+ p 13 T P
Pt P ot LR (W] < 33 |t OO

—_~—

for all A € 2. Since fP(A)(A\) > 0 for all A € Q and for all p > 1, the last inequality
shows that

sup []7(\14/)(/\)}17 < 1.73 {_ﬂ-)rsup [J%()\)}

AeQ sin(7/p) ] xeq
for all A € Q and p > 1. This implies that

[ber(f(A))]P < 1.73 l:bln(ﬂ'/p)] ber(fP(A)),
in particular,

[ber(A)P < 1.73 ng;/p)] ber(AP).

This proves the theorem. ([
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ABSTRACT. In this paper, we give a generalization of the osculating curves to
the n-dimensional Euclidean space. Based on the definition of an osculating
curve in the 3 and 4 dimensional Euclidean spaces, a new type of osculating
curve has been defined such that the curve is independent of the (n — 3)th
binormal vector in the n-dimensional Euclidean space, which has been called ”a
generalized osculating curve of type (n—3)”. We find the relationship between
the curvatures for any unit speed curve to be congruent to this osculating curve
in E™. In particular, we characterize the osculating curves in E™ in terms of
their curvature functions. Finally, we show that the ratio of the (n — 1)th and
(n — 2)th curvatures of the osculating curve is the solution of an (n — 2)th
order linear nonhomogeneous differential equation.

1. INTRODUCTION

Curve theory is a popular research interest in classical differential geometry and
osculating curves are a known example in this field. There are many studies on
osculating curves in the Euclidean 3-space E3. The significant property of these
curves is that the position vector of osculating curves always lie in their osculating
planes. The osculating curve o : I — E? is defined by

a(s) =A(s)T (s)+pu(s)N(s),

for some differentiable functions A and p of s € I C R, where T (s) is the tangent
vector field and N (s) is the normal vector field. Similar curves are present in
curve theory such as normal curves, where the position vector always lies in the
normal plane, and the rectifying curves, where the position vector always lies in the
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equation.
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rectifying plane [1]. B. Y. Chen has studied rectifying curves in his paper ”When
does the position vector of a space curve always lie in its rectifying plane?”. Since
this study, normal, rectifying and osculating curves have been studied from different
perspectives. Some of the studies in the literature have been listed below.

Chen and Dillen have studied rectifying curves in [2], where they established a
relationship between rectifying curves and centrodes in mechanics. They also show
that rectifying curves satisfy the equality case of a general inequality in their study.
The characterization of the rectifying curve in Euclidean 4—space and Minkowski
3—space are given in [3], [4] and [5]. Cambie et al. investigated rectifying curves
in an arbitrary dimensional Euclidean space using conditions on their curvature
[6]. Additionally, there are some papers on spacelike, timelike and null normal
curves in Minkowski space [7], [8]. Characterizations of an osculating curve in the
3-dimensional Euclidean space has been given in [9] and a specific osculating curve
has been defined in the Euclidean 4-space. Normal, osculating and rectifying curves
have been defined in the Euclidean and semi Euclidean space by using quaternion
algebra in [10], [11], [16] and [25]. Bi-null curves of these types have also been
analyzed in R$ and RJ in [12, 13]. Several studies in the literature on the topic of
interest of this study can be found in [14-18, 26, 27].

In this paper, using similar methods to those used in [6] and the definition of an
osculating curve as stated in [9], we investigate the properties of a generalized form
of osculating curves in the n—dimensional Euclidean space which are independent
of the (n — 3)th binormal vector. We call this osculating curve "a generalized
osculating curve of type (n — 3)”. Firstly, basic concepts of curve theory in E" are
given as preliminaries. Then, the characterization of the osculating curves is given
in E™. The necessary and sufficient condition for a curve to be an osculating curve
in the n-dimensional Euclidean space is also obtained. Additionally, using this
necessary and sufficient condition, we show that if a curve is an osculating curve
in the n-dimensional Euclidean space, its curvatures define a differential equation.
Finally, we state the existence and uniqueness of the solution of this differential
equation and propose a general form for the general solution of the equation.

2. PRELIMINARIES

Basic concepts of curve theory in the n-dimensional Euclidean space E™ are given
in this section. Let a: I CR — E™, s € I — «/(s) be an arclength parameterized,
n times continuously differentiable curve. The curve « is called a unit speed curve
if (a,) = 1, where (, ) is the function that shows the standart inner product in
the n-dimensional Euclidean space E™ given by

<X7 Y> = szyz
=1

for each X = (x1,29,...,x,) and Y = (y1,¥y2, ..., yn) € E™. The norm of X is given
by || X]| = 4/(X,X). On the other hand, if || X|| = 1, then X is an unit vector.
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Also, if the curve o in E™ is an arclength parameterized curve, then ||[42| = 1.
The Serret Frenet formulas for E™ are given as the following equations (see [19]):

T (s) = k1 (5) N (s)

N/ (s) =—k1(s)T (s)+ ka2 (s)B1(s)

By (s) = —k2 (s) N () + iz (s) Bz (5) (1)
B; (s) = —kis1(s) Biz1 (8) + Kit2 (s) Bir1 (s), 2<i<n—3

B, _5(s) = —kn—1(s) Bn-3(s),

where k1, k2, K3,. .. ,kn_1 are the curvature functions of the curve and are positive.

For more information on curve theory, the reader is advised to see the liteature
[20-22].

3. Osculating curves of type (n-3) in the n—dimensional Euclidean space

In this section, generalizations of several fundamental definitions, theorems, and
results to generalized osculating curves of type (n-3) in the n-dimensional Euclidean
space are given. All of the mentions to osculating curves in our study refer to the
generalized osculating curves of type (n-3) from this point.

Definition 1. Let o : I CR — E™, s € I — «(s) be an arclength parameterized,
n times continuously differentiable curve. In E™, a curve for which the position
vector always lies in the orthogonal complement B;- 5 (s) of its (n — 3) th binormal
vector field B,,_3 (s) is called the osculating curve. B;- 5 (s) is defined as

By _3(s) ={W € E" (W, B3 (s)) = 0}

where { , ) denotes the standard scalar product in E™. Thus B;- 5 (s) is a (n — 1)-
dimensional subspace of E™, spanned by the tangent, the principal normal, the first
binormal, second binormal,...,(n — 4) th binormal and, (n — 2)th binormal vector
fields T,N,B1 (8),...,Bn_4(8),Bn_2 (s) respectively. Therefore, the position vector
of an osculating curve with respect to a specific origin is given as

n—4
a(s)=py (s)T(s) + pg (s) N (s) + Zﬂi+2 (8) Bi (8) + pp_1 (8) Bn—2(s) (2)

for some differentiable functions p; (1<i<n-—3)ofselCR.

Theorem 1. Let a(s) be a unit speed curve in E™ with nonzero curvatures. Then
a(s) is congruent to a osculating curve in E™ if and only if

Z: (roe ) 2 (:28)) ki () Zor O (=) -+

ceR— {0}, where 1 <i<n-—1.
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Proof. Let o be an arclength parameterized osculating curve in the n-dimensional
Euclidean space. The derivative of (2) with respect to s for both sides of the
equation is

’ ’ ’ ’ /

a(s) = ()T (s)+p ()T (s)+pa(s) N () + pa(s) N (s)

43 (b (9 B (5) + 1102 () B ()
=2

Hhn_1 (8) Bua (8) + pty_y (8) Buoz (5).

Implementing the Serret Frenet formulas for the n-dimensional Euclidean space and
rearranging the terms of the right hand side, we get

T(s) = (1) () =1z ()1 () T (s)
(12 () k1 () + i () = 113 () 2 () ) N ()
(12 (5) k2 () + iy () = 14 () ks (5) ) B (s)

n—>5
2 (111 (8) e (8) - biga () = b () i () Bi ()

(- (5) s (9) 12 (5)) B ()
(-2 (8) iz (8) = o (8) K (5)) B (9)
-1 () Baoa (9)

Using the equality of both sides, we get the following expressions for the coefficients
of T(s),N(s),B;(s) for i =2,3,...,n—2:

1y (8) — g (s) k1 (5) = 1 (3)

py (8) i1 (8) + g (8) — g (8) k2 (5) = 0 (4)

g (8) iz (8) + pug (8) — 114 (5) i (5) = 0 (5)

Pi1 (8) Kig1 (s) + lh+2 (8) = tir3 (s) Riga () =0,2<i<n—3 (6)
Hos (8) K (8) + fyy_s (5) =0 (7)

fi—3 (8) K2 (8) = Hy_y (8) Kin—1 (5) = 0 8)

fi_y (5) = 0. 9)

Starting from (9), we integrate these expressions with respect to s to obtain the
coefficient functions
U1 (8) =c,ceR. (10)
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Similarly, the integrations of (7) and (8) yield

 Kn—1 (s)
Rn—2 (3)

Mn72 (S) =

and

g (5) = —— (“‘“@)  (12)

Kn—3(8) \Kn—2(8)

On the other hand, for i = n — 4, and n — 5, we get the following equations:

na(9) = el (Tl (13)

K- (8)

+Mi@<M1@

)
v Gow) (220)

and

fn_5(s) = ¢ (“n—?» (8)>

e ) (
Tt (220) -=6)
+MZ@<M1@<Mi@D>(Zti;

N 2c 1 1 </€n1
(s)

c 1 1 </{n1
Kn—5 (S) Rn—4 (3) Rn—3 (S) Rnp—2

The other curvature functions have expressions of a complicated structure. Hence,
we define the following functions to express these curvatures: The function I',,_40 (5)
is defined as

’

Lnao(s) = s (9) Inoan(s) = ! < . >,

] : 1 Fin—a(8) \Fn—3(s)
Lpoao(s) = Kn—4 (8) (ﬁn_:a (3)) ’
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then we get

oa®) = o) (L) er, o) (221
v (E245)
Similarly, T_5.0 (5), Tn_s.1 (), Tn_s.2 (s), and T_s.5 (s) are defined as
b = o (22
o - [ (2

2 1 1

Kn—5(8) kn—a (8) n—3 (s)’

1 1 1
Fn—5,3 (5) - 7,{”75 (3) Kn—4 (S) Rp—3 (S) ’

]-—‘n75,2 (S)

then we get

’

sl = sn () (22 ) oo (221

Kn—2(8) Kn—2 (8)
(

+clns52(s) (Rnl 8)> + s (s) (mn1(5)>”’

Kn—2 () Kn—2 ()

Altogether, the following expression can be defined for the functions defined above:

n—i—2

u; (s) = Z el () (Z:Z (Iinl (S)> ,1<i<n-—1. (15)
2=0

Kn—2(8)

Thus we get the following coefficient functions for ¢ = 1, and ¢ = 2

[y (8) = gcmz (s) j; <K”1 (8)) , (16)

Kn—2(8)

and

n—4 2 K s
po (5) = Ly (s) jsz ( 1 ))' (17)
z2=0

Kn—2 (8)
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Substituting (16) and (17) into (3) we obtain the relations below

z=0

force R—-0.
Conversely, consider an arbitrary unit speed curve in E™ for which the curvature

functions satisfy the relation (18). Then, we consider the the vector X € E"
defined by

X(s) = af —&—ZCF”

+cBp—2(9)

It can be seen that X (s) = 0 through the relations (1) and (18). Thus, X is a
constant vector. This implies that « is congruent to an osculating curve. Hence,
the proof is complete. ([l

Theorem 2. Let a(s) be a unit speed osculating curve in E™ with nonzero curva-
tures. Then the following hold:

i) The tangential, the principal normal, the first, the second, ..., the i-th,..., the
(n = 5)th, and (n — 4)th binormal components of the position vector of the curve
are respectively given by

n—3 2 —
(@ (5),T(s) = 3 T () 2 (“) (19)
0

ds* \ Kn—2(8)

(a(s ch . d; (“"1(8)> , (20)

Kn—2 (8)
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Kn—2(8)

(@ (s), Ba(s)) = 3z (5) j; _ (’%—1(8)> (22)

n—i—4

d* [ Kn-1(s)
(a(s),Bi(s)) = iz (s) 7= —— 3 (23)
3 e (51)

Kn—2 (5)

/

(@ (6) Bros o) =~ (221 (24)

Kn—3(8) \ Kn—2 ()
(@ () Bu_s () = —28 (25)

i) The (n — 2)th binormal component of the position vector of the curve is a non-
zero constant.

Conversely, if a (s) is a unit speed curve in E™ with non-zero curvatures and one
of the statements (i), (ii) holds, then o (s) is an osculating curve or is congruent
to an osculating curve in E™.

Proof. By using the relations (2) and (3)-(9), the position vector of the curve can
be written as follows:

n—3 2 K1 (s
a(s) = Yl (s) zgz (”(DT(S) (26)

e ( o (e 8)) Bnos )

_ (w) B4 () +cBy2(s)

Kn—2 (s)
From (19), we get (19)- (25). Thus, (i) and (ii) have been proved.
Conversely, assume that statements (i) and (ii) hold. By taking the derivative
of (a(s),Bn_4(s)) = —fn=108) with respect to s and using (1) we get,

K/n72(3)

Kn—1(8)

—Fin—3(8){@(8),Bn_5(8)) + kn—2(s) (a(s),Bn_3(s)) = P (s)
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By using {(« (s), Bn_5(s)) = ¢ (”"’1(8)> and ky,_2 (s) # 0, we get

tin—3(s) \ Fn—2(s)
(a(8), Bp—_3(s)) =0, which means that this is an osculating curve.
If statement (ii) holds, then we have (« (s), Bp—_2(s)) = ¢, ¢ € R — {0}. Differ-
entiating the previous equation with respect to s and using (1), we find
—fn—1(8) (@ (s), Bn_3(s)) = 0. It follows that (« (s), Bn_3 (s)) = 0 and hence the
curve « is an osculating curve. O

Theorem 3. Let o (s) be a unit speed osculating curve in E™ with nonzero curva-
tures. The differential equation

n—3 ! n—4
d# ([ Kp-1(9) 4% [ Kp-1(9) 1
Fi z - Fz z = T
2 (e g () =@ 2.l (5) gz () -
where c € R —{0}.,n>4,i=1,2,...,n — 1 with the initial conditions
Kn—1(s0) kn—1(s0)] Kon1(s0)]"7Y
—< =ko, | ——=| =k, -, | T = k(n-3)
Kn—2(S0) kn—2(50) Kn—2(S0)

for so € I C R has a unique solution on an open interval I C R if the functions
[[i0(s) = sTso(8)]s Moo (s) + Tia(s) = malia(s)], -,

Cim—1(8) + T (8) = 615 (8)], -, [Tina(s) + Tiy5(8)], [Din—s(s)],

ol

are continuous on I and [F;)O(s)fmI‘w(s)] #0,...,[Tin_3(s)] #0 for every s € I.
This equation has a general solution of the form

() = (222), 0 e () 0+ ().

where (%) X (s), (Z"—:;)Q (8)y. .-y (M) , (s) form the fundamental set of so-

Rn—2

lutions for the homogeneous equation

(o) (o) ()

(P el el (el
() () -

satisfying the condition

Kn—2 /1 Kn—2 /9 Kn—2/, o
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Kn—1 Kn—1 Kn—1
Kn—2 )1 Kn—2 ) o T Kn—2 ), o
!/ ’ 7
RKn—1 Kp—1 Kn—1
— Kn—2 )1 Kn—2 ) o T Kn—2 ), o ?é 0’

<nn,1)<"—3> <~n,1)<”—3) <nn,1)<"—3>
Knp—2 1 Kp—2 2 Kn—2 n—2

(M) is a particular solution of the initial value problem and c1,ca, ..., ch_o are

Rn—2

arbitrary constants.

Proof. If the summation operators are expanded in t/he differential equation, We, get
(=) « (ra (220) ) + (oo (2263) )
(ran (22) ) +os (e (22))

(o (22) ) e (229) )

L

1 le(S) ('i”l(S)) 4o Dina(s) (“”1(3>>(n_4)1 _

Kn—2(5)

Kn—2(5)

Applying the derivations in the first summation and collecting the derivatives of
same order yields

00 = maaals)] (20 ) 4 [a(6) + 14, 6) = D) (”)

Kn—2(s) Fin—2(s)

+Tia(s) + F;Q(s) — k1l 2(8)] (“"1(3)> 4

Kin—2(s)
Kon_1(5) ) (n—4)

Kn—2(8)

HTima(s) + T s(s)] <“"—1(5) ) " + Ty nes(s) <”"—1(5) ) Y %

FPons(s) + T a(5) — mTena(s)] (

Kn—2(5) Kn—2(8)

This equation is a nonhomogeneous linear differential equation of the order

2. Considered along with the initial conditions, :n%gzgg = ko, [%ﬁg” =

(n—3)
ki, ..., [z::;gg” = k,_3, it defines an initial value problem. The conti-

nuity of the coefficients of the higher order linear differential equation [F;’O(s) —
k1l0(s)], Tio(8) + T4 (s) = m1Tia ()], s Lime1(8) + Tip(s) = £1Tim(s)],- -,
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L n—a(s)+ F;’nﬂg(s)], [Ti,n—3(s)] and the function 1 guarentees the existence and
uniqueness of the solution for the initial value problem on I C R since [I‘;O(s) —
k1l 0(s)] #0,...,[[in_s(s)] # 0 for every s € I [23|. Division of the equation by
the coefficient of the highest order derivative gives
F«'n—1(8) (n—3)
(ﬁn2(8)>

Kn—1(5) (n=2) Tin—a(s)+ 1“27”_3(3)

(nnz(s)) - l Tin_s(s)

-Fi,n—S(S) + F;,n,4(8) — Iil].—‘i7n_4(5) <”in1<8> > (n—4)
Tins() Fn2(s)

Tio(s) +Tii(s) lei,l(s)] (ﬂn—1(5;>

T n—s(s) Kn—2(s

:r;o(s) - mri,o(s)] (nn_1(5)> 1

4_

/

4_

Tin_3(s) bm—2(s))  Tim_s(s)’

such that I'; ,_3 # 0. The continuity of the new coefficients comes from the con-
tinuity assumption of the theorem and the fact that [I'; ,_3(s)] # 0. Hence, The
homogeneous version of this linear differential equation has a fundamental set of

solutions on I C R containing solutions of the form (Z"—:;)k for k =1,2,... [23].

The fundamental set of solutions is linearly independent if and only if

W (Knl) ’<"{n1> ’.”’<"$n1>
Rn—-2 /1 Rn—2 /9 Kn—-2/,_9o

Kn—1 Kn—1 Kn—1
Kn—2 )¢ Kn—2 ) o e Kn—2 ), o
Kn—1 RKn—1

= Kn-2 /4 Kn—2 ) o e

TR TR PR
(“"*2)1 (“"*2)2 (”"*2)n72
for every s € I and the superposition principle suggests that the homogeneous
linear differential equation has a general solution of the form

(225) = (22) 0o (222) 0 (22) 0

for arbitrary constants ¢;, i = 1,2,....,n — 2 [23]. Using the initial conditions, the
particular solution can be found as

() = (m22) o v (22) 0+ (522)

Wn—l)
Fn-2/p o 7é 0
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There are several methods in the literature for analyzing the solutions of higher

order linear differential equations. For instance, the variation of parameters method
proposes a particular solution for the nonhomogeneous differential equation in the

m=1

where (%) (s) form the fundamental set of solutions and W, (t) are obtained

by replacing the m-th column of the Wronskian by (0,0, ..., (cI'; ,,—5(t)) ") [24].

4. CONCLUSION

In this paper, we have investigated some concepts of osculating curves, defined
on 3- and 4-dimensional Euclidean spaces, on the n-dimensional Euclidean space.
This generalization of osculating curves to E™ has been called ”generalized oscu-
lating curve of type (n — 3). A total of n — 2 generalizations of osculating curves
to E™ can be found by using the other binormal vectors. However, we have used
the (n — 3)th binormal vector for the generalization since the relations between the
curvatures provide meaningful results. Since the differential equation that gives the
relation between curvature functions of the osculating curve in the n-dimensional
FEuclidean space is a higher order differential equation, we have invesitaged the ex-
istence and uniquness of a general solution for the initial value problem of order
n — 2. The differential equation of order n-2 is a linear differential equation with
variable coefficients. Several methods in the literature can be used for analyzing
the particular solution of the higher order differential equation.
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ABSTRACT. Our aim in this paper is to introduce some idea about general-
ized relative Nevanlinna order (o, 8) and generalized relative Nevanlinna type
(a, B) of an analytic function with respect to another analytic function in the
unit disc where o and 8 are continuous non-negative functions on (—oo, +00).
So we discuss about some growth properties relating to the composition of two
analytic functions in the unit disc on the basis of generalized relative Nevan-
linna order (v, ) and generalized relative Nevanlinna type (o, 8) as compared
to the growth of their corresponding left and right factors.

1. INTRODUCTION

A function g which is analytic in the unit disc U = {z:|z| < 1} is said to
have finite Nevanlinna order |1] if there exists a number p for which the Nevanlinna
characteristic function T}, (1) of g satisfies T, (r) < (1 —r) *forall 7 in 0 < 7o (1) <
r < 1 where Ty (r) is defined as

2m

1 .
T(r,g) = %/ log™ ’g (7‘619)|d9
0

where log™ r = max(0, logr).
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The infimum of all such numbers p is called the Nevanlinna order of g. Hence
the Nevanlinna order p(g) of g is formulated as

) log Ty (1)
= limsup———9%~———.
p(9) AL ey

Similarly, the Nevanlinna lower order A(g) of g is formulated as

A(g) = lim infw.
r—1 —log(1—7)

Now let L be a class of continuous non-negative functions « defined on (—oo, 00)
such that a(z) = a(xg) > 0 for x < xg with a(z) 1 co as x — oco. Also through-
out the present paper we take a, 8 € L. Counsidering the above, Sheremeta |[5]
introduced the concept of generalized order («, 8) of an entire function. During the
past decades, several authors made close investigations on the properties of entire
functions related to generalized order (a, ) in some different directions. For the
purpose of further applications, Biswas et al. [2] have introduced the definitions
of the generalized Nevanlinna order (a, 8) and generalized Nevanlinna lower order
(a, B) of an analytic function ¢ in the unit disc U which are as follows:

Definition 1. [2] The generalized Nevanlinna order (a,B) denoted by p(, z)lg]
and generalized Nevanlinna lower order («, 3) denoted by Ao p)lg] of an analytic
function g in the unit disc U are defined as:

(exp(Ty(r))

~ a(exp(Ty(r))) ..
P(a,B) [g] = lim sup—————~ and )‘(a,ﬁ) [g] = h£n_>1nf
B (1ir> ' 5 <1ir)

r—1

Clearly P(loglog r,logr) [g] =p (g) and )‘(log log r,log ) [g] =A (g) :

Now we can introduce the definitions of the generalized relative Nevanlinna order
(c, B) and generalized relative Nevanlinna lower order («, 8) of an analytic function
g with respect to another entire function w in the unit disc U which are as follows:

Definition 2. The generalized relative Nevanlinna order (o, B) denoted by p(, 5)[9]w
and generalized relative Nevanlinna lower order («, ) denoted by \(q,)[glw of an

analytic function g with respect to another entire function w in the unit disc U are
defined as:

. r . . a
Plap)[glw = limsup——=—= and Ao, p)[glw = lim inf ————=—=
rot 6 (lir> - ﬁ <1ir)

The previous definitions are easily generated as particular cases, e.g. if w = z,
then Definition [2] reduces to Definition [1} and if a(r) = 8(r) = logr and w(z) =
exp 2z, then p(q g)[9lw = p(9) and A p)lglw = A(9).

Now one may give the definitions of generalized relative Nevanlinna hyper order
(a, 8) and generalized relative Nevanlinna logarithmic order (a, 8) of an analytic
function g with respect to another entire function w in the unit disc U in the
following way:
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Definition 3. The generalized relative Nevanlinna hyper order («, ) denoted by
Pla.p)l9lw and generalized relative Nevanlinna hyper lower order (a, ) denoted by

Ma,p)l9lw of an analytic function g with respect to entire function w in the unit
disc U are defined as:

a(log (T, " (Ty(r))))

2 log (T, ! (T,
and A(q,)[9)w ~ lim g 008 (T 1( o)
T

boa()

Definition 4. The generalized relative Nevanlinna logarithmic order («, 8) denoted
by Plas) [9lw and generalized relative Nevanlinna logarithmic lower order (o, f)

r—1

p(a,,@) [g]w = lim sup 1
8 ()

denoted by A, gy [g9]w of an analytic function g with respect to entire function w in
the unit disc U are defined as:

, a (T (Ty(r))) o (T, (Ty(r))
B(aﬁ)[g]w - lllglj?pﬁ(bgm and Aa,p)[9)w = hITIE{lfﬂ(lc)g(l».

1—r 1—r

Now in order to refine the growth scale namely the generalized relative Nevan-
linna order («, ), we introduce the definitions of another growth indicators, called
generalized relative Nevanlinna type (a, ) and generalized relative Nevanlinna
lower type (o, 8) respectively of an analytic function g with respect to entire func-
tion w in the unit disc U which are as follows:

Definition 5. The generalized relative Nevanlinna type (o, 5) and generalized rel-
ative Nevanlinna lower type (a, 8) of an analytic function g with respect to entire
function w in the unit disc U having finite positive generalized relative Nevanlinna

order (a, 3) (0 < Plap) 9w < oo) are defined as :

T-YT,
J(a,ﬂ)[g]w = llmjyp p(a( w (gig)la)))[g]w
T exXp (,6 lir )
and (o, p)lglw = liminf exp(a(Ty, ' (Ty (r))))

(T
r—1 (exp (5 (1iT)>>p<u,5>[g]w'

It is obvious that 0 < T4 gy[9lw < 0(a,8)[g]w < 0.

Analogously, to determine the relative growth of two analytic functions in the
unit disc U having same non zero finite generalized relative Nevanlinna lower order
(a, B), one can introduced the definition of generalized relative Nevanlinna weak
type («, 8) and generalized relative Nevanlinna upper weak type (a, 8) of an ana-
lytic function g with respect to entire function w in the unit disc U of finite positive
generalized relative Nevanlinna lower order (a, ), A(q,3)[g]w in the following way:

Definition 6. The generalized Nevanlinna upper weak type (v, 8) and generalized
Nevanlinna weak type (o, §) of an analytic function g with respect to entire function



GROWTH ANALYSIS OF COMPOSITE ANALYTIC FUNCTIONS IN THE UNIT DISC 229

w in the unit disc U having finite positive generalized relative Nevanlinna lower
order («, 3) (0 < ANa,p)9lw < oo) are defined as :

xp(a(T,

(r)))
A

?(a,ﬁ)[g]w = limsup ol

r—1

(Ty
(exp( =)))

exp(a(T, " (T, (r))))
e (2

)))‘(a Alglw
T

It is obvious that 0 < 7(4 8)[9]w < T(a,8)[9lw < o0.

In this paper we study some growth properties relating to the composition of two
analytic functions in the unit disc on the basis of generalized relative Nevanlinna
order (a, 3), generalized relative Nevanlinna hyper order (o, 3), generalized relative
Nevanlinna logarithmic order («,f), generalized relative Nevanlinna type (a, )
and generalized relative Nevanlinna weak type (a, 3) as compared to the growth
of their corresponding left and right factors. Also the standard definitions and
notations relating to the theory of entire functions are not explained here, as those
are available in [1], [3] and [4].

and 7(q,p)[9le = liminf

2. MAIN RESULTS
In this section, the main results of the paper are presented.

Theorem 1. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < Aa,p)[9(P)lw < p(a,p)lg(h)]w < oo and
0 < MNa,p)lglk < prapl9le < 0o. Then

Aa,8)[9(M)]w

<hmmff¥(T51(Tq(h)(T))) < wmin AMad) 9w Pra,p)[9(h)]w

Plaplale  — ol (TN (Ty(r) — Nap) 9l Plapldl
- Mo 9(W)w Pla,p)19(R)]w i su a (T, (Tymy(r)  Plapyl9(P)]w
=me { Mag) 9k " Plas 9]k }<1H1p a0 - Maplde

Proof. From the definitions of A, 5)[9(h)]w, P(a,B) [9(M)]ws Aa,8) 9]k P(a,B) [g]x and
L that
1—r

we have for arbitrary positive € and for all sufficiently large values of

a(Ty ) = Aaplgh)lw —e) B((1=r)""),

1)
a<w Ty () < (pias gl +2) B =1)71), (2)
(3)
(1)

a (T, (T, ( ))) > (MNaplglk —2) B((L =) 3
and « (Tk Y ) (p(a a9k + E) B(L—r)7h. 4
Again for a sequence of values of 1~ tending to infinity,

a (T, (Tym)(r)) < ()‘(aﬁ)[g(h)]w +e) B((1—r)7h), (5)
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o (T, Ty (7)) = (pa sy lo()]w — ) B0 =), (6)
o (TTHTy(1)) < (Mapylgle +€) B((1=7) 1) (7)
and a (T (Ty(r) = (p(aplole — ) BL=7) 7). (8)

Now from and it follows for all sufficiently large values of ﬁ that

o (T H(Tyny(r))) - Aap)g(h)]w —€
@ (Tk_l(Tg(T))) - Pa,B) gk +¢€
As g (> 0) is arbitrary, we obtain that
T (T, Mo M)w
T w'( 50 (1) < Aaslg()]
r=1a (T H(Ty(r))) Pla,p) 9]k

which is the first part of the theorem.
Combining (5) and (3) , we have for a sequence of values of 1 tending to infinity

that
o (T5 Ty (1) _ Maplg(W]w +e
a (TN (Ty(r) = Neplle—e
Since € (> 0) is arbitrary it follows that
tim e & Lo ) Ao 9l
r=1 o (Ty (Ty(r)) Aa,8) 9]k

Again from and @, for a sequence of values of ﬁ tending to infinity, we
get

: 9)

(10)

o (T5 Ty (1) . Maplg(W]w =€
«(TNT,0) © Maplals 2
As e (> 0) is arbitrary, we get from above that
T, (T, Ao 2w
A w'( o) S MaplgWlu
ror o (T (Ty(r) Aen) 9]k
Now, it follows from and (| . for all sufficiently large values of 1= that
o (TJl(Tg(h) (r)) ~ Pos) [9(R)]w + €
a (T (Ty(r) = AMaplale —e
Since € (> 0) is arbitrary, we obtain that
T, \(T, N )] w
limsupa( w7(1 () (1)) A ol )]u.
ro1 o (T (Ty(r)) Ae,5) 9]k
Which is the last part of the theorem.

(11)
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Now from and (8, it follows for a sequence of values of 1L tending to
infinity that

o (T (Tyny(r))) < Pep) [9(h)]w +¢
a (T (Ty(r) = Papldle —¢
As e (> 0) is arbitrary, we obtain that

lim infa (Tq;l(Tg(h)(T))) < P(a,B) [9(M)]w .
r=1 o (TN Ty(r) ~ Pl ldlk

So combining and @, we get for a sequence of values of 1—; tending to
infinity that

(13)

@ (TJl(Tg(h) (’I"))) > p(a,ﬁ) [g(h’)]w — €
@ (Tk_l(Tg(T))) -~ Pla,B) 9]k +€
Since € (> 0) is arbitrary, it follows that

im su a (qul(Tg(h)(r))) P(aﬁ)[g(h)]w
lr_)lp a(Tlgl(Tg(T))) g P(a,g)[g]k '

So, the second part of the theorem follows from and ,the third part is
trivial and fourth part follows from

(1) and (12).
Thus the theorem follows from @D , (10) , (L)), , and . O

Remark 1. If we take 0 < Aqap)lhle < papglhle < 00” instead of 0 <
Map)l9lk < pla,pylgle < 00” and other conditions remain same, the conclusion

(14)

of Theorem remains true with “Na,p)[9lk ", “P(a,plglk” and “a (T (Ty(r)))”

replaced by “Na.p)[Plk”, “Pra,p k™ and “a (T, " (Tn(r))) " respectively in the de-
nominator.

Theorem 2. Let g be an analytic function and h,w and k be non-constant en-
tire functions in the unit disc U such that 0 < Ma,p)lglk < pa,plgle < oo and
Ma,p)[9(h)]w = 00. Then

- Ty N (Tyny(r)))
r=1 (TN (Ty(r)))

Proof. 1If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of ﬁ tending to infinity

ATy (Tymy(r)) < A - (T (T(1))- (15)
Again from the definition of p(, g [9]k, it follows for all sufficiently large values of

1
7= that

(T (Ty(r)) < (P(a.pmlgle + €)B(

—). (16)
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From and (16)), for a sequence of values of r tending to 1,we have
_ 1
a(Ty Ty (r))) < A(p(a,plglk + 6)5(ﬁ)

(T, (Tymy (1))

B(i%)

T-YT,
o 2 T )
r—1 ﬁ( lfr)

This is a contradiction. O

i.€.,

< A(pa,p 9l +€)

= Aa,p)[9(h)]w < o0.

Thus the theorem follows.

Remark 2. If we take 0 < Aap)lhle < papglhls < 007 instead of 0 <
Map) Mk < pla,gylhle < 00” and other conditions remain same, the conclusion
of Theorem@ remains true with “a(T}, ' (T,(r)))” replaced by “a(T, (Ty(r)))” in
the denominator.

Remark 3. Theorem[d and Remark[d are also valid with “limit superior” instead
of “limit” if “Na,p)[g(h)] = o0 is replaced by “p(4 z)lg(h)] = c0” and the other
conditions remain the same.

We may now state the following theorem without proof based on Definition

Theorem 3. Let g be an analytic function and h,w and k be non-constant en-

tire functions in U such that 0 < Aa,p)[g9(R)]lw < Diapl9(h)]w < 00 and 0 <
M) 9k < Pla,pyl9lk < 00. Then

X(a,,@)[g(h)]w < liminfa(log (Til (Tg(h) (T)))) < mln{ (a0, ) [ (h)]w p(a B h) }

Paplde  — 1 a(log (T, (Ty(r)))) Napl9ls  Pa,pldl
Sm%amwm%%mwm}QMw<m( umm»_ a9
Xap)lgle  Plap ol ro1 a(log (T, H(Ty(r)))) /\(a )19k

Remark 4. If we take 0 < Aqpglhlx < Plapy bk < o0 instead of 0 <
X l9lk < Pla,pylglk < 00”7 and other conditions remain same, the conclusion of
Theorem@ remains true with “Na,5)[9)k”, “Pla.plglk” and “a(log (T, (Ty(r))))”
replaced by “Na.g)[R]k”, “Pia,py [k " and “a(log (T, (Tn(r))))” respectively in the
denominator.
We may now state the following theorem without proof based on Definition [4]

Theorem 4. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < A, gy[g(h)]w < Pla B)[g(h)]“’ < oo and

0 <Aaplglk < B(aﬂ)[g]k < 00. Then
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aplgMo (T Ty (™) [ A 90 p(a g9l
B(a”@)[g]k — r—l a(Tlgl(Tg(T))) - A(a,ﬁ)[g}k 7 76)[9]k
i Map) W Liasl9(W)]w N o (T Ty (1) _ Lragyl9Wl

= { Aapldle " P9l < limanp a (T H(Ty(r))) = Asl

Remark 5. If we take 0 < A p)[hli < Llap) [hlk < o0” instead of ‘0 <
A(aﬁ)[ e < o B)[ glk < 00” and other conditions remain same, the results of The-
orem remain true with ‘A, g)[9]k”, “B(a ﬁ)[g]k” and “a (T, " (T,(r)))” replaced

by Ao [Pk, “B(a 8) (W ” and “a (T}, (Th(r))) " respectively in the denominator.

Theorem 5. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < 74,8)[9(h)]w < 0(a,8)[9(h)]w < 00, 0 <
Gap) 9k < 0@plgle < oo and pi gy [9(h)lw = praplgle- Then

T(a,5)9(M)]w <liminfeXp(a(lel (Tym(r)) <min{0(a,ﬁ)[g(h)]w 0 (a,8)[9(M)]w
Taplgle T ol exp(a(TH(Ty(r) (0,0 9]k (a3 9]k
- {%mg(h)}w o(a,mg(h)]w} < s &P T ™) o p ot
B Tamlde " c@plde [T 1T exp(al(T (Ty(r))) T () (9]
Proof. From the definitions of O'(a)g)[ ]k,E(aﬁ)[ 1k, O (a 7,@)[ (h)]w andﬁaﬂ)[ (h)]w,
we have for arbitrary positive € and for all sufficiently large values of 1= that
exp(a(Ty " (Ty(n) (1)) 2 (F(a,p)[9(M)]w — €) (exp(B((1—7)71))) e ‘”[g h)]”’, (17)
exp(a(Ty ! (Ty(r))) < (0(a,m 9l + &) (exp(B((1 = r) 1)) enlde(18)
exp(a(Ty ' (Ty(r)))) = (F(ap) 9]k — £) (exp(B((1 = 7) 1)) e m ¥, (19)
exp((Ty, " (Tyny (1)) < (0@, lg (W] + ) (exp(B((1—7)~1)))Pem sl (20)

Again for a sequence of values of l—ir tending to infinity, we get that

exp(a(T, " (Tym)(1)))) < @aplg()lw + ) (exp(B((L—r) 1)) emls®l
exp(a(T; (Ty(r))) < (o, [ls +€) (exp(B((1 —r)7H))emll (22)
exp(a(T, H (Ty(r)) 2 (0(am gl — ) (exp(B((L —r)~1)))Pemlde (23)

exp(a(T, (Tg(h)( )))) > (0, [9(M)]w — &) (exp(B((1 — r)71)))Pem ol - (24)
Now from (I7), (I8) and the condition p(, )[9(R)]lw = Pa,p)
all sufficiently large values of TT that
exp(a(Ty ! (Tym (1)) _ Flaplg(W)]w — €
exp(a(T; M (Ty(r) ~ aplglste

21)

[9]k, it follows for
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As e (> 0) is arbitrary, we obtain from above that
T, (T o h)w
it SO T (0)) T lohl
r=1exp(a(T ™ (Ty(r))) 9 () [9)w
Combining and and the condition p, g)[9(h)lw = p(a,p)[9]k, We get for
a sequence of values of ﬁ tending to infinity that
exp(a(Ty ! (Tym (1)) _ Flaplg(W)]w + ¢
exp(a(Ty ' (T,(r) ~ Tapldle —¢
Since € (> 0) is arbitrary, it follows from above that
T, (T o h)w
it SO () _ T lol
=l exp(a(Ty T (Th(r)) T (a9

Now from (7)), and the condition p(, 5)[9(h)]w = p(a,p) 9]k, we obtain for
a sequence of values of —— tending to infinity that

(25)

(26)

exp(a(Ty ! (Ty00 (1)) - Teaplo (W)l — <
ep(a(T; (T,(r) — Famlal te

As g (> 0) is arbitrary, we get from above that
T-1(T 7 )
hmsupeXp(a( w _1( o(m) (1)) > ) gl
r=o1 exp(a(Ty " (Ty(r)))) T ()9
In view of the condition p, 5)[9(R)|w = p(a,p)[9]k, it follows from and
for all sufficiently large values of ﬁ that
exp((Ty " (Ton(r)) _ o [g()]w +¢
exp(a(T ! (Ty(r))) ~ Tlaplole —¢

Since € (> 0) is arbitrary, we obtain that

exp(Ty, " (To(r)) _ (a9

(27)

lim su — < — (28)
ro1 exp(a(Ty (Ty(r)))) T (0,819
Now from (20)), and the condition p(, g)[9(h)]w = p(a,p) (9K, it follows for a
sequence of values of -1 tending to infinity that
exp(a(Ty ! (Tym (1)) _ F(@plg(W)]w +¢
exp(a(T; ' (Ty(r)) — c@pldle —¢
As € (> 0) is arbitrary, we obtain that
T (T h)|w
(T (T ™) _ s lshle o0

ol exp(a(TH(Ty(r)) — o lal
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So combining (18] and (24)) and in view of the condition p, )[9(h)]w = p(a g)l9lks
we get for a sequence of values of tending to infinity that

1 s

exp((Ty " (Ton(r))) _ s g()lw —e
exp(a(T;  (Ty(r) U(a,ﬁ)[ kte
Since € (> 0) is arbitrary, it follows that

limswexp(oz(ﬂp (Tom ™)) - T@plg®lu
=1 exp((TH (Ty() ~ oapldle

Thus the theorem follows from , , , , and . O

Remark 6. If we take ‘0 < G(a,p)[hlx < 0(a,p)lhlk < 00”and “p(o g)[g(h)lw
PP [hly.” instead of 0 < T(aplgle < Olaplgle < 007 and “pi, s)[g(h)]w =
P(a,p) 9]k and other conditions remain same, the results of Theorem|5 remain true
with “0(a.p) 9]k, Taplgle” and ‘exp(a(T, " (Ty(r))))” replaced by “o(a,p A",
Glap bk ” and “exp(a(T,; ' (Th(r))))” respectively in the denominator.

(30)

Remark 7. If we take 0 < T(o,5)[9lk < T(a,p)[9le < 007 and “Pla,p) [g(h)]w =
ANa,plgli” instead of 0 < Taplgle < Ta,plgle < 00” and “pi p)lg(h)]w
Pa,B) l[9]x” and other conditions remain same, the results of Theorem [J remain
true with ‘o p)lglk” and “C(aplglk “ replaced by “T(ap)lgl” and “T(q p)lglk
respectively in the denominator.

»”

” ”

Remark 8. If we take ‘0 < T(a,p)[hlk < T(a,p)[hlk < 007 and “p(y p)[9(R)]w =
Ao,k instead of 0O < T(ap)(9le < Taplgle < 00” and “pi, plg(h)]w =
Pa,B) [g]x 7 and other conditions remain same, the results of Theorem|d remain true
with T (o p) gk, “O(aplole” and ‘exp(a(Ty " (T,(r))))” replaced by “r o g [hy",
“Tla,p)[Pe” and “exp(a(Ty, (T (r)))) " respectively in the denominator.

Now in the line of Theorem [5], one can easily prove the following theorem using
the notion of generalized Nevanlinna weak type and therefore the proof is omitted.

Theorem 6. Let g be a analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < 74 y[9(h)]w < T(a,8)[9(h)]w < 00, 0 <

T(a”g)[g]k < ?(a,[g)[ ]k < oo and A aﬁ)[ (h )] = /\(aﬁ)[g]k. Then
TaplgMWlo . cexple(Ty ( 9 (1)) <min{T<a,ﬁ)[Q(h)]w T (o,5)[9(M)]w
Tplgle — =1 exp(a(Ty ' (Ty(r) ~ Tp)l9e  T(ap)l9lk
< max{r(a,ﬁ) [9(M)]w T(a,8) [g(h)]w} < lim exp(a(Ty Y (Tymy (1)) - T (,8) [g(h)]w
- Tapldle " Taplde J 7 1 exp(a(T N (Ty(r) —  Tplole

Remark 9. If we take 0 < T(qp)[hlx < T(a,p)hle < 00”7 and “Nq p)[g9(h)]w =
Ma,p)[hle” instead of 0 < T(ap)l9lk < T(aplgle < 007 and N p)lg(h)]w =
Ma,p)9lk” and other conditions remain same, the results of Theorem@ remain true
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with “T(a,p)[9)k ", “Tlap)lgl” and “‘exp(a(T, " (Ty(r))))” replaced by “T(q,p Mk,
Flap bl and “exp(a(T, " (Th(r))))” respectively in the denominator.

Remark 10. If we take 0 < G(a,8)[9]k < 00,89k < 007 and “N,p)[g(h)]w =
Plap) 9k ” instead of 0 < T(ap)lgle < Taplgle < 00” and “Aap)lg(h)]w =
Ma,p)lgle” and other conditions remain same, the results of Theorem |f| remain
true with “T(o,p)[g9lx” and “T(ap)lglk” replaced by G pylgle” and ‘oo pylgln”
respectively in the denominator.

Remark 11. If we take 0 < T(4,p)[9lk < 0(a,p)lgle < 00”7 and “Na,p)[9(h)]w =
Pla,py [Pl ” instead of O < T(aplglk < T(aplgle < 007 and Nq plg(h)]w =
Aa,p)9le” and other conditions remain same, the results of Theorem@ remain true
with “T (5|97, “T(ap[gln” and “exp(e(TyH (Ty(r))))” replaced by T (o p)[hl1”,
Tl M7 and “exp(a(Ty; " (Th(r))))” respectively in the denominator.
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k-FREE NUMBERS AND INTEGER PARTS OF ap
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ABSTRACT. In this note, we obtain asymptotic results on integer parts of ap
that are free of kth powers of primes, where p is a prime number and « is a
positive real number.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let o and 8 be real numbers such that @ > 0. Let |x| denote the largest
integer not greater than x. Sequences of the form {|an + 3]}22 ; are called Beatty
sequences. A Beatty sequence is said to be homogeneous if § = 0. Beatty sequences
have been attracting a lot of attention since they can be viewed as analogues of
arithmetic progressions, therefore they show up in a broad context. The interested
reader is referred to [1}2}/4H6}/8H1 1)/ 14H16L|19L124].

Let k& > 2 be an integer. An integer is said to be k-free if it is not divisible
by a kth power of a prime. Very recently in [3], an asymptotic formula with an
explicit error term is obtained for k-free values of homogeneous Beatty sequences
at prime arguments (i.e. sequences of the form {|ap|}52,) provided that a is of
finite type (see Definition . This result can be viewed as a natural analogue of
the result of Mirsky [20]. In this article, we pursue this result and obtain two
asymptotic formulas that are of the same flavour. The results we present here are
well applicable to non-homogeneous Beatty sequences.

Theorem 1. Let k > 2 be an integer. Let {a;}i_, be a finite type subset of
irrational numbers each greater than one. Assume that {o;}i_, satisfies for
some T > 0. Let a = (a1, v, ...,04) and

m(x, k,a) = #{p < x: |ayp| is k-free for eachi=1,...,¢}.
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Then the following asymptotic is satisfied:

71'(1’7 k, a) — 7';(.%) + O (mlf(k71+£)(37—f27)1+k(2—1)7—+k2 elocgl?(iz:’;>
¢ (k)
or some constant C = C(a,...,ap) and every large x.
) ) Yy warg

A nested version of Theorem [I]is given below.

Theorem 2. Let k > 2 be an integer. Let {a1ag,as} be a finite type subset
of irrational numbers each greater than zero. Then the following asymptotic is
satisfied:

#{p < x:|ag|ap]]| is k-free} = Lz) +O(2'79)
for some € > 0.

Here, the interested reader is invited to investigate the following problem: Let
{a;}7, be positive real numbers. Define

J
a; = Han-‘rl—i-
i=1
Assuming that {al, as,. .. ,an} is of finite type (see Definition , show that

. (x _
#{p<x:l|ap|an—1---|a1p]]]| is k-free} = C((k)) +O0(z'79)
for some € > 0. It might also be fruitful to investigate the possible power saving in
the error term above.

1.1. Preliminaries and Notation.

1.1.1. Notation. We recall that for functions F' and G where G is real non-negative,
the notations F <« G and F = O(G) are equivalent to the statement that the
inequality |F| < aG holds for some constant o > 0. Further we use F ~ G to
indicate (F//G)(x) tends to 1 as z — oo.

Given a real number z, we use the notation {z} for the fractional part of z, the
notation |z | for the greatest integer not exceeding x and e(x) = >,

We use ||z|| to denote the distance from the real number x to the nearest integer.
A(n) =logp if n = p" where p is a prime number (here and hereafter). Otherwise,
A(n) = 0. p(n) denotes the Mobius function. ¢(n) denotes the Euler’s totient
function. 7(n) denotes the number of positive divisors of n. We also use 7(z) to
denote the number of primes not more than x.
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1.1.2. Preliminaries.

Definition 1. An irrational number « is called of finite type T, if

T = sup {B : hqrgioréfqﬁHaqH = O} < 0.
geN
If « is an irrational number of finite type 7, then by Dirichlet’s approximation
theorem (Lemma 2.1 of [25]) one has 7 > 1. The celebrated theorems of Khinchin
[17] and of Roth [21}/22] state that 7 = 1 for almost all (in the sense of the Lebesque
measure) real numbers and for all irrational algebraic numbers respectively.

Definition 2. A finite subset of real numbers {81, Ba, ..., B} is said to be of finite
type if there is T > 0 such that the inequality

P18y + hafy + - -+ + hefByll < (max{1,|hal,... [he[})77 (1)
has only finitely many solutions for h; € Z.

If {B,}¢_, satisfies (1)) for some 7 > 0, then it follows from Dirichlet’s theorem on
rational approximations that 7 > 1. Furthermore, such a set is linearly independent
over Q.

Throughout this paper, we shall mostly use the weak form of the prime number

theorem, that is
T

m(x)

Lemma 1. For every positive integer n > 1,

~ logz”

Clog5n
T(n) < e loglog 5n

for some constant C > 0.
Proof. Follows from |23, Theorem 2.11]. O

Lemma 2. If

a 1
o<t
ql = ¢

for some integers a and q such that (a,q) =1, then

<

D _elop) < wlog’a ((f% +aTE 4 q%x*%) .

p<T

Proof. This follows in a standard way using the main result of |12} §25]. |

Lemma 3 (Erdés-Turdn-Koksma Inequality). If {x;}Y, is a finite sequence in RY,
then for any J C [0,1)¢ that is a Cartesian product of subintervals of [0,1) and any
H > 1, we have

‘ N 1
#I<I<N: @€ mod 1} = [JIN < - + S| D ellhzy)|.

r(h) | &
0<||h||<H 1<i<N
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Here |J| denotes the £-dimensional Lebesque measure of J, (-, -) denotes the standard
inner product in R® and we set ||h|| = max;<;<o{|h:|} and

¢
r(h) = Hmax{|hi|,1} (2)
i=1
for all h = (hy,ha, ..., hy) € Zt. Moreover, the implied constant depends only on
L.
Proof. For the proof see [18]. O
The following lemma is a classical result due to Vinogradov |26, Lemma 12].

Lemma 4. Let a, $ and A be real numbers such that
1
0<A<§ and ALfB—a<1-—A.
Then there exists a periodic function W(x), with period 1, satisfying
(i) U(z) =1 in the interval a + 3A <z < B — 1A,
(i) W(x) =0 in the interval B+ $A <z <1+ a— LA,

(iii) 0 < ¥(x) < 1 in the remainder of the interval o — %A <z<l+a— %A,

(iv) U(x) has a Fourier expansion of the form

(oo}

U(x) = Z ape(hx),

h=—oc0
where

lan] < ¢ min {|h|_1, |h|_2A_1}
for every |h| = 1 and some c fized. Furthermore, ag = 8 — a.

2. PROOF OF THE MAIN RESULTS
2.1. Proof of Theorem Let a = (a1, g, ..., ay) and
m(x, ko) = #{p < x: |a;p]| is k-free for each i =1,...,¢}.

Let 7y, denote the characteristic function of k-free integers. Since

Ti(n) = 3 u(d), (3)

dk|n

we have
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(x, k, o)

= ZIk(LOélpJ)"'Ik(LaepJ)

= Z Z pldy) | - Z juen)
p<z \d¥||a1p] dj|Leep)

= > > wldi)--plde)

p<x (dy,...,d¢)

df||a;p]
i=1,...0
= Y pldy)-eplde) Y1
(d1;...,de) p<z
d¥|leip)
i=1,...,0
= Y opld) ) YU+ > plda) () Y
(d1dp2de) kp<95 (d1d,m,de) kpéfﬂ
iN% K2 i>Z || oy
i=1,...,0 i;‘k{? for some i=1,...,4 (f;ll\‘%

where z < /% will be chosen later. It follows from Lemma [1] that for all i =
1,2,...,¢ there exists a positive constant ¢; = ¢;(«;) depending on «; such that

cilogx
7(leip]) < TosTos &
for every p < x. Then, for all:=1,2,...,fand p < x
clogx
T(laup)) <€ eﬁ7 "

where ¢ = max{cy,...,c¢}. Set C = ¢(¢ —1). Then, by and using partial
summation in the last step, we get

Do wld)epldy) Y1

(d1,...,de) kP<I
d'>Z dr (o7}
for somg i=1,...,0 zl:‘ll_,z,)lJ
< Y Yo+ Y Y
(di,...,de) P (dy,...,dg) p<z
di>z  d¥||a;p] de>z  dF||aip)
=1, 0 i1,

- Z Z 1] Z 1 +...+Z Z 1] Z 1

P \ df|[eap) | Loep] P<T \df||a1p) d | Loep]
di1>z de>z



242 S. CAM CELIK

4 -1
<y v (HT(LamJ)>+~-~+Z S (HTuaipn)
p<z \ d¥||a1p) i=2 p<z \ d¥||acp) i=1
dy >z de>z
< clornes % 1+ Y
P<z d¥|[op) P<z df| o p)
di1>z dy>z
< el |33 1443 Y1
di>z p<z d¢>z  p<z
%[l arp) d5 || ep)
< el [ 3TN 1443 Y0
di>zm<arx de>zm<Lapr
d’f|m df,f\m
lClloga:
Clogafl a1xr Qyx eloglogx
< ¢ loglogx <de++zdk><<zkl'
di>z L di>z t
Therefore,

rleka)= Y p(d)-pd) S 1+0<””> (5)

(d1,...,de) kl)<$
<z di|aip]
geeesl i=1,...,0

Next, we will study the sum above appearing in which runs over all tuples
(di,...,dy) of positive integers where d; < z for alli =1,... (.
So, let d = (dy,...,ds) be such a tuple and set

¢ ¢
1 1
D = dj’ Di = dj and Id = |:07 dlf) X - X |:O7 d?) (6)
i=1 /

Jj=1
J#i

for all i = 1,...,¢. For a positive integer i, let p; denote the ith prime. Observing
that

lap] =0 (mod d) if and only if {%} < é, (7)
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we have
Xo1= > 1= ) 1= > !
PLT pP<ZT PSZT Pz
Wllew)  Lowpl=0 (moad)  {ep}og ( 2}, {22 )gd (8)
i=1,...,
=#{i < 7(x): t; € Ia},
where

¢ = {alpi} {aepi}
i & U .
It follows from Erd&s-Turdn-Koksma Inequality that for all H > 1,

7(x)

(T 1
< % + > el(hty) (9)

o<imier "™ [i&ate)

77(1‘) 1 hiDyog + -+ 4+ hyDyay
ST T, 2w Ze( D 'p>'
0<|/h||<H

Next, we shall prove the following lemma.

p<T

Lemma 5.

hiDyog + -+ 4+ hyDyay
Ze D P

p<T

< xlog?’ €T (J?_ 2(71+1) (max{|h1|D1, ey |h(‘D£}) 2(711) D2(71+1) -+ 3;_%>

uniformly for all h = (hy,...,hy) € Z* such that ||h|| > 0, where D; and D are
defined in @
Proof. Since {a;}¢_, satisfies for some 7 > 0, there exists a positive constant
A > 1 such that
(max{|h1|, RN |h[|})77— <A ||h10¢1 + hoorg + -+ - + h[&g” (10)
for all (hy,...,hs) € Z* such that maxj<;<o{|hi|} > 0. Let h = (hy,..., hy) € Z°
be such a tuple and set
~ hiDyay + -+ heDyay
= 5 .
Let 1 € @ < z/2 to be determined later. By Dirichlet’s rational approximation
. r x
theorem, there exists — € Q such that 1 < ¢ < 6 and
q
Q

< —.
qx

Mn

r
mp — —
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So,
lg(hiDycy + -+ -+ heDyary)|| < Q7D (11)
On the other hand, it follows from that
llg(hiDiay + - - - + heDyoy)|| > A~ g7 (max{|hy1D1|, ..., |heD|}) 7. (12)
Combining and , we get
1
xT
2 Dl D AT DI O 13)
Then it follows from Lemma [2 that
Ze(mh-p) < xlog?’x(:r_%M%D%Q% +$_%+Q_%)a (14)
pPsZT
where for the sake of brevity we set M = max{|h1D1],...,|heD¢|}. By [13, Lemma

2.4], there exists 1 < Q < /2 such that the left hand side of is

_ 1 T 1 1 1 1 1
< zlog®x (33 A0 M 26D DD 4 p7 3 M2 D37 4 x‘%) .

At this point, we can assume that z" 2 M2D3 < 1, because otherwise the required
upper bound holds trivially. Therefore, the second term is beaten by the first term
giving the proof of Lemma O

We next proceed by plugging this upper bound into @ We also use the upper
bound |h;| < H together with the upper bounds D < zF* and D; < 2=, Then
the difference in the first line of @ is

< @ + (:E172(T1+1> HZwD zk(ﬂﬁ?flrltw log® = + x5 log® x) L
H 0<|hz|<H r(h)
(15)
Now, by
¢
> Lg > . L <{1+2 ) 1 < log' H,
0<|/n||<H r(h) 0<||h|[<H [ L= (max{|hs], 1}) 1<h<H h
(16)

where in the last step we use integral test. Here we note that the implied constant

depends on ¢. Coupling , @, and , we arrive at

S @)
dk ... dk
p<z 1 0
df || evip)
i=1,...,0
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< % —+ xlfz(-rl-%—l) H2<7—:—1) Zk(g—(:-)%—rl-;—ke 10g£ H10g3 T+ x% logé H10g3 T (]_7)
for every H > 1 and every (dy,...,dy) such that d; < z < z'/* for each i. Noting
7(z) <« x and choosing 1 < H < x by 13| Lemma 2.4], the left hand side of

is

E(L—1) T4k

1_ 1 1—1  El-DLrtkt 4
372 » 37+2 +x 2(7+1) z  2(v+1) —+ x%) .

< logé'|r3 x (x

On summing this over all tuples (dy,...,dy) of positive integers where d; < z for
alli =1,...,¢, we observe from (] that for all 1 < z < z'/*,

Z pldr) - - - plde)

m(x, k,a) — 7(x)

k... dk
(d1seerde) di - dy
i=1,...,0
Clogx
C1yrtke _1)r Tog log =
o
Here,
‘
Z p(dy) - - - p(de) _ (d)
k... gk - k
(d1,...,de¢) di - dy d<z d
digz
i=1,...,0
and using the following inequality
d) = p(d 1 1
SEE - R < <
d dk dk k=1
d<z d=1 d>z
it follows by the mean value theorem that
’ - ‘
pld) ) pd) ) 1
dk dk Sh—1"
d<z d=1
Therefore, the contribution of the sums running over d; < z forallt =1,...,/ is
w(x w(x
o2t
¢ (k) z
yielding for all 1 < z < z'/*
w(x
(x, k, a) — z( )
¢ (k)
Clogx
)ik 0—1)T4ke Tog log @
<< 10g€+3 €T <x1737—1+2 Zk(l’é’li;—k@ +4 + x172(7—1+1) Z“Z(:l—l‘;—k +¢ + x%z‘g) -|— 76 gk gl "E,
h—

(18)
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where C' = C((, @) is positive. On the right hand side of (L8)), the first term beats
the third term as 7 > 1 and the second term whenever

1
z < x FE-D)T Tk

which one can assume since otherwise holds trivially. Using now [13| Lemma
2.4] to choose optimal z < z1/% the left hand side of is

C’loga 1— (k=1)@B7r+1)+k(l—1)T+ke+£(37+2)
K elogloga (1; 37—+2 _|_ x k + xr (k—=1)(B37+2)+k(£—1)T+ke+L(3T7+2) )
1— C’log x

<L g = 1+€)(37+2)+k(£ 1)T+ktzeloglogz

for some constant C’ depending on ¢ and «, therefore the claim follows.

2.2. Proof of Theorem The proof will be similar to that of Theorem [1} We
shall therefore be brief. Let o = (1, a2) and define

Ta(T, k) = #{p < x: |1 |aap|] is k-free}.
Let 1 < z < /" be a number to be determined. Using , it follows that
= > wd=d D > D> ()

< d¥|[ o [azp]] PSZ d*|| oy [aap] | PST @[ o [azp) ]
d d>z

As we did before, we have

YooY ud <o

PST d¥ || [azp) ]
d>z

where the implied constant depends only on a7 and as. This yields

=Y X wd+0(zx)

PST 4| [azp]]
d<

<z

We now proceed to derive the main term. Writing

7 (x) p(d)
YY) =Y ) ORIRE [acel RV SECE
PSZ d*|| oy |aap] | d<z p<zT d<z
d<z a1 [azp||=0 (mod d¥)
and using partial summation to get

d<z
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one arrives at

_ 7(x) x m(x)
ﬂa(x,k)—@+0 e +§Z > L= (19)

p<T
lailasp] |=0  (mod d*)
forany 1 < z < z1/%. Let us now concentrate on the error term and proceed to
show that it is < #!7¢ for some € > 0. Using observation @, together with Lemma

one ends up with
arhy |asp)
dk ’

(20)
where H; is a positive number to be determined. So, it boils down to estimate the
exponential sum above. To do this, we let K be a sufficiently large number and we
write

n(x)  w(z) 1

) 1] - ™) @)

& < T 2= ¢

pse 1</ ha|<H, p<z
lai|azp] |=0  (mod d*)

Lasp] = azp — {aep},
yielding

() - ¥ (o mbirh)

p<z 0<i<KK—1pel;(z)

where I;(z) = {p <z: % < {aap} < %} Since
e(t) =14+ O([t])

uniformly for all t € R, we have

(11042h1p a1h1{a2p} o Oélh1i ozlaghlp |h1|
e( dr d* = xe )\ T )T\ ke

if p € I;(x). Therefore, the left hand side of is

|hy|m(z) aroghip
<Sxa t 2 |2l )| (22)
0<i<K—1 |pel;(z)
Given0<i< K-1,let 8, =i/K, v, =(i+1)/K and 0 < A < 1/K be a number
to be chosen. By Lemma there exists a periodic function ¥,;(x), with period 1,
satisfying

(i) ¥;(z) =1 in the interval 8; + A <z < 7y; — 3A,

(ii) W;(z) =0 in the interval v, + A <z < 14 8; — 3A,
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(iii) 0 < ¥;(z) < 1 in the remainder of the interval 3; — 1A <

N
8
/A
[t
+
>
|
N[
b

(iv) U;(z) has a Fourier expansion of the form

oo

U, (z) = Z ape(hx),

h=—o00

where ag = 1/K and
lap| < ¢ - min {|h|_1, |h|_2A_1}

for every |h| > 1 and some c fixed.
<

Let ¢,(z) be 1if 8; < {z} < ~; and ¢;(z) = 0 otherwise. It follows that ¥;(x) and
¥, (x) agree on [0, 1] except possibly for two subintervals of [0, 1] of length < A.
Therefore,

3 e(a1a2h1p) 3" Wi(asp (a“ﬁhlp>+0 Y1 (23)

pel;(x) p<zT p<T
{azp}el

where [ is a union of two intervals and is of length A. Since ay is of finite type, fol-
lowing the proof of Theorem 5.1 in [8] together with a partial summation argument,
it follows that for some 0 < ¢” < 1/5, one has

Y 1=An(2)+0 (xl—f”) , (24)

P<ZT
{agp} el

uniformly for all 0 < A < 1/K. Therefore, we see that the left hand side of is

1 arozhp
=g e (dk>

P<T

h hod” "
+0 Z |an, | Ze<(a1a2 1+ Qallg )p> +A7r(x)+:c17€

dk
[h2|>0 PST

Letting Hs be a positive integer to be determined, we split the sum running over
he at Hy. For |he| > Ha, estimating the innermost exponential sum by 7 (z), and
using the upper bounds a, < 1/(Ah?) and a;, < 1/|h|, we obtain that the left
hand side of is

alaghlp 1 (araghy + aghad®)p
—e (M) o > sl (e

p<£ 0<|h2‘<H2
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Plugging this upper bound into yields that

Z . <a1 h1d£a2pj >

psT

T (W) r T > iy (et e

pP<ZT iSK 0<|he|<H2 P<ZT
m(z)K 1—e | |halm(z)
AK K € —_—,
+ A, + m(r) + Kz + KdF

We are therefore left with the estimation of

S (e astadr), (26

p<T

whenever max{|h1|, |h2|} > 0. To estimate the exponential sum, by Dirichlet’s
theorem we pick up a rational number a/q satisfying

1
qxlfm

(Oélaghl + Oéghgdk) a

dk q

with 1 < ¢ < 217", where 0 < k < 1 is to be determined. Since {ajaz,as} is of
finite type, similar to how we obtain

1—r

T T
. <
d~ max{|hi|, |had*|}
for some 7 > 1. Then by Lemma [2| the exponential sum is

11—k

qg<

< zlogx ((max{|h1|, lhod®|})Ed3 2T + 2% + x’%) .

At this point, we assume that 0 < max{|hi|, |ha|} < 2 where & is a sufficiently
small number to be determined in terms of k. Then,

k !
Ze ((a1@2h1 ji_lcthQd )p) < (d%xlfl{f T Lot 4 x”%) log®z, (27)

psT
uniformly for
0 < max{|hy], |ha|} < 2%

Plugging the upper bound into 7 we arrive at

h T 1—r , g x
> e (W) < K (a2 T ol 4017 ) loghe

pPsT
m(x)K
AH,

H17T(.’E)
Kdk '

+ + AK7(z) + Ko' =" +
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uniformly for || < xsl, provided that Hs < JUs/, 0<k<1l,0<A<1/K and K
is sufficiently large. Plugging this upper bound into and summing over d < z,
we see that the error term in is

xz krtk 4 _1-r & 4 ok

< Z 4 K2 2l T 4 at 4222 | log’ e
H,y

x

k1

K v H
+ 2AKz + 2zK2'™¢ + 1~T> logx + (28)

+ (AH2 K

provided that 0 < Hy, Hy < x‘f/, 0<k<1,0<A<1/K and K is sufficiently
large. We now make all unspecified constants explicit. For 0 < €1,¢e9,€3,¢64,65 < 1
to be determined, we set

K=z H =22, Hy=2°*, A =2"%* and 2z = 2°°,

where 0 < g5 < 1/k (this assumption is from the beginning of the proof). Examin-
ing each term in , the right hand side of is < x'7¢ for some € > 0, if the
following inequalities are satisfied:

(1) g5 < 1/k3,
(2) e2,e3 <€,

(3) €5 < €9 < €1,

(4) &1 +e5 < min{eq,e”, k/2},
(5) e1+e4+e5 < €3,

) e1+es(l+ ErEky e o 1o

(6
where £ < 1/5 is a fixed positive number defined in (24)), 7 > 1 is a fixed number
and 0 < Kk < 1 and 0 < ¢ < 1 are to be chosen. We choose x = 2/5 and
¢’ = (1 — k)/(27). Then since ¢’ < 1/5, we assume that 4 < €” so that the
fourth inequality becomes equivalent to €1 + €5 < €4. We next choose €3 < &’
and €4 < min {53,5”} and €7 < min {54,53 —e4,(1— H)/(4T)}. Finally, we choose
g9 < min {51,5’} and

< mi 1 2T 11—k
£ min-< €2,84 —€1,3 — €1 — €4, + — &
5 2,c4 1,¢3 1 47ka (]f+2)7'+k AT 1 )

completing the proof.
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ABSTRACT. In this paper, a new three-parameter lifetime distribution is pro-
posed by mixing modified Weibull and generalized gamma distributions. The
point estimation on the distribution parameters are discussed through several
estimators. The interval estimation is also studied with two methods based on
asymptotic normality and likelihood ratio. A Monte Carlo simulation study
is performed to evaluate the biases and mean square errors behaviors of point
estimates for a different sample of size. A simulation study is also conducted to
investigate the coverage probabilities of confidence intervals. The distribution
modeling analyses are provided based on several real data sets to demonstrate
the fitting ability of the introduced distribution.

1. INTRODUCTION

The Lindley (L) distribution is introduced in [18] with cumulative distribution
function (cdf) and probability density function (pdf),
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respectively, and 6 > 0 is a parameter.
L distribution can be represented as a mixture of two distributions with pdf

fr(x;0) =p fe(2;0) + (1 —p) fc (z;0), (1)

where fg (z;0) = fe=% and fg (2;0) = #*ze%" are the pdfs of exponential and
gamma distributions respectively and p = % is the mixing proportion of distribu-
tions. Since the L distribution is IFR, it is unsuitable for modelling the data that
obeys the non-linear hazard rate structure. [12] introduced the power Lindley (PL)
distribution, which generalizes the Lindley distribution with the following pdf

fer (x;0,0) = %(l—i—xo‘)xa*le*exa,m>0, a,0 >0,
= hW(‘raave)—’_(l_p) fGG(ir;aae)a

where fy (z;,0) = a2z e %" and faoq (z; 0, 0) = af?z2 e 0% are the pdfs
of Weibull and generalized gamma (GG) distributions respectively and p = 1_%9
is the mixing proportion of distributions. [12] investigated properties of the PL
distribution with an application and outlined that the PL distribution is a better
model than the other L and exponential based distribution.

Moreover, several generalizations have been proposed in the literature in order to
increase the flexibility and usefulness of the L model. Some of them are: generalized
Lindley (GL) [32], exponentiated Lindley (EL) [22], discrete Lindley [11], extended
Lindley [6], beta Lindley [20,21], exponentiated power Lindley (EPL) [31], odd log
logistic power Lindley [1], odd log-logistic Lindley Poisson [24], odd Burr Lindley (3],
binomial discrete Lindley [16], Weibull-Lindley [4] and generalized power Lindley
[15] among others.

This paper aims to introduce a new flexible distribution that generalizes the L
and PL distributions with the same structure of . Furthermore, we are also
motivated to propose a new L distribution because introduced model has various
pdf shapes as well as non-monotone hazard rate function (hrf) shapes unlike L and
PL models.

The paper is organized as follows: In Section [2, a new lifetime distribution is
proposed and several distributional properties are discussed. Several point estima-
tion methods are discussed for the distribution parameters in Section 3} In Section
the interval estimation is considered with two well-known methods. The Section
close the paper with three distribution modeling analyses based on real data.

2. MODIFIED LINDLEY DISTRIBUTION AND SOME PROPERTIES

A random variable X has a Modified Lindley (MoL) distribution if its pdf is
given by

frrorn (23 8) = 0‘1—21 [(oz + Bz) e 07 (7 =1) 4Bz axa} om0 x>0,
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where a, 8,0 > 0 are parameters and E = («, 3,6). Indeed MoL distribution is a
mixture of two distribution with the following representation:

f({E,E) =Pg1 (x;a,ﬁ,@)-i—(l—p) 92 (:v;a,&),ac>0, OZ,570>0, (2)

where p = 9_%1 is the weighting parameter of the distributions, g1 (z; «, 8, 0) is the
pdf of Modified Weibull (MW) distribution introduced in [17], with the following
pdf

g1 (z;0,8,0) = 0 (o + f) x@ " LePr—02% exp(Br) 4 g,

and gs (z; , 0) is the pdf of a GG distribution introduced in [28], with the following
pdf

g2 (z;0,0) = af?x? e 1 > 0.

From , we see that the MoL distribution is a two-component mixture of MW
and GG distributions with weighting parameter p. We denote the MoL distribution
with parameter E by MoL(E).

While 8 — 0, MoL distribution reduces to the PL distribution. While 8 — 0 and
a — 1, it is reduced to L distribution.
The cdf and hrf of the MoL distribution are

_poa Bz a
14 02% + e Ox e’ +0x s

F(z;E)=1 i1 e’ x>0 (3)

and

6% g1 {(a + px) e (77 —1)+pz + ozxo‘}
h (.2?, :‘) = 1+ 0z + 96—91’&@51-!—9;60‘ T > 0

respectively. The plots of the pdf and hrf are given in Figure [I] to identify their
possible shapes. These figures show that the MoL distribution can be unimodal,
bimodal, decreasing and firstly decreasing then unimodal shaped. On the other
hand, the hrf of MoL can be both monotone and non-monotone structures.

In distribution theory, stochastic ordering is an essential measure for evaluating
the comparative behavior of random variables. It is known that X <;. ¥ = X
<pr Y = X <4 Y, see |25]. For more information about stochastic ordering with
different applications, one can see [27]. Likelihood ratio ordering is shortly defined
as follow: X is less than Y in the likelihood ratio order (denoted by X < Y ) if
fx () / fy (z) increases in x over the union of the supports of X and YV .

Theorem 1. If X ~MoL(«,,01) and Y ~MoL(a, 3,02) and 61 < 0, then X
<; Y.

Proof. See Appendix.

Corollary 1. If X ~MoL(«,8,01) and Y ~MoL(«, 3,602) and 61 < 0 then X
<pr Y and X <4Y.
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Theorem 2. For r € N, the raw moments of MoL(E) are given by

r_ Ty _ 1 —r/a = ) ) 1-s,/a
u,._E(X)_—9+1 L (r/a+2)6 + > AT (sp/a+1)6

U yeeylp=1
(4)
Proof. See Appendix.

Corollary 2. The mean and rth central moment of the MoL(E) are given, respec-
tively, by

= ﬁ I'(1/a+2) 9—1/“+§:aiF(i/a+1)91‘““]7 (5)
and . -
py=E(X —p)=> (-1)" (;) TS (6)
h=0

Using @7 the skewness and kurtosis coefficients can be obtained by

2
/7 H3 Hy
ﬁ = — and /B = —,
R Y

respectively. The mean, variance, skewness and kurtosis are computed for some
choices of parameters and given in Table [II From Table [I] it is seen that the
coeflicient of kurtosis can take negative and positive values. This shows that the
distribution has a flexible structure in data modeling. In addition, it is seen that
the new distribution is flatter than the normal distribution. When 6 increases, the
kurtosis coefficient increases and the variance decreases. E(X) decreases when the
parameter [ increases.

TABLE 1. The mean, variance, coefficients of skewness and kurto-
sis for some choices of parameters

0=0.9 0=15
a [ E(X) Var(X) Skewness Kurtosis E(X) Var(X) Skewness Kurtosis
0.9 0.9 1.5597 3.0668 2.2407 9.9440 0.7844  0.8065 2.5707 12.4062
1.5 1.5104 3.1444 2.2221 9.7165 0.7466  0.8203 2.6166 12.4272
5 1.4181 3.3299 2.1388 9.1238 0.6687  0.7341 2.5844 11.8172
1.5 0.9 1.1363 0.6088 1.1457 4.2521 0.7436  0.2664 1.3223 5.0558
1.5 1.0910 0.6416 1.1738 4.1289 0.7042  0.2750 1.4381 5.1801
5 0.9906 0.7491 1.1068 3.6418 0.6099  0.3188 1.5008 4.8333
5 0.9 09740 0.0536 -0.1046 2.6206 0.8486  0.0419 0.0095 2.7336
1.5 0.9444 0.0614 0.0376 2.3197 0.8166  0.0466 0.2250 2.5554

5 0.8473 0.1046 0.1864 1.5997 0.7086  0.0764 0.5842 1.9761
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3. POINT ESTIMATION

In this section, the maximum likelihood, least square, weighted least square,
Anderson-Darling, Cramer-von Mises, and maximum product spacing methods are
discussed to estimate the MoL distribution parameters. It is noticed that these
estimates are also used in [2], [13], [14], [29], [30] among others. Let X1, Xo,..., X,
be a random sample from the MoL(Z) distribution with realizations x1,xa, ..., Zy.
Furthermore, X1y, X(2), ..., X(n) be the corresponding ordered statistics with re-
alizations z (1), Z(2), ..., (). Then the log likelihood function can be written by

L(E)=2nlogf —nlog (6 +1)+ (o — 1)Zlog(wi)
i=1

3

— Zlog [(o + Bz;) exp {—0z (77 — 1) — Ba; } + az]. (7)

i=1

Hence, the maximum likelihood estimate (MLE) & of 2 is written by

The maximum product spacing estimate (MPSE) was proposed by [9]. The
MPSE E,;ps of parameter E are achieved by maximizing

- 1 & - -
MPS(E) = m Zlog [F(x(iﬁ:') - F(l’(i—n;ﬂ)] ) 9)
=1

where, F' is Mol cdf given in and F(z(); E) = 0 and F(2(,41); E) = 1. Note
that the MPSE can be written by

[

Mmps = argmax MPS(E). (10)

The least square estimate (LSE) ) Lsg of parameter E are obtained by minimiz-

ing the function
n

) 2
i
LS(E) = E F(zu;E) — 11

> i—1( (293 ) ”+1) ’ an
where F' is MoL cdf given in . Hence, LSE of E is given by

Erse = argminLS(2). (12)

The weighted least square estimate (WLSE) Ey sg of E are obtained by min-
imizing
WLS(E) =

i=1

(n+2) (n+1)* _ PN
Ci(n—i+1) <F (z@): &) - n+1> : (13)
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Then the WLSE of E is presented by
SwLsp = arg min WLS(E). (14)

The Anderson-Darling (ADE) type estimate E Ap of parameters = are obtained
by minimizing

ADD (B) = —n—» 2=t [log F (2(:); E) +log {1 — F (x(nt1-1E)}].  (15)
i=1

The ADE of E is written by
Sap = arg minADD(E). (16)

The Cramer-von Mises (CVME) type estimate, écv M of parameter = are ob-
tained by minimizing

n . 2
—_ _ 2t —1
CVM (B) = 13 + Z [F (i) B) — o | (17)
i=1
The CVME of E is given by
Ecyy = argminCV M (E). (18)

In order to achieve the values of estimates, the R functions such as constrOptim,
optim or maxLik can be used.

The simulation study is performed for the bias and mean square errors (MSEs)
of estimates and the results are presented by graphically. We consider N = 1000
trials of size n = 20,25,...,1000 from the MoL distribution with true parameter
E =(5,5,2). All estimates are achieved by using constrOptim routine in the R.
The simulation results are presented in Figs. Figs. show that all estimates
are consistent since the MSEs decrease to zero for large sample size. The CVME
and MPSE have the maximum amount of the biases for all parameters while CVME
and WLSE have the maximum MSEs for all parameters. On the other hand, MPSE
is the best estimator according to MSEs for small sample size. It is noticed that the
MPSE and MLE has almost same MSEs for moderate and large sample size cases.
The ADE and LSE have the lowest bias for all parameters. As a final comment
on the simulation study, we recommend that the MLE or MPSE should be used to
estimate the parameters.

4. INTERVAL ESTIMATION OF MOL DISTRIBUTION PARAMETERS

In this section, the confidence intervals (Cls) are discussed for the parameters
a, 8 and 0. In general, Cls are constructed by using MLE based on pivotal quanti-
ties through the asymptotic normality(AN) property of MLE. These CIs are most
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popular in many fields and they are commonly used in statistical software. The
AN of MLE can be written by

EL N (B,171(®),

where 2 is MLE of 2 given in and I(Z) is Fisher Information matrix. Using
this fact, the 100 x (1 —v) % AN CIs of parameters a, 8 and 6 are constructed,
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respectively, by

+2_3 xse(a),
B:ﬁ:zl,% X se (B),
/G\j:zl_% X se (5),

where z,, is the a' quantile of the standard normal distribution, se (@), se (B)

and se (5) are the roots of the diagonal member of 17! (é) which is a consistent

estimate of 7! (E) and the se (-) stands for standard error.

There is another method called uncorrected likelihood ratio (ULR). It is noticed
that AN and ULR CIs are asymptotically equivalent .

Under usual regularity assumptions on the likelihood function, if the « is true

parameter, then —2log (E (mi) —/ (é)) distributed as X%1)7 where XA = (8,6)
are the nuisance parameters, £ is the log-likelihood function as in @), Z is the joint
MLE of (a, 8,60) given in 7 A= (E,g) is the restricted MLE of A given a fixed
value of a. Using this fact, 100 x (1 — ) % ULR CI limits «;, and ay that satisfy

1 (a, X) =/ (é) - %X%D (1-a) (19)

LR Bound

800
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with a7 < a and ay > «, where Xgl) (a) is the a*® quantile of the x? distribution
with 1 degrees of freedom. The 100 x (1 —+) % ULR CIs can be produced in the
same manner for the other parameters 8 and 6.

In the simulation study, 5000 trials are used to predict the coverage probabilities
(CPs) of the AN and ULR CIs. The nominal level is fixed at 0.95. In order to get
CPs of ULR ClIs, there is no need to obtain the CIs limits. It is possible that the
CPs of ULR CIs can be simulated by a likelihood ratio test on the true parameter.
The simulated CPs of these intervals are given in Table Let us discuss the
true parameter cases = = (1,1,0.5),(1,1,2.5),(5,5,2), (1,2,3),(3,0.5,1.5) and
(2,1,0.25) . From Table |2} it is observed that the CPs of ULR reach to the desired
level when the all sample of size discussed here (say n > 50) for all parameters.
However, the CPs of AN can not reach the desired level for small sample of size
case especially for parameter 5. The CPs reach the nominal level when the sample
of size increases (say n > 250 or n > 500 according to selected true parameters).
Under discussion given here, it is indicated that ULR Cls powerful tool to construct
the CIs for the MoL parameters.

5. REAL-LIFE DATA ANALYSIS

In this section, we provide three applications to the real data sets to demonstrate
empirically the potentiality of the proposed model. All data sets, we compare the
MoL model with MW, PL, GL, EPL, EL and L models. In order to reveal the best
model, the estimated log-likelihood values /(Z), Akaike information criteria (AIC),
consistent Akaike information criteria (CAIC), Kolmogorov-Smirnov (KS), Cramer
von Mises (WW*) and Anderson-Darling (A*) goodness of-fit statistics are computed
for all models.

The first data set represents the times between successive failures (in thousands
of hours) in events of secondary reactor pumps studied by [5], [19] and [26]. The
data are: 2.160, 0.746, 0.402, 0.954, 0.491, 6.560, 4.992, 0.347, 0.150, 0.358, 0.101,
1.359, 3.465, 1.060, 0.614, 1.921, 4.082, 0.199, 0.605, 0.273, 0.070, 0.062, 5.320.

The second data for breaking stress of carbon fibers of 50 mm length (GPa) was
studied in [23].The data are: 0.39, 0.85, 1.08, 1.25, 1.47, 1.57, 1.61, 1.61, 1.69, 1.80,
1.84, 1.87, 1.89, 2.03, 2.03, 2.05, 2.12, 2.35, 2.41, 2.43, 2.48, 2.50, 2.53, 2.55, 2.55,
2.56, 2.59, 2.67, 2.73, 2.74, 2.79, 2.81, 2.82, 2.85, 2.87, 2.88, 2.93, 2.95, 2.96, 2.97,
3.09, 3.11, 3.11, 3.15, 3.15, 3.19, 3.22, 3.22, 3.27, 3.28, 3.31, 3.31, 3.33, 3.39, 3.39,
3.56, 3.60, 3.65, 3.68, 3.70, 3.75, 4.20, 4.38, 4.42, 4.70, 4.90.

The third data reported in |7] which corresponds to the survival times (in years)
of a group of patients given chemotherapy treatment alone. The data consisting
of survival times (in years) for 45 patients are: 0.047, 0.115, 0.121, 0.132, 0.164,
0.197, 0.203, 0.260, 0.282, 0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507, 0.529,
0.534, 0.540, 0.641, 0.644, 0.696, 0.841, 0.863, 1.099, 1.219, 1.271, 1.326, 1.447,
1.485, 1.553, 1.581, 1.589, 2.178, 2.343, 2.416, 2.444, 2.825, 2.830, 3.578, 3.658,
3.743, 3.978, 4.003, 4.033.
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TABLE 2. The CPs of AN and ULR Cls

True parameter AN ULR

a f 0 n a J¢] 0 a B 4

1 1 0.5 50  0.9480 0.8698 0.9390 0.9472 0.9412 0.9480
100 0.9462 0.8848 0.9354 0.9474 0.9366 0.9444
250 0.9488 0.9294 0.9472 0.9494 0.9430 0.9508
500 0.9476 0.9394 0.9500 0.9468 0.9438 0.9494
1000 0.9502 0.9484 0.9520 0.9500 0.9510 0.9526

1 1 2.5 50 0.9514 0.8840 0.9688 0.9374 0.9544 0.9556
100 0.9524 0.9174 0.9618 0.9464 0.9534 0.9468
250  0.9484 0.9386 0.9514 0.9466 0.9492 0.9422
500  0.9470 0.9470 0.9494 0.9480 0.9520 0.9450
1000 0.9488 0.9470 0.9486 0.9488 0.9498 0.9464

5 b 2 50  0.9480 0.9428 0.9472 0.9420 0.9392 0.9456
100 0.9464 0.9444 0.9500 0.9444 0.9430 0.9458
250 0.9464 0.9498 0.9482 0.9452 0.9498 0.9472
500  0.9548 0.9506 0.9522 0.9534 0.9502 0.9510
1000 0.9554 0.9544 0.9518 0.9554 0.9544 0.9502

1 2 3 50  0.9474 0.8976 0.9712 0.9396 0.9368 0.9422
100 0.9468 0.9310 0.9602 0.9414 0.9496 0.9454
250 0.9496 0.9380 0.9566 0.9464 0.9428 0.9488
500 0.9428 0.9462 0.9472 0.9430 0.9474 0.9442
1000 0.9544 0.9482 0.9506 0.9554 0.9478 0.9508

3 0.5 1.5 50  0.9276 0.8896 0.9426 0.9326 0.9426 0.9698
100 0.9324 0.9120 0.9360 0.9422 0.9516 0.9674
250 0.9444 0.9490 0.9502 0.9548 0.9680 0.9688
500 0.9422 0.9514 0.9592 0.9526 0.9608 0.9582
1000 0.9492 0.9638 0.9580 0.9542 0.9558 0.9486

2 1 0.25 50  0.9580 0.8750 0.9472 0.9580 0.9500 0.9584
100 0.9572 0.8886 0.9510 0.9614 0.9480 0.9586
250 0.9444 0.9164 0.9428 0.9458 0.9376 0.9452
500 0.9444 0.9390 0.9464 0.9446 0.9504 0.9466
1000 0.9538 0.9478 0.9510 0.9540 0.9494 0.9510
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We give the summary statistics of the data sets in Table [3] The first and third
data sets have right skewness as well as the second data set has the left skewness.

TABLE 3. Some summary statistics of the data sets

Data set Mean Median Standard Deviation Skewness Kurtosis

I 1.5780 0.6140 1.9306 1.3643 3.5445
II 2.7600  2.8350 0.8914 -0.1314 3.2230
111 1.3410 0.8410 1.2466 0.9721 2.6638

Tables list the MLEs, standard errors, Z(é) and goodness-of-fits statistics
from the fitted models. Tables 6] show that the MoL model can be chosen as
the best model based on all criteria. In addition, we give the parameter estima-
tion results and goodness-of-fit statistics of the MoL distribution based on other
estimation methods in Table Figures show the fitted densities, cdfs and
probability-probability (P-P) plots of the MoL model. We also sketch the P-P
plots of others models in Figures From Figures we clearly show that the
MoL model fits this data set better than the other models.

TABLE 4. MLEs, standard erros of the estimates (in parentheses),

é, goodness-of-fits statistics and related p-values [in parentheses]
for the first data set

Model a 8 0 - AIC  CAIC KS A* w*
MoL  0.8148 1.7119 0.9419  31.3782 68.7565 70.0196 0.0785 0.1881  0.0204
(0.1582)  (2.0132)  (0.2169) [0.9967] [0.9934] [0.9972]

MW  0.7922 0.0093 0.7517  32.5082 71.0165 72.2796 0.1198  0.4141  0.0639
(0.1925)  (0.0850)  (0.2199) [0.8575] [0.8330] [0.7939]

PL 0.7253 1.1948  32.7476 69.4952 70.0952 0.1189  0.4279  0.0643
(0.1129) (0.2119) [0.8628] [0.8190] [0.7918]

GL 0.7457 0.00016 0.4728  32.7592 71.5184 72.7815 0.1379  0.5236  0.0889
(0.1885)  (0.0116)  (0.1659) [0.7293] [0.7209] [0.6462]

EL 0.6130 0.7251  33.4889 70.9779 71.5779 0.1558  0.7059  0.1246
(0.1647) (0.1782) [0.5784] [0.5521] [0.4799]

EPL  0.2770 11.5880 3.7238  31.8359 69.6718 70.9349 0.0963  0.2264  0.0253
(0.2404)  (32.7190)  (2.9916) [0.9691] [0.9814] [0.9903]

L 0.9575  35.3054 72.6107 72.8013 0.2439  2.2967  0.3821
(0.1504) [0.1085] [0.0640] [0.0798]

In Table 8] 95% AN and ULR confidence limits of the parameters are presented
for the all data sets. In general the limits of AN and ULR intervals are close to
each other. Figure |11 demonstrate the ULR intervals for the third real data.
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TABLE 5. MLEs, standard erros of the estimates (in parentheses),
¢, goodness-of-fits statistics and related p-values [in parentheses]
for the second data set
Model a i [ 0 AIC ~ CAIC  KS A w*
MoL 2.7039 0.7905 0.0967  85.6419 177.2838 177.6709 0.0741  0.3956  0.0620
(0.2170)  (0.4304)  (0.0257) (0.8607] [0.8526] [0.8025]
MW 2.1535 0.4302 0.0228  85.9866 177.9732 178.3603 0.0905 0.5266  0.0838
(1.0622) (0.3581)  (0.0092) (0.6519] [0.7192] [0.6719]
PL 2.5099 0.1241 85.8055 175.6111 175.8015 0.0790 0.4651  0.0819
(0.2088) (0.0311) (0.8051] [0.7820] [0.6824]
GL 6.9574 8.0712 2.7905  90.9276 187.8552 188.2423 0.1318 1.2861  0.2420
(14779 (21.2598)  (0.4860) [0.2014] [0.2368] [0.1991]
EL 7.0411 1.2461  93.7970 191.5939 191.7844 0.1470 1.8375  0.3284
(1.6730) (0.1090) [0.1154] [0.1132] [0.1124]
EPL 3.1439 0.6238 0.0458 85.4258 176.8516 177.2387 0.0772  0.4094  0.0683
(0.8257)  (0.3149)  (0.0585) [0.8258] [0.8388] [0.7638]
L 0.5903  122.3841 246.7681 246.8306 0.2977 10.6922 2.0914
(0.0532) [0.0000]  [0.0000] [0.0000]
TABLE 6. MLEs, standard erros of the estimates (in parentheses),
¢, goodness-of-fits statistics and related p-values [in parentheses]
for the third data set
Model a 8 0 -7 AlIC CAIC KS A* W=
MoL 1.1610 2.5389 0.8263  55.8323 117.6647 118.250 0.0661  0.3437  0.0393
(0.1378)  (0.7903) (0.1309) [0.9819] [0.9015] [0.9388]
MW 0.9677 0.0620 0.6529  57.9942 121.9885 122.5738 0.1116 0.5700  0.0864
(0.2047) (0.1235) (0.1702) [0.5958] [0.6758] [0.6577]
PL 0.9465 1.1351  58.4028 120.8056 121.0913 0.1104 0.5656  0.0845
(0.1076) (0.1465) [0.6033] [0.6801] [0.6683]
GL 1.0931 0.8896 0.0991 58.0862 122.1725 122.7578 0.1110 0.5482  0.0842
(0.2256) (0.4456) (0.7380) [0.5967) [0.6973] [0.6702]
EL 0.9412 1.0656  58.4784 120.9568 121.2425 0.1196  0.6498  0.1015
(0.1919) (0.1693) [0.5026] [0.6013] [0.5794]
EPL 0.6579 2.0911 1.8562 58.1167 122.2333 122.8187 0.0972 0.4736  0.0702
(0.3390) (2.2867) (1.1306) [0.7521) [0.7729] [0.7530]
L 1.1004  58.5231 119.0461 119.1391 0.1304 0.7721  0.1253
(0.1249) [0.3964] [0.5007] [0.4758]

TABLE 7. The different estimations results of the MoL model pa-
rameters for the data sets

Data set-1 Data set-IT Data set-I1T

Method

a B 4 A* w* KS a B 4 A* w* KS a 8 0 A*

W

KS

LSE 0.6773  1.5845 0.9559 0.1593 0.0132 0.0677 | 2.9451 1.9433 0.0748 0.4434 0.0668 0.0701 | 1.0068 2.0508 0.8411 0.2629

0.0301

0.0626

WLSE ~ 0.7205 1.8431 0.9376 0.1554 0.0131 0.0689 | 2.5905 0.0144 0.1124 0.5642 0.1054 0.0898 | 1.0586 2.1764 0.8467 0.2873

0.0369

0.0658

AD 0.7659 1.9442 0.9314 0.1417 0.0131 0.0595 | 2.8612 1.4052 0.0815 0.3394 0.0408 0.0661 | 1.0537 2.1279 0.8455 0.2619

0.0292

0.0642

CVM  0.7315 1.6954 0.9514 0.1481 0.0124 0.0666 | 2.9952 1.6715 0.0712 0.3852 0.0354 0.0585 | 1.0479 2.1197 0.8354 0.2673

0.0283

0.0683




fitted density

fitted density

MODIFIED-LINDLEY DISTRIBUTION AND ITS APPLICATIONS TO THE REAL DATA265

TABLE 8. Confidence limits for parameters «, 8 and 6 based on
AN and ULR for the data sets

Data AN ULR

@ 8 [ @ B (4
Data set-1 (0.5051,1.1247) (—2.2231,5.6466) (0.5167,1.3669) (0.5628,1.1177) (0, 4.6380) (0.5967,1.3985)
Data set-Il  (2.2759,3.1253) (—0.0451,1.6400) (0.0465,0.1470)  (2.1268,3.1366) (0,3.2554) (0.0565,0.1991)
Data set-III  (0.8909,1.4311) (0.9898, 4.0880) (0.5695,1.0830) (0.9069,1.4431) (1.1613,3.9695) (0.5983,1.1126)

0.6

0.5
1.0

0.8

0.4
I

06

0.3
I

Expected Probability

0.2
0.4

0.1

0.0

Observed Probabilty

failure times failure times

F1GURE 5. The fitted plots for the first data set

< |
o
o 0006)
@
©
0 >
3 £ o
8 3 S
° 2 0%
2 g
g g By
3 o
3 &
g 34 %
w ®
0
o
. S
N
6
) o |
S
T T T T T T T T T T T T
00 02 04 06 08 10
5 1 2 3 4 5
Observed Probability
breaking stress breaking stress

FIGURE 6. The fitted plots for the second data set



nuea aensiy

266 C. KUS, M. . KORKMAZ, I. KINACI, K. KARAKAYA, Y. AKDOGAN

1.0

0.8

0.6

0.4

0.2

)

0.8
0.8
o

0o

5

0.6
0.6
o

nea cars

Expected Probability
0.4
|
B

0.4

0.2
0.2
I
°

0.0

0.0
0.0

survival times survival times Observed Probability

FI1GURE 7. The fitted plots for the third data set

Author Contribution Statements The authors jointly worked on the results
and they read and approved the final manuscript.

Declaration of Competing Interests The authors declare that they have no
competing interest.

Appendix

Proof of Theorem 1.
The pdf of the X is

0
f (SC) = mgl (x;a,ﬁ,@) + ﬁQQ (Z;Q7B79)

Get the W (z) density ratio of MoL distribution in two parts as W (z) and Ws ().
If Wy (x) and W3 (x) density ratios are increasing functions in z, the W (x) density
ratio is also an increasing function of z. The W (x) and W3 (x) ratios are given by

g1 (v, 8,01)

Wl (I) N g1 (x;a7ﬂ792)

and ( 5.0)
_ g2(w0,5.01)

W2 ($) B g2 (‘r;a76762)

where g1 (z; ¢, 8,0) and gs (z;, 38,60) are the pdfs of MW and GG distributions
respectively. Firstly, the MW density ratio is given by
g1 (w5, 3,01)  BOrexp(Br — 012 exp (B))

M) (@0, 5.02)  Brexp (B — By exp (A2))
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Taking the derivative with respect to x,

>0

Observed Probabilty

_91960‘ exp (Bx) (a + Bzx) exp (B — O12% exp (Bx)) (01 — 02)

Wi (z) =

20 exp (Bz — 022" exp (Bz))

>0

for ;1 < 03, — ((1 — 03)) is greater than zero. So Wj (z) > 0 when 6; < 05 is
taken. Wi (z) is an increasing function in z. Secondly, the same steps are applied

S
- EL
o
© |
S
o
5
z z
3 2 o]
g g ° °
< e
3 3 0
3 ° °
3 3
g £ s o
] i3
00
o
°
o
o]
00
T T T T T T
00 02 04 06 08 10



Expected Probability

Expected Probability

1.0

0.8

06

04

0.2

0.0

268 C. KUS, M. . KORKMAZ, I. KINACI, K. KARAKAYA, Y. AKDOGAN

o

29 mw 29 n

5
2 oo
© | Uodﬁ ® | ©
3 3
- [
woo“
2 z
£ £,
3 31 3 <1
E 3 )
3 3 IS
: < o
5 ) o o
g o 3
8 o g
g < 3 < 55
a o 7 CDO Q o o0
i &P i} o®
s o
o |
3 3
3
o o
3 3
T T T T T T T T T T T T
0.0 02 0.4 06 08 1.0 0.0 02 04 06 08 1.0
Observed Probabilly Observed Probabilty

EL ©
©
21 o
I~
ey
oo
z 2 3 M“’dﬁp
F 2 »
g3 2 )
3 S
& < o
° - o
g ] ®
] g < K
g g3
£ g
& i
°
oo
S &
9
5
9
o |
3
T T T T T T T T T T T T
00 02 04 06 08 10 00 02 04 06 08 1.0
Observed Probability Observed Probabilty Observed Probability

F1GURE 9. The PP plots for the second data set

for GG density ratio. The GG density ratio is given by

g2 (z; 0, B, 601) _ 9% exp (—01z%)
g2 (z;0, 8,02) 03 exp (—Oaz%)

W2 (x) =

Taking the derivative with respect to x,
>0
B 02 exp (—012%) 2%« (01 — 05)

203 exp (—B0a2%)
| —

W; (z) =

>0
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FicUrRe 10. The PP plots for the third data set

for 61 < 62, — ((61 — 02)) is greater than zero. So W (z) > 0 when 6; < 05. W5 (x)
is an increasing function in x. Since both Wj (x) and Ws () are increasing func-
tions in &, W (z) = W; (x) + Wa () is also an increasing function in z. The proof
is completed.

Proof of Theorem 2
Using the fact that mixed representation MoL pdf given in , the rth moment,
. = E (X7), of the MoL distribution can be written by
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F1GURE 11. ULR confidence limits for parameters «, 5 and 6 for
the real data III

0 1
= —F (X7} —FB (X} 2
o1 ( MW)+9+1 (X&a) s (20)

/

Mo
where
E(Xtg) =T (r/a+2)67"/° (21)
is the rth moment of GG distribution and
E(Xiw) = i Ai T (spfa+1) 075/ (22)
i1yenyip=1
is the rth moment of the MW distribution [§] with
Aiy iy = Qiyye oy @iy Sp =11+ + iy
and
a; = (_1)i+1 ji—2gi-1 [ai—l (i — 1)!]—1 .
The proof is completed by using and in ,

; 1 —r/a - 1=sr/a
= gy [P0 S a9

i1, nyip=1
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ABSTRACT. The Fibonacci sequence has many interesting properties and stud-
ied by many mathematicians. The terms of this sequence appear in nature and
is connected with combinatorics and other branches of mathematics. In this
paper, we investigate the orbit of a special subgroup of the modular group.
Taking

2 _
T, = (C +C§+1 1766) €To(c?),c € Zc £ 0,

we determined the orbit

{T} (o) : r € N}.
Each rational number of this set is the form P.(c)/Qr(c), where P.(c) and
Qr(c) are the polynomials in Z[c]. It is shown that Py-(1), and @r(1) the sum
of the coefficients of the polynomials P.(c) and Qr(c) respectively, are the
Fibonacci numbers, where

T T
PT(C) _ Z ( 2r; S ) CQT—Qs + Z ( QST:l'S ) CQT—23+1
s=0 s=1

and

1. INTRODUCTION

The modular group theory plays an important role in many areas of mathe-
matics, such as number theory, graph theory, automorphic function theory and
combinatorics. A natural action of the modular group on extended rationals, yields
interesting results. In [4], by using this action, Jones et. al. studied the suborbital
graphs known as the Farey graph for the modular group. Kader et al. studied the
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suborbital graphs for the extended modular group in [11]. Deger et. al. investi-
gate some results on continued fractions in suborbital graphs [1]. In [8}[9], Keskin
searched the suborbital graphs for the normalizer of I'g(n). Giiler et. al. exam-
ined relations between elliptic elements and circuits in graphs for the normalizer
of To(n) in PSL(2,R) which turns to be a very important group in the studies of
moonshine [2].

Some results in these studies are directly related to the number theory. Koroglu
et. al. obtained interesting results about the Fibonacci numbers and the suborbital
graphs by means of the action of a special subgroup of the modular group on
extended rationals [7]. Giiler et. al. studied on solutions of congruence equations
that come from the action of the normalizer of I'g(n) via suborbital graphs [3].

On the other hand, it is known that Pascal and Fibonacci numbers are crucial
subjects in combinatorics [5]. In [10], Falcon and Plaza obtained some results about
Fibonacci sequence and Pascal’s triangle.

The aim of the paper is to examine the action of a special subgroup of the
modular group on the extended rationals. With the idea of this group action,
some interesting results are obtained about the number theory. Many properties of
Fibonacci numbers are deduced and associated with the so-called Pascal’s triangle
mentioned.

2. MoDULAR GROUP

Let PSL(2,R) denote the group of all linear fractional transformations

T:z— Z»’:j:db7 where a, b, c and d are real and ad — bc = 1.
In terms of the matrix representation, the elements of PSL(2,R) correspond to the
matrices

+ (Ccl Z) ;a,b,c,d € R and ad — be = 1.

These matrix representations are composed of the special linear group denoted by
SL(2,R). The modular group denoted by I' is the subgroup of SL(2,R) consisting
of the 2 x 2 matrices having integer entries. Furthermore, the modular group is
generated by the matrices
(1 -1
()

(0 -1
T=\1 o0 )

with defining relationships 22 = y3 = —I, where I is the identity matrix. Here,
and y are cyclic matrices of order two and three, respectively. And we can write

I'=<z,y>.

b
d
be of great use in the classification. Note that, an element of modular group is
called elliptic, parabolic or hyperbolic if its trace Tr(-) < 2, Tr(-) = 2 or Tr(-) >
2 respectively. Important subgroups of the modular group I', called congruence

We remark that something very related to the trace Tr((ccl )) = la + d| will
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subgroups, are given by imposing congruence relations on the associated matrices.

One of them is
To(n) = { (CCL Z) el:c=0 modn}.

3. THE AcTION OF T oN Q = QU {0}

Any element of Q (the extended rational numbers set) can be written as a reduced

fraction %, with z,y € Z and (x,y) = 1; since % = :—'z, this representation is unique.
We represent oo as % = %1. The action z — % of I' on Q now becomes

a b .§_>ax+by
c d) y " cx+dy

clax +by) — alcx + dy) = —y

Note that as

and
d(ax 4+ by) — b(cx + dy) = z,
it follows that (az+by, cx+dy) = 1 and so (ax+by)/(cx+dy) is a reduced fraction.

4. MAIN CALCULATIONS

In this section, we investigate the action of a special subgroup of the congruence
subgroup T'g(c?) on extended rationals for some integer ¢ # 0. Here, we use the

action of the group generated by the commutator of the elements x = (é 1) and
10 A
Y= (c 1) on Q. Let

=yl — A+c+1  —c
yroy o= 2 1—c/)”

Since Tr(T.) = ¢* +2 > 2, we can say the element T, is hyperbolic element of
modular group for ¢ # 0.

Proposition 1. The fixed points of the element T, are,

2 V2 +4
et :I:i. (1)
2c 2c

Furthermore, T, generates an infinitely ordered subgroup < 7. > whose elements
are in congruence subgroup I'g(c?). At the same time, the group < T, > generated

by T, is a subgroup of commutator subgroup of modular group. Also, T.(c0) =
02+c+1
c2

is an element of (@
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Proposition 2. The group T'g(c?) acts on the set M := {% cx,y € Zy ged(z, yc) =
1,y # 0} U {oo} transitively.

Note that, if y = 0 and x # 0 then we assumed that, % = § = 00 such as the
definition of extended rationals in [4)].

Proof. For arbitrary x,y € Z, ged(z,yc) = 1, there exists T = (;22 :) € To(c?).
such that T'(co) = %;. This completes the proof. O

We interested in sequence of natural powers of the number T.(co) denoted by
{T} (0)}, where r € N. Clearly {T7 (c0)} C M U{oco}. Hence, there is some element
of T'g(c?) such that its orbit coincidence the terms of the sequence {17 (c0)}. The
following theorem show us how {77 (00)} sequence proceeds.

2 _
Theorem 1. Let T, = <c +c§ +1 1 _CC) , with ¢ € Z. Suppose
Pr(c)
T (c0) := )
c( ) QT(C)
Then
" (2r—s r—9s " (2 —s r—9s
Pr:—Pr(C)—Z< ) )02 2+Z(3_1>02 241 2)
s=0 s=1

Q) = O(c) ZT: (28r_15) 22542 3)

s=1

Since Theorem [I] includes the combinatorial identities we frequently use some
combinatorial basics such as,

(0-(2)+(2)

so-called the Pascal Identity for integers 1 < s < r.
Before the proof of the theorem, we give the following lemma.

Lemma 1. Assume that the identities and are true for any r > 1. Then,
we have

P - Q=Y (27" . ) 2, (5)

S
s=0

Proof. By using and other properties of the combinatorial theory we get proof
easily, as follow:

cQPT —Q, = 2 Z (27”8— 3) A2 4 2 Z <257"_—13) c2r—2s+1
s=0 s=1
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s
Z (27" - S) 22542
—c c
s—1
s=1
r T
2r —s _ 2r—s 9gr
_ E 627’ 2s5+2 + E 027" 25+3
S s—1
s=1
r
Z 2r—s\ or-2s43
— C
s—1

T
_ 2r —s c2r—2s+2
< .
0

Now we give the proof of Theorem [I| by using the mathematical induction
method.

O

Proof. For r =1, it is clear that

A4+c+1 —c 1 A4+c+1
Teo0) = < 2 1—c¢)\0)~ 2 '

So, Py =c®+c+1 and Q; = c?. This shows that (2)) and (3) are true for r = 1.
As

X P,
T (00) = - (6)
Qr+1
and
2 _
o) = el = (5T ) (6)
' 7
(AP +cP.+ P — Q. 0
N CQPT - CQT' + QT' ’
we get
Py =caP. 4¢P, + P, — cQ, (8)
and
Qr+1 = C2Pr —cQr + Qr. (9)

Now assume that and are true for any r > 1. We will show that and
are true for r + 1. To complete the proof, by using Lemma [I] it can be shown that
the following two equations can be obtained from the identities and @

T o —
s=0

Qrir = i (27“ — S) =242 L o (11)

S
s=0
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Indeed, if we begin with the right side of the equation (L0]), then we obtain desired
results as follow.

Z <27‘8— S) 22542 4 (c+1)P;

s=0

B Z ( r— s) 22542
Z (2rs s) or-2s | Z (sr_f) 2r—25+1]

+(c+1)

s=0 s=1

T
Z( r—S) or— 25+2+C2r+1+2< r—s> 2r—2s+1
"‘Z 2r — s Cgr,gHg_’_Z 2r —s 2r—2s
s—1 ]
s=0
2r—s\ 2r-2s41
+§;(S_1) .

From the equation , we obtain

r+1
i (27” — s+ 2) (2r—2s+2
s

s=0

_ Z ( ") Z (;:f) ross2 (13)
ey

(12)

and

r+1
i <27" -5+ 2> 2r—2s+3
c
s—1

s=1

" (o —s " (or—s
o - 2r—2s+1 - 2r—2s+1 2r+1
S (e X (A e e,
s=1 s=1
So, by using and we have

r+1 r+1
2r —s+2\ 2p_2s Z —S$+2) 202
P 2:( ; )2 2542 4 ( o )Cz 2543

s=0

(14)

Hence, the equation is true for r + 1.
By using Lemma [T we get



SOME GROUP ACTIONS AND FIBONACCI NUMBERS 279

Qr+l = C2Pr - CQT‘ + Qr - ( r—2s+2 + QT‘

)

<2r - s) 22042 | Z (287"_—18> 22512
()
|

2r —s 2r—s
_ 27‘+2 2r—2s5+2 2r—2s5+2
Sy (e (T0)).
2r —s 2r—s
2r+2 2r—2s5+2
[ ()
! 2042 4 Z (27‘ — s+ 1) 2r—2542
_ Z (27’ — s+ 1) 2r—2s+2
s

s=0
1
_T+ 27’754’2 27’ 2s+4 Q
o 2—1 s—1 L

This implies that is true for r + 1.

5. PAscAL NUMBERS AND FIBONACCI SEQUENCE

In this section, we give some useful informations for Fibonacci numbers related
to our results in this study. The Fibonacci numbers F;. are given by the recurrence
in [6];

F1 = F2 = 1, Fr+2 = Fr+1 +Fr, r Z 1.
Thus, the first few Fibonacci numbers are
1,1,3,5,8,,13, 21, ...

Also, the elegant formula is

Frpr = L%Z:J (T ; S) (15)

s=0
where |r/2] denotes the largest integer less than or equal to r/2 [6].
We consider coefficients of the polynomials P, and @, as shown below in first five

terms of P, and @Q,. Furthermore we investigate that these coefficents are related
to the Pascal triangle.

Pi=c4c+1
Pg:c4+03—|—302—|—20—|—1
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Py=+ 45t +4¢2 + 62 + 3¢+ 1
Pi=B 4+ +78 46 +15¢* + 1063 + 1062 + 4e+ 1
Ps =0+ ¢® + 98 +8¢7 + 28¢% + 21¢° + 35¢* + 206 + 1562 4+ 5e+ 1

Each sequences of numerators obtained from this action consists of numbers in
Pascal 2-Triangle as shown in Table 1. For example, second sequences of numerators
(1,1,3,2,1) are located by bold numbers in Table 1.

TABLE 1. The Pascal 2-Triangle

1
1
1 1
1 2
/ p e p
1 3 1
1 4 3
1 5 6 1
1 6 10 4
1 7 15 10 1
1 8 21 20 5
1 9 28 35 15 1
1 10 36 56 35 6

Proposition 3. Sum of all coefficients of P, gives the (2r + 2) — th Fibonacci
number denoted by Forio, i.e. Po(1) = Fayo.

Proof. We remark that sum of all coefficients of P, is P.(1). So, by using the
identities and we have desired result as follows:

P(1)=1+ z; K?f) + (2’"8 Sﬂ
1+i<2r—s+1>
i(s;—s—i-1>

[(2r+1)/2] (

>

2r — s+ 1\ (@)
) @ Forqo.
s=0

S
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Now, we consider the coefficients of the polynomial @,. These coefficients are
written at the sub rows in Pascal 2-triangle in Table 1. For example, 1, 3, 1 and 1,
6, 10, 4. So the first five terms of Q),. are listed as follow:

Q1 =c?
Qs = ¢t + 262
Qs = 8 + 4¢* + 362

Qs=c+6c°+10c* + 4¢3
Qs = ' +8¢% + 21¢% + 20¢* + 52

Proposition 4. Sum of all coefficients of Q, gives the 2r—th Fibonacci number,
i.e. Qr(l) = FZT-

Proof.

Z:: <2Sr—1s> _ Z <2r - (]j + 1))

L(2r—1)/2] .
rfl— 27‘1j>
2< PR

2r~

Proposition 5. P.(—1) = Fy,_;.
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Proposition 6. Sum of the coefficients of odd order terms of P, is Fy,.

Proof. We remark that the sum of the coefficients of odd order terms of P, is
w. Therefore, by using Proposition [3|, Proposition |5( and recurrence rela-
tions of Fibonacci numbers, we obtain the desired result as follows:

Pr(]-)_Pr(_]-) _ F2T+2_F2’l“71 _ F2r+F2r+1_F27‘71
2 2 2
_ oy + 2};21" —Fo _ R,

O

Also considering the scope of this study, we can also talk about k—Fibonacci
numbers. Let k # 0 be an integer and Fj 0 =0, F1 =1, and Fy, = kFj 1 +
Fy, o for n > 2. The sequence (F} ,,) is called k—Fibonacci sequence. A few terms
of this sequence are

0,1,k k% 4+ 1,k + 2k, k* + 3k% + 1, k% + 4k> + 3k, kS + 5k* + 6k% + 1, ...
In [10], it is proved that
L 25+ 1 ‘
Fpn= ( neaT ) E"17% for n > 2.
i=0 !
That is,
[3]

Fing1 = < " z_ ! > k"% for n > 1.
i=0

[3
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Considering this result for £ = ¢ and n = r, we can give the following two conjec-
tures:
Qr = Q’I‘(C) = CFc,2r
and
Pr = PT(C) = Fc,27‘ + Fc,27‘+1-

6. CONCLUSION

In this paper, we examined the action of a special subgroup of the congruence
subgroup on Q. Using this action we obtained some results on Pascal and Fibonacci
numbers via the modular group. The results obtained are important for the fields
of number theory and combinatorics. Further, it has also been observed that

00 — T.(00) = T?(00) = --- = T7(00) — T (00) — - - -
is an infinitely long path in the suborbital graph G(co, CZ)Jrii;’“) Hence, this action
is related to suborbital graphs theory which firstly studied by Jones et. al. in the
reference [4]. This relationship can be examined in the future studies.
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ABSTRACT. In this work, we firstly introduce notions of principal directed
curves and principal donor curves which are associated curves of a Frenet curve
in the dual Lorentzian space ]D)‘;’. We give some relations between the curvature
and the torsion of a dual principal directed curve and the curvature and the
torsion of a dual principal donor curve. We show that the dual principal
directed curve of a dual general helix is a plane curve and obtain the equation
of dual general helix by using position vector of plane curve. Then we show
that the principal donor curve of a circle in D2 or a hyperbola in ]D)% and
the principal directed curve of a slant helix in ]D):f are a helix and general
helix, respectively. We explain with an example for the second case. Finally,
according to causal character of the principal donor curve of principal directed
rectifying curve in ]D):I’, we show this curve to correspond to any timelike or
spacelike ruled surface in Minkowski 3—space ]Ri;’,

1. INTRODUCTION

It is very interesting to study curves in both dual space D? and dual Lorentzian
space D$. Because a differentiable curve on dual unit sphere in D? represents a ruled
surface in Euclidean 3—space R? with the aid of the E. Study mapping. Similarly,
a differentiable curve on dual pseudo hyperbolic space H3 in D corresponds to a
timelike ruled surface in Minkowski 3—space R} and the timelike (resp. spacelike)
curve on dual pseudo sphere S? in D corresponds to any spacelike (resp. timelike)
ruled surface in R$. Therefore, we can say something about ruled surfaces in R? or
R? when examining curves in D3 or D, respectively [9,[16/{18].
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In this paper, we examine associated curves of a Frenet curve in D} and show
these curves to correspond to any timelike or spacelike ruled surfaces in Minkowski
3—space R}. For this purpose, we recall the fundamental properties of R} and Dj.

R‘? is the 3—dimensional Lorentzian space (or Minkowski 3—space) with sym-
metric, bilinear and non-degenerate metric given by

(u, vy = —uqv1 + ugvy + uzvs

for vectors u = (uy,uz,u3) and v = (v1,v9,v3) in Euclidean 3—space R3. In R3,
the Lorentzian vector product of u and v is defined by

u X v = (uzva — UaV3, U3V — UTV3, UTV2 — UgV1).

We know that a vector and a curve have three different categories, namely, spacelike,
timelike and null, depending on their causal characters. Then a vector u is said to
be spacelike, timelike or null (lightlike) if (u, u) > 0 (or u = 0), (u,u) < 0, (u,u) =0
(and u # 0), respectively. Similarly, a curve v is called spacelike, timelike or null
(lightlike) if its velocity vector is spacelike, timelike or null vector, respectively. We
also state that Frenet curves are timelike curves and spacelike curves with spacelike
or timelike principal normal vector. Lastly, a surface is named non-degenerate (or
degenerate) if induced metric on its tangent plane is non-degenerate (or degenerate).
The pseudo sphere of radius r > 0 in R} denoted by

SE={peR}: (pp) =r* r>0}
and the pseudo hyperbolic space of radius 7 > 0 in R} denoted by
Hi ={peR}: (p,p) = —r% r >0}

are non-degenerate surfaces [2,/12,/13].
A number expressed as

a=a+¢&a* ora=(a,a")

is called a dual number for Va,a* € R and the set of all dual numbers is indicated
by D, where £ is called as dual unit with properties

€£0,06=60=0, 1¢{=¢1=¢, & =0.

Equality and some operations on D are defined as follows:

i) Equality: G=bfora= a+§a*7A: b+ &b* iff a = b and a* = b*.

i) Addition: @+ b= (a4 &a*) + (b+ &%) = (a+b) + &(a* + b*).

i) Multiplication: @b = (a + £a*)(b+ £b%) = ab + &(ab* + a*b).

iv) Division: £ = & 4 ¢(¢b=eb) £ (.
We note that D is a commutative ring according to the above addition and multi-
plication operations. Also f on DD is defined by

f(@) = fla+€a*) = f(a) + a*f (a),

=
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where f/ represents the derivative of f . For example,
sin(a) = sin(a 4 &a™) = sina + £a™* cosa

(see [9,[17,/19] for more details).

A dual vector Z is an ordered triple of dual numbers (Z1, T2, Z3) and also a dual
vector T has the form T = x + £z* for Vo = (21,22, 23), 2% = (2}, 25, 75) € R3,
where  and z* are the real and dual parts of Z, respectively. The set of all dual
vectors which is denoted as D? is a module on the ring . The Lorentzian inner
product of dual vectors T and ¥ is defined by

(@,y) = (,y) + £({z, y") + (27, 9)).

The dual space D? together with this Lorentzian inner product is called dual
Lorentzian space and it is represented by D3. The causal characterization of a
dual vector T = x + £x* depends on the causal characterization of z, that is a
dual vector 7 is called to be spacelike, timelike, null (lightlike) if the vector x is
spacelike, timelike, null (lightlike), respectively. The Lorentzian vector product of
dual vectors T = (77,72, 73) and § = (71, Y2, ¥3) in D? is defined by

T XY= (T3Y2 — T2Us, T3Y1 — T1Y3, T1Y2 — T2Y1)-

If 2 # 0, then the norm of ¥ is given by

~ —— <z, x*>
12 = VI<2,% >| = [|lzf| + §— :

2
]

A dual vector Z with norm 1+£0 = (1,0) € D is called a dual unit vector. Therefore,
dual pseudo sphere and dual pseudo hyperbolic space are defined by

Si={Z=az+¢&" ||z]| = (1,0); z, 2* € R} and the vector 7 is spacelike}
and
H2 = {z=a+¢&" 2] =(1,0); 2 2° € R? and the vector 7 is timelike} ,

respectively.

Let 7(0) = v(co) + £y*(0) be a dual curve with parameter o € R in D?. The
real curve y(o) is called the (real) indicatrix of ¥(c). If every (o) and v*(o) are
differentiable, then 7(o) is differentiable in D$. The dual arc length of the dual
curve 7 is given by

5= / 1A(0)|| do = / (o)l do + £/ <ty (0) > do = 5 + €5,
0 0 0

where s and t is arclength and the unit tangent vector of ~, respectively. As in
R?$ we call timelike dual curves and spacelike dual curves with spacelike or timelike
dual principal normal vector as dual Frenet curves (or Frenet curves in D3). Assume



288 B. ABALI, A. YUCESAN

that 7 is a reparametrization curve with the parametrization s of the indicatrix.
Hence the dual Frenet formulae for the dual unit speed Frenet curve 5 are

p t 0 R0 t
d—,\ n = —50512 0 T n y (1)
o b 0 *8182/’7: 0 b

such that < ¢,t >=¢9 = %1, <n,n >=¢; = %1 and < b,b >= g3 = £1, where

k: R - D
s = R(s) =k(s)+Er*(s)

is nowhere pure dual curvature and

~

7: R = D
s = T(s)=7(s) +&1(s)

is nowhere pure dual torsion [4}14]16-20].

Let 4 be a dual unit speed Frenet curve in D} and W be a dual unit vector field
along 4. The curve 7, in D3 is called the W —directional dual curve of 7 if the dual
unit tangent vector to of Y is equal to W. Moreover 7~ is called the W —donor dual
curve of 7,. Thus, we can define three different dual curves by special selection of
W

i) If W =1, then to = t. In this case 7 and 7, are the same dual curves.

i) If W= 7, then to = 7. In this case 7o is called the dual principal directional
curve of 4 and 7 is called the dual principal donor curve of 7.

iii) If W =b then 7o = b. In this case 7o is called the dual binormal directional
curve of 4 and 7 is called the dual binormal donor curve of 7 [1}7,8,/11].

In this paper, we obtain firstly some relations between the curvature and the
torsion of a principal directed curve and the curvature and the torsion of a principal
donor curve in D. We see that the principal directed curve of a dual general helix is
a plane curve and give the equation of a dual general helix by using position vector
of a plane curve. Then we show that the principal donor curve of a circle in D? or a
hyperbola in D? is a dual helix and we also obtain that the principal directed curve
of a dual slant helix is a dual general helix. We give an example for simple closed
dual slant helix. Finally, according to causal character of the principal donor curve
of a principal directed rectifying curve in D$, we show that this curve to correspond
to any timelike or spacelike ruled surface in Minkowski 3—space RS.

2. PRINCIPAL DIRECTIONAL AND PRINCIPAL DONOR CURVES OF A FRENET
CURVE IN D?

In this section, we examine principal directional and principal donor curves of
a Frenet curve in the dual Lorentzian space D3. Firstly, we state that the causal
characterization of a curve 7 in D} depends on the causal characterization of a curve
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~ which is the real part of 5. Then we give the following Lemma from Lemma 3.1
in [§].

Lemma 1. There is no timelike dual general heliz or spacelike dual general helix
with spacelike principal normal that provides the condition |%| = (1,0) in the dual
Lorentzian space D3.

Now we give the following theorem which expresses the relationship between the
dual curvature and torsion of 4(s) and the dual curvature and torsion of 4, which
is the principal direction of 7.

Theorem 1. Let 7§ be a dual unit speed Frenet curve with the dual curvature K and
the dual torsion T and 7, be the principal directional curve of ¥ in D3. Then the
dual curvature Ko and the dual torsion 7o of 7, is

~ ~2 ~

~ ~ —~ ~ ~ g9€160k° d [T
HO\/& (€0H2+5272>7 TO%A(A>, (2)

coR- 4+ 977 ds \ K
where eg =< t,t >, 61 =< n,n >, eg =< b,b >, 21 =< ng,ng > and s =< by, by >
such that {t,n,b} and {tg,ng, by} Frenet frames of the curves vy and ~y,, respectively.

Proof. Since 7, is the principal direction curve of a dual unit speed Frenet curve

7, the equations to = 0 and % = % are provided. Considering the dual Frenet
formulae we have
dto

-~ = —6051k\t +7b
ds
and
~2 ~ o~ ~2 ~2
Ko < ng,Ng >= cok” + €27 .
Therefore, we obtain
2 2
gok” + €aT
< nNg,Ng >= e — (3)
Ko

The dual curvature of 7 is also

Ko = \/81 (Eoﬁ + €T )

Thus, the dual Frenet vectors along 7, are

~ —coe RELTD ~ Rb + e1697T
to="n, ng = 0°1 bg = £ge 12 . (4)

) 0c1
~ ~2 ~2 ~ ~2 ~2
\/61 (E()K? + EoT ) \/51 (€0I<L + eoT )

By taking differentiation of equation with respect to 5 and this is written in the
equation

~ - dby .
To = —€2 < =, 1o >,
ds
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we have

R(RIZ —74E ~ F(RIZ _74E ~ ST D
5_\0 _ 7’52 < (8062 n(m 3 qui)% ) T (5182( T(n 43 qu) %) b, \/—5051nt+7b

~ ~2 o~
- o189k d (T
TO0= ——QH> 5 = .

Then we get

51(60E2+52?2)
P) 2 I~ =
EoK~ + E2T ds KR
O

We can write the dual curvature ¥ and the dual torsion 7 of 7 in terms of the
dual curvature kg and the dual torsion 7 of 7, in the following theorem:

Theorem 2. Let 7 be a dual unit speed spacelike Frenet curve having a spacelike
principal normal with the dual curvature K and the dual torsion T and 7, with the
dual curvature Ko and the dual torsion To be a spacelike principal direction of ¥ in
D3,

(a) If & > |7, then ¥, is a spacelike dual curve with spacelike dual principal normal.
Then the curvature and the torsion of principal donor curve of 7, are

R(s) =Ro(s) cosh(/ To(8)ds), T(s) =Ro(s) sinh(/ To(s)ds) (5)

(0) If K < |7|, then 7, is a spacelike dual curve with timelike dual principal normal.
Then the curvature and the torsion of principal donor curve of ¥, are

k(s) = Eo(s)sinh(/ To(s)ds), T(s) = —Fo(s) cosh(/?o(s)dg) (6)

Proof. (a) If k > |7|, as a result of (@), 7, is a spacelike dual curve with spacelike
dual principal normal. Then by using the curvature and the torsion functions
of 7, are,

~2 ~
R(5) = R0) = 700, Fals) = e (29 )

72(s) — 72(s) d5 \R(s)
respectively. Firstly we replace %= in the second equation of with f Then the
second equation of is rewritten as

)

o~ o~

) = L df) 1 df(s)
- ()" F =P &

where

Fs) — f(s w(g) = 1) 7)) T(s)K"(s)

On the other hand, since k > |7|, | f(s)| is less than 1. Thus, we get that
d

(s)
T sd§:/d7§d§:tanhflAs +c,
[ 7o) T is)
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where ¢ is dual constant. If we take ¢ = 0 without breaking the generality, then we

obtain
f(s) = tanh (/ ?O(s)d§> .
we obtain

7(s) = tanh ( / ?0(s)d§> R(s).

If this equation is written in place of the first equation of @ and the necessary
arrangements are made, then both equations of are obtained.
(b) The proof is similar to the proof of the statement (a). O

)

By using ]?:

Similarly, we can write Theorem 3 and Theorem 4.

Theorem 3. Let 7 be a dual unit speed spacelike Frenet curve having a timelike
principal normal with the dual curvature K and the dual torsion T and 7, with the
dual curvature Ko and the dual torsion T be a timelike principal direction of 7 in
D3$. Then the dual curvature and the dual torsion of principal donor curve of 7,
are

Kk(s) = Ko(s) cos(/?g(s)d’s\), 7(s) = —FKo(s) sin(/?o(s)a@). (8)

Theorem 4. Let 7 be a dual unit speed timelike Frenet curve with the dual curvature
K and the dual torsion T and 7, with the dual curvature Ky and the dual torsion T¢
be principal direction of 7 in D3.

(a) If & < |7], then ¥, is a spacelike dual curve with spacelike dual principal normal.
Then the dual curvature and the dual torsion of principal donor curve of 7, are

k(s) = Ro(s) Sinh(/?o(s)d@, T(s) = Ro(s) cosh(/ To(s)ds). (9)

(b) If k > |7|, then 7, is a spacelike dual curve with timelike dual principal normal.
Then the dual curvature and the dual torsion of principal donor curve of 7, are

k(s) = Ro(s) cosh(/ To(s)ds), T(s) = —Fo(s) sinh(/?o(s)d§). (10)

3. PrRINCIPAL DIRECTIONAL CURVES OF GENERAL HELICES IN }D)i”

In this section, we show that principal directional curves of general helices in D?
is plane curves. Then we obtain the position vectors of dual general helices with
the aid of this plane curves (see [5,12] for general helix in R?).

Theorem 5. A dual unit speed Frenet curve 7 in D3} is a general heliz iff the
principal directional curve of 7 is a plane curve.
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Proof. Since 7 is a dual unit speed Frenet curve, we will only give the proof for a
spacelike dual Frenet curve with timelike principal normal.

(=) Let 4(s) be a dual unit speed Frenet curve with the dual curvature ¥ and
the dual torsion 7 and 7, be the principal directional curve of 7 in D3. Then it is

clear that
= —tan </ ?O(s)d§> (11)

from the equation . By taking derivative of with respect to § we have

d% (;) — _%o(s) sec? (/?0(s)d§> —0.

Since sec? ([ To(s)ds) # 0, we say that 7o(s) = 0. Then 7 is a plane curve in D

(<) Let 3, which is principal directional curve of 4 be a plane curve in D?.
Then 79 = 0. As a result of K # 0, d% (%) =0 and % is a dual constant from 1'
Consequently the Frenet curve 7 is a general helix in D3. O

) )

Similarly, we can also prove in case 7 is a timelike curve or a spacelike curve
with spacelike principal normal D3.

Theorem 6. Let 5 be a spacelike plane curve with the dual curvature & in D3.
(a) If the principal normal vector of 5 in D3 is a spacelike, then the position vector
of 7 is given by

5(s) = / (o,cos ( / E(s)d?) sin ( / R(s)dé\)) s, (12)

(b) If the principal normal vector of 5 in D3 is a timelike, then the position vector
of 7 is given by

5(s) = / (sinh ( / ’/%(s)d§) cosh ( / E(s)d?) ,o) ds. (13)

Proof. Let 4 be a spacelike plane curve with the dual curvature % in D$. Since 7
is a spacelike dual curve, <t,@ = (1,0). On the other hand if we consider the dual

Frenet formulae and 0 = J R(s)ds, then the following statements hold:

(a) If the principal normal vector of 7 is spacelike, then #(s) = (070085, sin@).
Therefore, we have the equation .

(b) If the principal normal vector of 7 is timelike, then #(s) = (sinh/ﬁ\, cosh, O).
Therefore, we have the equation . [

Theorem 7. The position vector 7 of a timelike plane curve with the dual curvature K
in D3 is given by

A(s) = / <cosh < / E(s)d?) ,sinh ( / R(s)d?) 70) ds. (14)
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Theorem 8. Let 7 be a dual unit speed spacelike general helixz having a spacelike
principal normal with the dual curvature K and the dual torsion T = mk for dual
constant m = m + &m* in D3,

(a) If % = |m| < 1, then the position vector 7 is given by

01 (o (15 ) o (5 )

and the principal directional curve of 7 is a spacelike plane curve with a spacelike
principal normal in D?,
(b) If % = |m| > 1 then the position vector 7 is given by

s (o (1 ) s (551 0). )

and the principal directional curve of ¥ is a spacelike plane curve with a timelike
principal normal in D2.

V() =

Proof. Let 7, be principal directional curve of 5 in D3. 7, is a spacelike dual curve
because 7 has a spacelike principal normal.
In case (a) we can say that 7, has the dual Frenet vectors,

to(s) = (0, cos U Ro(s ds] sin [ [ Ro(s dsD
7:50(5) (0, —sin [ [ Ro(s ds] cos [ [ Ro(s)ds])
bo(s) =(1,0,0)

by using . If we consider the equation and 0 < |m| < 1, then the equations
as) = —00)_nd R (s) = ()
V1—m?2

are hold. From (4) and %(s) = #(s)v/1 — m2, the dual unit tangent vector # is
obtained as

R <m,sm [m / E(s)d?} — cos [m / E(s)d?]) .

1—-m

Hence, if i = |m| < 1, then a 5pacehke general helix with a spacelike principal
normal in ID)3 is given by the equation (1 .
(b) The proof is similar to the proof of the statement (a). O

Similarly, we have Theorem 9 and Theorem 10.

Theorem 9. Let 7§ be a dual unit speed spacelike general heliz having timelike
principal normal with the dual curvature K and the dual torsion T = mk for dual
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constant m = m + Em* in D3. The position vector of § is given by

3(s) Vit w2 / E(s)d?} cosh {m / E(s)d?} ,—m) d5

(17)

=g/ (]

and the principal directional curve of ¥ is a timelike plane curve in D? .

Theorem 10. Let 5 be a dual unit speed timelike general heliz with the dual cur-
vature & and the dual torsion T = mk for dual constant m = m + Em* in D3.

(a) If ‘%l = |m| > 1, then the position vector of 7 is given by

A(s) = \/% / (m,sm {\/ﬁﬁ / E(s)d% , — cos {\/ﬁﬁ / E(s)d?} )(f)

and the principal directional curve of 5 is a spacelike plane curve with spacelike
principal normal in D2,
(b) If % = |m| < 1, then the position vector of ¥ is given by

As) = ﬁ / (cosh {m / E(s)d?} ,sinh {m / E(s)d?} ﬁ)(lci

and the principal directional curve of 7 is a spacelike plane curve with timelike
principal normal in D3.

Taking into consideration the above three theorems, the following three results
are obtained:

Corollary 1. Let 7 be a dual unit speed spacelike Frenet curve with a spacelike
principal normal and 3, be a spacelike principal directional curve of § in D$. Then
Ao s a plane curve in D? or D? iff 7 is a general heliz in D3 with inequalities rk > |7|
or k < |7| , respectively. Furthermore 7, is a circle in D? or spacelike hyperbola in
D? if and only if 5 is a heliz in D} with k > |7| or a heliz k < |7| ,respectively.

Corollary 2. Let 7 be a dual unit speed spacelike Frenet curve with a timelike
principal normal and 7, be a timelike principal directional curve of 5 in D3. Then
Ao is a plane curve iff ¥ is a general heliz in D}. Furthermore 3, is a timelike
hyperbola if and only if ¥ is a heliz in D3.

Corollary 3. Let7 be a dual unit speed timelike Frenet curve and 7, be a spacelike
principal directional curve of ¥ in D3. Then 7, is a plane curve in D* or D? iff 7 is
a general heliz in D} with inequalities k < |T| or k > |T| , respectively. Furthermore
Yo is a circle in D? or a spacelike hyperbola in D3 iff ¥ is a heliz in D} with k < |7|
or k > |1|, respectively.

Consequently, the general helices are characterized in D3 according to the asso-
ciated curve as follows:

Theorem 11. A general heliz in D3 is the principal donor curve of some planar
curves.
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4. PRINCIPAL DIRECTIONAL CURVES OF SLANT HELICES IN ]D)il3

In this section, we examine the causal characters of general helices which are
principal directional curves of slant helices according to causal characters of slant
helices in Df’ . We are state that the connections between general helices and slant
helices in ]D)if as follows:

Let 4 be a Frenet curve in ]D)‘?’ and W be a dual unit vector along the dual Frenet

curve 7. If W has a constant dual angle with a constant dual vector V along 7,
then the tangent vector of 7, which is the W —directional curve of 7, also has a
constant dual angle with 1% along 7. Conversely, if the dual unit tangent vector of
the Frenet curve 5, in D® makes a constant dual angle with the constant vector v
in ]D)f’ then 7 is the W —donor curve of 5 Yo-

In the expression given above, we take principal normal vector instead of 1%
along ¥ in Df’. Then 7 is a dual slant helix (slant helix in D$) that is the principal
normal vector of ¥ makes a constant dual angle with a constant vector Vin D3 iff
the principal directional curve of 7 is a general helix in D$ that is the dual unit
tangent vector of 74, makes a constant dual angle with a constant vector V in D3.
On the other hand, a slant helix is the principal donor curve of a general helix and
a general helix is the principal directional curve of a slant helix in D3 (see [3,/15)
for slant helices)

Now let 7, be a spacelike general helix having a spacelike dual principal normal
with the dual curvature & and the dual torsion 7o = ¢kg for dual constant ¢ in
D3 Then the spacelike principal donor curve 7, of 7, has the dual curvature k; =

s) cosh [ f Ro(s ds] and the dual torsion 71 = Ko (s )blnh [Cf/io ds] A time-
hke pr1nc1pa1 donor curve 7, of 4, has the dual curvature F2 = Ro(s) sinh [c J Rol(s ds}
and the dual torsion 75 = &o(s) cosh [¢ [ Ro(s)ds]. The dual Frenet curves 5, and
75 hold the equations of slant hehces

~2 . 2 o~ o
R d (7 cosh” [¢ [ Ro(s)ds] d A/A N N
(=) = — | tanh d = 2
(= A2)3/2 A (;51) 7o g5\t |€ [ Ro(s)ds| | =2 (20)

ki1 —T
and
2 ~ .12
—R5 d (T2 __smh[fﬁo ]7 [ A
T P& <E2> = e coth |¢ [ Ro(s)ds| | =&,
(7-%)
(21)
respectively.

Let 7, be a spacelike general helix having a timelike principal normal with
the dual curvature K and the dual torsion 7o = ¢rg for dual constant ¢ in ]D):f.
Then the spacelike principal donor curve ﬁg of 7, has the dual curvature k3 =

(s)sinh [¢ [ Ko(s)ds] and the dual torsion 73 = —Fo(s) cosh [¢ [ Ko (s)d5]. The
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timelike principal donor curve 74 of 4, has the dual curvature kqy = Ro(s) cosh [ J Ro(s
and the dual torsion 74 = —Ro(s) sinh [¢ [ Ro(s)ds]. The dual Frenet curves 75 and
7, hold the equations of slant hehces

2 R 12 N g

R d <T3) sinh [cf Hods] d ( {A/A 1) N
—_— | )| =————"——=— | —coth |C [ Rod5| | =¢C 22
(72— r2) B\ Rols)  d3 ’ )

3 3

and
~2 ~
—R3 d (T4 cosh? [ [ Fo(s ds] d A/ R R ~
PR A — | —tanh d =
(7{2 _ 5_\2)3/2 d§ (7‘%4) K/O( ) djs\ an c KO(S) S C,
4 4 o
respectively.

Finally, let 74, be a timelike general helix with the dual curvature % and the
dual torsion 7o = ¢kg for dual constant ¢ in ]D)?’ Then the principal donor curve
5 of 7, has the dual curvature ks = Ro(s )cos [¢ [ Ro(s)ds] and the dual torsion

Ts = —Ro(s) sin [ f Ro(s ] The dual Frenet curve 45 hold the equation of slant
helix:

7_% 4 (T = — cos” [¢) Fo(s)d5] 4 — tan ’c\/k\ (s)ds| | =c.
2 2\3/2d5 \ Rs Ro(s) ds 0 '
(7’5 =+ 55)
(24)

The value of a dual slant helix equation is called the dual slant helix constant.
Then we can write following proposition:

Proposition 1. Let 4,(s) be a general helix with the dual curvature Ko and the
dual torsion To and 5 be the principal donor curve of 3, in D3. Then 7 is a dual
slant heliz with the dual slant heliz constant ,E—‘;

In the previous section, general helices were constructed in D3 with the help of
plane curves. The above methods gave idea to construct slant helix with the help
of general helices in D}. Now, by using the method in the third chapter the slant
helices will be constructed from the general helices in D3.

Theorem 12. Let 7 be a dual unit speed spacelike slant heliz having a spacelike
principal normal with the dual curvature & and the dual torsion 7T in D3 and ¢ =
c+&ct be a dual slant helix constant.

)ds]
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(a) If k > |7| and |c| < 1, then the position vector 7 is given by

Ss) = —f( Sinh[oR )],

cosh ’C\IA(l(s) cos mf(l(s) _ Zsinh[eRs ()] sin[VIZER1 (o)

. . vi-e " (25)
cosh |¢K(s)| sin |1 — 2Ky (s)

n Esinh[EKl (s)\]/;:cise[;/ 1-¢2K; (s)] ) d§7

where K1 = \/AQ —72 s)ds.

(b) If k > |T| and |c| > 1 then the position vector 7 is given by

is) = — (sinE [EIAQ(S)} sinh J;\/eﬁf(l(s)]
_ECOSh[EKl(S)]\/C;Sﬂmm(s)] ,sinh [EIAQ(S)} cosh {\/62 — 1}?1(5)

_ ¢cosh [61?1 (5)} sinh[\/EQ—li?l(s)] cosh[EI?l (s)] ) a5

Ve2—1 ’ Ve2—1

where K1 =/ \/R2(s) — 72(s)ds.

(o) If Kk < \T| then the position vector 7 is given by
(i) = —f (sinh |:/C\I?2(S):| cosh {\/1—1—762[?2(5)}
_ Goosh[eRs ()] sinh [ VITER, ()] , sinh |:/C\I?2(S):| cosh {\/1—1—7621?2(5)}

(26)

Vi4e?
ECOSh[ERQ(S)] sinh|v/ 1+€2]/€2(s)] COSh[EI?2(S)] a5
N 14¢2 RV e )ds |,

(27)

where Kg = \/72(s) — R2(s)ds.

Proof. Let 7, the principal directional curve of 7 in D3. Since 7, is a general helix
with the dual torsion Ty = ¢kg for dual constant .
(a) From the equation we obtain

to(s) = ﬁ (E, sin [V1 — ¢ [Ro(s)ds]

—cos [V1—-22 fﬁo AD
fo(s) = (0 cos [\/1 — flio ] i [\/1 — ¢ [Ro(s)ds]), . (28)

\/ﬁ (1, —Csin[V1I-22 fKJQ ds]
¢cos [\/lfifno ])

On the other hand from . ) it is clear that

£ = —cosh [ / ?O(S)dg] fig + sinh [ / ?O(S)dg} Do.

i~
(==}
=
»
&z
Il
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If we take into consideration the equation then the dual unit tangent vector ¢
of 4 can be written as

%" _ (sinh[f To(s)ds]

1-¢c2 ’

—cosh [ [ To(s)ds] cos [V1 — 2 [ Ro(s)ds] — esinh(/ 7o S)ds\z“[v & [ Rols )ds]

— cosh U To(s)d ] [\/1_7f Ro(s A] Esinh[ [ 7o (s)ds] Cfs_[;ffﬁo(‘)ds]) '

By using the equations Ki(s = [Ro(s)ds = [/R*(s) —7°(s)d5 and oK1 (s) =

[ To(s)ds we have

%\ _ (sinh 6/\1(5)]

T
— cosh [EAl(s)] cos (mfgl(s)) _ @sinh[eK, (s )\]/glm(\/iKl( 9)
[A/\

—cosh | { = ] n Esinh[?l?l(s }cos[\/ Kl(s)]>

1(5)] sin

\/]. —EQKl(S) Vi

29
If we take into consideration ¢ = d(q %) and integrate both sides of the equation (|2
with respect to 3, then we get (25 .
The proofs of (b) and (c¢) are similar to the proof of the statement (a). O

Similarly, we have Theorem 13 and Theorem 14.

Theorem 13. Let 5 be a dual unit speed spacelike slant helix having a timelike
principal normal with the dual curvature & and the dual torsion 7 in D} and ¢ =
c+ &t be a dual slant helix constant.

(a) If |¢| > 1 then the position vector 7 is given by

CIEE =

CSIH[CKS( )] cos| fQile(S)] — cos [/C\[?3(8):| sin {\/ET—U?:;(S)] ;

Ve
2sin[eK;3(s)] sin[vE2—1K3(s ~> = ~
[eKs( )]\/62[_\/1 3(s)] + cos [ch(s)} cos [\/52 - 1K3(s)]> ds
(30)

where K3 = [\/R ) +72(

(b) If |c| < 1 then the position vector 7 is given by

() = [ (cos |:C\I?3(S)i| sinh [ﬁkg(s)]

+ESin[EK3(S)]\C/jSh6[2 —CRa)] ,cos [Ef?g(s)} cosh [mf{g(s) (31)

+Esin[€[?3(s)] smh[\/l 22K3(5)] sirl[El?g(s)]>d,S\

Vi— 7oV1-¢2
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where K3 = [\/R )+ 7

Theorem 14. Let 7(s) be a dual unit speed timelike slant heliz with the dual
curvature & and the dual torsion 7 in D} and ¢ = ¢ + &c* be a dual slant heliz
constant.
(a) If k < |7| and |c| < 1 then the position vector 7 is given by

smh[cKz(s }

A(s) = f(F s cos (VI =@Rs(s) ) cosh [eRa(s)|
i sin (\/ﬁf@(s)) sinh [61?2(5): ,

sin [mf(g(s)] cosh I:EI?Q(S)} o
—&—\/%762 cos [mgg(s)} sinh [EI?Q(S) ) ds
where Kg = \/72(s) — R2(s)ds.
(0) If k < |7| and |c| > 1 then 5 can denoted by
(i) = [ (cosh [/c\f?z(s)} sinh [\/Eflf?z(S)} _ Ceoh[eRa(s )1/005}1[\/71(2( dl
sinh {Ef?z(s)} cosh {\/527—1?(2(8)} - CCOSh[CKQ(S)]/Slnh[\/im(sﬂ
,COSh[;fi?I(S)] )> ds,
(33)

where K2 = \/ — 22 )ds.

(¢) If k > |7| then the position vector 7 is given by

F(s) = [(cosh [EIAG(S)} cosh [\/1—&—762[?1(8)]

¢sinh[eK1 (s)] sinh[vVI+E2 K (s T . =
_ [ER 1 ( )\]/1+m[2 A )], cosh [cKl(s)] sinh [\/1 + 2K, (5)}
)d3,

Esinh[ﬁl?l(s)] cosh[\/1+621?1(s)] sinh[EKl(s)]
- Viter V>

where K1 = [\/R —7%(s)ds.

In Theorem 11, general helices in D$ were characterized according to the as-
sociated curve. Slrmlarly, the characterlzatlon of slant helices in D} is given as
follows:

(34)

Theorem 15. A slant heliz in D3} is the second principal donor curve of some
plane curves.
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A Frenet curve 3y in D} is called a circular slant helix or hyperbolic slant helix
if the second principal directional curve of 7 a circle in D? or a hyperbola in D?,
respectively. These curves are called simple dual curves.

Now we will deal with simple closed slant helices in D$. Taking into consideration
the equations - and (| , we can state that there are no closed simple
dual slant helices given by (25} . and . (34). Therefore we only interest a
closed simple dual slant hehx glven by |.)

Remark 1. Let 7 be a spacelike circular slant heliz providing the equation @) and
its first principal directional curve of 4, and its second principal directional curve
of 41 be a helix with |;‘;| lc| > 1 and a circle with radius 7 in D3, respectively.
Since the dual curvature of 7, is Ry = ?, the dual curvature Ko is expressed by

Ro = = 61271. Thus the dual function IA(g n @) is given by
[~2 | ~2 g~ g S
s) = /{—FTCZS:/KdS:i.
) / T AE—1
Therefore, by the a simple integration we can give that 4 is closed iff ﬁ 1s
rational. Similarly, it appears that other simple dual slant helices are not closed.
Example 1. A spacelike circular dual slant heliz
A(s) =(s) +&v"(s) (35)
of (@) can be denoted by

v(s) = —r( cos [7 NG ]

(20 — 1) cos \/“’271 [f] +2¢v/c2 — 1sin r\/% sin [f] ,
(2¢% — 1) cos T\/Z%l sin [£] — 2¢v/c? = 1sin 7= | €08 [f])
) (36)
an
o) = (s [ e ]

(es1* (1= ) +c*sr (1 - 262)) sin [ i ] cos [2]
+ <% + ﬁgff) cos L %271} sin [£]
+ (r* = 2r*c® — dec*r) cos [T\/Z;j} cos [£]
e (g [t [, 0

(csr* (1 — 02) + c*sr (1 — 202)) sin [T £ } sin [f]

_[r’s 2cc*s cs s
( =+ 62_1) cos {T T—l} cos [£]

+ (r* —2r*c? — 400*7‘) cos [T\/Zji_l} sin [;]

cctr4crt—r*\ o cs . [s
+2c (7\/ﬂ ) sin L 6271] cos [T]) .
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If we put ¢ = % for dual constant ¢ = ¢ + &£c* and T = (1,0), then the closed
condition ﬁ = 3 is provided and an example of a spacelike closed circular dual
slant heliz with timelike principal normal is given by

31 (S) _ 2v2 0305[33] ) 5 cos[3s] cos[s]i—B sin[3s] sin[s] ) 5 cos[3s] sin[s] 13 sin[3s] cos[s] )

9 3
_3\/5 cos [38} cos [S} _ 9\/§sin[235] sin(s] ) —b5s sin[fs] sin[s] 12\/29 oS [38] cos [S]
—3v/2 cos [3s] sin [s] + w> )

+€C* (8 cos[3s]  64ssin[3s] ) —bs sin[is] cos|s] + 12\/58 cos [38] sin [S]

If we put ¢ = 2 for dual constant ¢ = c+&c* and 7 = (1,0), then the closed condition
\/7 = % is not provided and the an example of a spacelike non-closed circular
dual slant heliz with timelike principal normal is given by

ols) = — <CO§[2*2F] 7 cos [s] cos [\f] + 44/3 sin {\2/%} sin [s],
7 cos [ } sin [s] — 4v/3 sin [\2/5} cos [s ]) +&c* COS[;%] - ssn;[\[?] ,
—T7ssin {27} cos [ 4 cos { } sin [s] — 8 cos % cos [s]
f [7} sin[s], — 7ssin [ } sin [s] — 4 cos %} cos [s]

—8¢ {\2/5} sin [s] + \% sin [\/g} cos [s])

Corollary 4. The closed simple slant heliz 7 given by (.) whose real part @
and dual part (.) in D3 is a spacelike circular slant heliz with timelike principal
normal having slant helm: constant ¢ = ¢ + &c* providing the condition \/65771 18

rational.

5. PRINCIPAL DIRECTED RECTIFYING CURVE IN D3

In this section, we examine the principal directed rectifying curve whose the
position vector always lie in rectifying plane of its principal donor curve in D3 (see
[6,10L|{14/19] for rectifying curve). We show that a principal directional rectifying
curve in D corresponds to a spacelike or a timelike ruled surface in R} depending
on causal characters of its principal donor curves.

Theorem 16. Let 7, be a pseudo spherical Frenet curve (a Frenet curve lies on
S? or H3) and 7 be a principal donor curve of 3, in D3. Then 7, is a principal
directed rectifying curve.

Proof. Let 7, be a pseudo spherical Frenet curve and 74 be a principal donor curve
of 7y in D$. According to the dual Frenet frame of 7, the position vector of 7, is
written as

o~

Fo(s) = A(s)E(s) + Als)7ils) + B(s)b(s), (38)
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. T o~ > . d~ -~
for some dual functions A, 7i and . Since 2 = to, we have

- dx [~ du - B\ ~
o (SRS i s WL LR ) PO N
ds ds ds

Thus the system of equations
& c0EIRA =0
A+ & —ea1e2mf =1 (39)
~~  d
HT + 35 =
is formed. Since ¥, is a pseudo spherical Frenet curve, taking into consideration
the equation we obtain
0A(s)? + e1fi(s)® + e2f3(s)* = F7.
If we take derivative of this last equation with respect to s, then we get

EOX% + 81/7% + 523% = (40)

is denoted. By using the equations and it is clear that fi(s) = 0. Hence
we can rewrite the equation as

Fo(s) = Ms)ils) + B(s)b(s).
So the position vector of ¥, (s) lies in the rectifying plane of 5 which is the principal
donor curve of 7,. Therefore, 7, is principal directed rectifying curve. O
Theorem 17. Let ¥ be a Frenet curve with the dual curvature K and the dual
torsion T and a pseudo spherical Frenet curve 7, be principal directional curve of
4 in D$. Then the position vector of 7, lies in the normal plane S, {ﬁo,go} and
the position vector of 7 is given by

CIT + €pe1Cak ~

N £1(1C1R + £2CoT) — — N bo(s) (41)
G (50/<c + eoT ))3/2

Yo(s) = — no(s) +

(gl (60/22 + 52’/7'\2> )3/2

for dual constants ¢1 and ¢s.

Proof. Let 7 is a Frenet curve with the dual curvature s and the dual torsion 7 and
a pseudo spherical Frenet curve 7, be principal directional curve of 7 in Dj. We
know that the dual curve 7, lies on the rectifying plane of 4. Then the position
vector of 7, can be written by

Fo(s) = At(s) + Bb(s) (42)
for dual functions \ and 3 If we take derivative of the equation with respect
to s, then we have

dh~ dB~

= i(s) + (AR — £12287)7(s) + Zeh(s).
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From the last equation it is clear that 2 = ¢1 and B = ¢y are dual constants.
Therefore, we obtain by using . ([

Corollary 5. Let 5 be a spacelike Frenet curve with a spacelike principal normal
in D3. Then the principal directed rectifying curve of 3 corresponds to a timelike
ruled surface in R3.

Corollary 6. Let 7 be a spacelike Frenet curve with a timelike principal normal
in D3. Then the principal directed rectifying curve of ¥ corresponds to a spacelike
ruled surface in R3.

Corollary 7. Let 7 be a timelike Frenet curve in D3. Then the principal directed
rectifying curve of 3 corresponds to a timelike ruled surface in R3.
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