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1. Introduction
Let L be a linear class of real-valued functions g : E — R having the properties

(L1) f,ge Limply (af+Bg) € Lforall a, B € R;
(L2) 1€ L,ie.,if fo(t)=1,t € E then fy € L.

An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af+PBg)=aA(f)+BA(g) forall f,geLand a, p €R.
(A2) If feLand f >0, then A(f) > 0.

The mapping A is said to be normalized if
(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analysis that enjoy a number of convenient properties.
Thus, they provide, for example, Jessen’s inequality, which is a functional form of Jensen’s inequality (see [1], [2] and [3]).
For other inequalities for isotonic functionals see [4], and [5]-[15].

We note that common examples of such isotonic linear functionals A are given by

Ag)= [ sduorale) = ¥ prs.
E keE

where (1 is a positive measure on E in the first case and E is a subset of the natural numbers N, in the second, with g = {gi};cx
and py >0,k € E.
We have the following inequality that provides a refinement and a reverse for the celebrated Young'’s inequality

1 (b—a)*

Ev(l—v)imax{a b} < (b—ay

1— _ql7VpY < SO
(I1-v)a+vb—a b’ < min {a.b]

v(1—v) (L.1)

N —
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forany a, b>0and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [16] who established a more general result for n variables and gave
an application for a probability measure supported on a finite interval.

The functional version of Callebaut’s inequality states that

A (f) SA(FV)A(f'e ) <A(f)A(S) (1.2)
provided that 2, g2, f>Vg¥, fYg*~", fg € L for some v € [0,2]. For the discrete and integral of one real variable versions
see [17].

In this paper we obtain some inequalities for isotonic functionals via the reverse and refinement of Young’s inequality (1.1)

that are related to the second part of Callebaut’s inequality (1.2). Applications for integrals and n-tuples of real numbers are
also provided.

2. On Callebaut’s Inequality
We have the following result that provides a refinement and reverse of Callebaut’s second inequality:

Theorem 2.1. Let A, B : L — R be two normalized isotonic functionals. If f, g : E — R are such that, f*, g2, %, FRI=V) g2V
12g* 1Y) ¢ L for some v € [0, 1], and

0<m§§§M<w @.1)

for real numbers M > m > 0, then

—v(l—v)m? (A (j’;)B(fz) +A(f2)B<f;> —2>

IN

(1-v)A(f2)B(g*) +VvA(g*)B(f?) (2.2)
( g2v B( 2v 21 v)

< ; (1—v)M> (A (;)B(f )—i—A(fz)B(‘]g;) —2).

Proof. Since ab = min{a,b} max {a,b} for any a,b > 0, then from (1.1) we have

(b—a)’
ab ’

(b—a)’
ab

~v(1=v)min{a,b} < (1=v)a+vb—a'""b' < ~v(l —v)max{a,b}

N —

where v € [0, 1]. This can be written as

IN

(1-=vya+vb—a'Vb' <

N —

~v(1—v)min{a,b} ( +b—2) v(1—v)max{a,b} <2+Z—2), (2.3)

for any a, b > 0.
Let x, y € E such that g (x), g (v) # 0. If we use the inequalities (2.3) for

_ 2() 2 M2
=gt g S M
then we get
(SN | LWE) L e (LN T Lo
(1=v) (gz(y)fz(x)+gz(x)f2(y) 2) < UM ey Ve <g2<x>> <g2<y>) @9
1 ()N | )l
s pvi-vM <g2<y>f2<x>+g2<x>f2<y> 2)’
where v € [0, 1].
If we multiply (2.4) by g2 (x) g% (y), then we get
)

(1=v)& () 2 (x)+ Vv (y)g* (x) (2.5)
()& () £ (x) g% (x)

1 _ 2 208 @) 2 (y 0)) _
- (£0) 58+ P o).

_|_
~
~
<
|
V]
N——
IA

4
v (£

IN
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which holds for any x,y € E.
Fix y € E. Then by (2.5) we have in the order of L that

g0) » 2)

)
If we take the functional A in (2.6), then we get

o (a5 -

4
v<1—v>m2(f2<y>§2 1=V O LVAD) S

IN

g
1

IN

foranyy € E.
If we write this inequality in the order of L, then we have

—v(1—v)m? (A <f2>f +A(f? )‘Ji-z)

and by taking the functional B we deduce the desired result (2.2).

IN

1
=V

<
- 2

Corollary 2.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f*, g°, %7 F2=v)g

f2g* 1Y) ¢ L for some v € [0, 1] and the condition (2.1) holds, then

v(l—v)m? (A (ji)A(fz)—l)

IN

In particular, if £, g2, %, fg € L and the condition (2.1) holds, then
1, g 2

The following result also holds:

IN

4
v (f2<y> "

f2v (y) g2(17v) (y) fZ(lfv)gZV

gt ()

2(y)

(1=V)A(f2) 2 +va(g) f2—a (20

(1-v)M? (A <f2>f +A(f?)

f2—2>.

7v)g2v) f2vg2(17v)

4
72,

AGP)A() A (P09 a (£7g200)
v(l—v)M2 (A (f;)A(fz)_l>'

)-1).

(2.6)

O

2v

)

Q2.7)

(2.8)

Theorem 2.3. Let A, B: L — R be two normalized isotonic functionals. If f, g : E — R are such that f >0, g >0, f%, g,

g, FRI=IG2V 2V 20V) e [ for some v € [0, 1] and the condition (2.1) holds, then

(1=v)A(£2) B(g?) +vA(s*) B(f*)

A (f2(17v)g2v> B (f2vg2(17v))

v (4@ 5 (L) (s +a(5)5() <
Ve g P 7 ) Ble <
< 1
< 53V (I-v)
x@@w<
Proof. For any x, y € E we have
»_ P £O) 2
"= g2 (x) g2 (y) =M
If we use the inequality (1.1) for
f*(x) 20)
= b =
w20

(2.9)
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then we get
P LY L) (LN T Lo
wﬂ“”(ﬁm é@) (1”fw+%%o(fm> QWQ
20 LY
< V=Y (gz(y) - gz()é))

forany x,y € E.
This can be written as

4 2 2 (y 4y
v (L0 L0 Sy

AN
N
|
<
~—

2M? o) g0 &) gt) g g \&W 2(y)
L () S0 )
< 200 (G0 20 e )
Now, if we multiply (2.10) by g* (x) g (y) > O then we get
4 4 (x
a0 (L2e 022020+ L8 0) < 1-20 2w A @
38 ) Y (1) g% (x)
4 4 (y
< sev-v(LPew-2r0 2w LR 0)

forany x,y € E.
Fix y € E. Then by (2.11) we have in the order of L that

4 4
21 (L0220 2+ 205) < 0-ng0 R0 - 0120 020

2M? 20
(2.12)
1 o) f*
< v (L0e2p0prem )
If we take the functional A in (2.12), then we get
1 L) oy g 20N 2 r a2 2 2
HeY1-v) gz(y)A(g) 2/ (NA(f*)+& (A p < (1=v)EMA(f)+viF(nA(g) (2.13)
0 (A (fz(1 ”gzv)
1
< Wv(l—v)
F0) o2 2 2 <f4>>
A -2 A Al =
<g2(y) (&) -2/ MA(f*) +&° ) p
foranyy € E.
This inequality can be written in the order of L as
1 f f* 2\ 2 2\ 2 201-v) 2v) g2v 2(1-v)
sV (- )(A(g )g——ZA(f)f +A<g )g) < (1=-v)A(A)P+vA(S) f —A(f g )f g
(2.14)
1 f 2\ 2 N
< 2mzv(l—v)<A( )g——ZA(f)f +A<gz>g)~
Now, if we take the functional B in (2.14), then we get the desired result (2.9). L]

Corollary 2.4. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f >0, g > 0, f2, g2, g,
FRUVIg | f2v2(1-V) e I for some v € [0,1] and the condition (2.1) is valid, then

A/llzv(l—v)(A(g) <]:> AZ(f)) < A(fz)A(gz)—A(fz(lfv)gz")A(fz"gz(“v)) (2.15)
Lvan(a@a (L)),

IN
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In particular, if f%, g2, g—;, fg € L and the condition (2.1) is valid, then we have

len(5)-+0)

IN

A(f)A(g%) —A*(fg) (2.16)

(e (5)r)

IA

3. Other Related Results

If we write the inequality (1.1) for a = 1 and b = x we get

1 (x—1)? 1 (x—1)?
vy V< v(l—v) 3.1
PAA ey s e e A U 2wy Py -1
for any x > 0 and for any v € [0,1].
If x € [¢,T] C (0,00), then max {x,1} < max{7, 1} and min{z,1} < min{x, 1} and by (3.1) we get
. 2 2
1 MiNye(r 7] (x—1) 1 (x—1)
Syl —y) 2 o Sy () ) 3.2
2v( V) max {7T,1} - 2v( v)max{T,l} (32)
< 1—v+vx—x"
1 (x—1)?
< Sv(l—v)
- 2v( v)min{t,l}
max x—1)
< 7‘/(1_‘/) xE.[I,T]( )
min {z, 1}
for any x € [¢,T] and for any v € [0,1].
Observe that
(T—1)?ifT <1,
min (x—1)>={ 0ifr<1<T,
xele.T) (t—1)%if1 <1t
and
(t—1)?ifT <1,
m[ax](x—l)2: max{(l—l)z,(T—l)z} ifr<1<T,
x€(t,T
(T—-1)%if1<1.
Then
: 2 (T—1)?ifT <1,
c(r,1) e MenE VT )y Sy < (3.3)
max {7, 1} (1) .
i<
and
max x—1)? =17 1 {_2 _2}' <1<
C(t,T):= xel[fvT]( ): - 1f2T<1,tmax (t=1)"(T—1)"ift <I<T, (3.4)
min {z, 1} (T—1)%if1<1.
Using the inequality (3.2) we have
1 1 —1)°
Ev(l—v)c(t,T) < 2v(l—v)m(:fx{T?l}<1—v+wc—xv (3.5)
x—17% 1
< —v(l-—- —v(l— t, T
for any x € [¢, 7] and for any v € [0,1].
Now, ifa,b>0andassumethat§€[t,T],thenby (3.5) we get
1 1 (b—a)®
—v(l— t, T < —vil—V)———— 3.6
ZV( vienT)a < 2v( v)max{T,l}a (36)
< (1=v)a+vb—b'a'™Y
1 (b—a)? 1
< —vl—-V)————<-v(l-v\C(t,T
s VU=V oiye SV -V na

for any v € [0, 1], where ¢ (¢,T) and C (¢,T) are defined by (3.3) and (3.4), respectively.
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Theorem 3.1. Let A, B : L — R be two normalized isotonic functionals. If f, g : E — R are such that, f*, g%, g

f4
fZ ) 529

FRI=VIG2V 2V 20V) e [ for some v € [0, 1] and the condition (2.1) holds, then

IN

IA

1-v)

IN

IN

Proof. For any x, y € E we have

Consider

2
then Z € {’"—

ex %—j} and by (3.6) we get

IN

IN

IN

IN

forany x,y € E and v € [0,1].

This inequality is equivalent to

IN

IN

IN

IA

forany x,y € Eand v € [0, 1].

3.7)

i (4(5)5(5) @0 wa0s(e)
A(f2)B(g?) +vA () B (f2)—A(f2<l v) ) (f2v 2(1- v)

(A( ) ( ;) -24()B(7) +(7)8(5) )

(£)B (&%)

(3.8)
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Now, if we multiply (3.8) by g2 (x) g% (¥) > O then we get

20) L0 o4 (1) 02
| w2 (2= 58) gt ()8 )
0 < Ev(l—v)w 0 (3.9)
< V)W) +vify)e (x)— g+ WY U x x
< (1-v)& ) ( L EE—r e ) A (08 (v)
£0) _ LY
< 7\/(] _v)Mij <g2(;> - gz(x; g4 (x)g2 (y)
m 17 ()
1 M2\
< - (3 -1) FOfo
forany x,y € E and v € [0,1].
Observe that
£0) LY £0) 2P0 W
(56— i) £ W0 _ (5ot 25 ot + ) ¢ W)
2% 2%
PR 2200 (06 () + 1 ()8 0)
a 12 (x)
f()g* ) 2082 203 2
= L W8,
0) 20 ST )+ 7 (x)g” ()
and by (3.9) we get
m* ([ (y)g*(x) 2y 2 2032
0 < v(l_v)Mz<g2(y)f2(x)_2f (g (x)+f (x)g (Y)>
< 1=V L@TvAMEE - 08 ) Y @) (0
M ()8t (x)
< v (L5 22008 0+ W)
M2 M2\
< pra-vi (Lo1) Fedo
forany x,y € E and v € [0,1].
Now, if we use a similar argument to the one from the proof of Theorem 2.1 we deduce the desired result (3.7). O

Corollary 3.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that, 2, g%, %, g—;, fz(l_")gzv,
12g*1=V) e L for some v € [0,1] and the condition (2.1) holds, then

0 %V(I_V)Ziz (A (ﬁ)“‘({;) —A(82)A(f2)) (3.10)
A (fZ)A (gz) _A (fz(]*")g”)A (f2vg2(17v))

-2 (4 (5)a(5) 4@
< %v(l —v)Z—j (Z;— 1)2A (f)A(s)-

IN

IN

IN

- e 2 gt
In particular, if f<, g°, il fg € L, then we have

1m2 g4 f4
0 < 8Mz(A fz)A<g2>—A(g2)A(f2)> 3.11)
< A()A(g)—A%(fe)

IN IN
—_ O | —
SEE S
TN TN
Ngtv/—\
~ | oo
SRS
\/\-/
SR
b A/
~ %N‘&E
N
-~ \
o -
38 —~
SN— OQ
\_.>)
S
%
N
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We observe that the inequality (3.11) can be written as

(3.12)

4. Applications for Integrals

Let (Q, A, 1) be a measurable space consisting of a set Q, a ¢ -algebra A of subsets of Q and a countably additive and positive
measure U on A with values in RU {eo} . For a i-measurable function w : Q@ — R, with w (x) > 0 for u -a.e. (almost every)
x € Qand p > 1 consider the Lebesgue space

LE(Q,u):={f:Q—R, fis u-measurable and /Q |f ()P w(x)du (x) < oo}

For simplicity of notation we write everywhere in the sequel [, wd instead of [, w(x)dp (x). The same for other integrals
involved below. We assume that [, wdp = 1.

Let f, g be u-measurable functions with the property that there exists the constants M, m > 0 such that

0<m< / < M < oo u-almost everywhere (a.e.) on Q. 4.1)
8
If 2, g2, %, FRI=V)g2v g2V 2(1-V) e [ (Q, 1) for some v € [0, 1] and the condition (4.1) holds, then by (2.7) we have

v(l—v)m? (/wa;du/gwfzdu—l> < /wfzd,u/wg2d,u /wf (1=v) 2Vdu/wfzv Vg (4.2)

v(l—v)M2< wa;zdu/gwfzdu—l)‘

IA

In particular, if 2, g2, %, fg €L, (Q,u) and the condition (4.1) holds, then

L </Qw}g;du/9wf2du—l> /wazdu/gwgzdu— (/wagdu>2 (4.3)
%MZ </ijg;d/.t/gwf2dul).

If 12, ¢, L f— , AUV g2V 2(1=V) e [ (Q, 1) for some v € [0, 1] and the condition (4.1) holds, then by (2.15) we have

#v(l—v </wg2dy/w du — (,/gwfzd“>2) < /wfdu/wgzdli /wf (1-v) zvdu/wfzv 20-V) gy

4.4)
4 2
—v(l—v) (/ngzdufgwi;du— (/wazdu> ) .

In particular, if 2, g2, g, fg €L, (Q,u) and the condition (4.1) is valid, then we have

( | wgtau / wh i - ( /. szdu>2> |wrdu | wgzdu—( A ngdu)2 4.5)
(/ wed / wldu - (/Q szdu)2>-

IN

IN

A

IN

IN
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It £2, g2, % {;—3 FA=VIg2v 2V (1Y) e [ (O 1) for some v € [0, 1], and the condition (4.1) holds, then
1 m? g 1 2 2
0 < 2v(1—v)MZ(/ wﬁdu/w—zdu—/wg du/wf dy 4.6)
S /szd,u/wgzdﬂ /Wf 1 V ZVdu/waV 21 V lJr
1 8 f 2 2
< —v(l—-v)— /w—d /w—d —/w d/w d
SV )m2(.Q ol Al wetdu | witdp
1 MM
< via-w2Z (2 2d/2d
S 2\/( V) 2 (mz ) /wa u QWg
In particular, if 2, g2, % ﬁ; fg €L, (Q,u), then we have
0 < / g du/ wf4du /wgzdu/ wfldu @4.7)
- 8M2 f2
. 2
< [ wfdu [ wedu- ( [ ngdu>
Q Q Jo
1M2 g4 f4
-— wd/wd—/wzd/w2d>
sz(/gﬁuggzuggugfu
1M (2N
-— | —=-1 /wfzd,u/wgzdu
8 m2 \ m? Q Q
S. Applications for Real Numbers
We consider the n-tuples of positive numbers a = (a1, ...,a,), b = (b1, ...,b,) and the probability distribution p = (p1, ..., pn),
ie. pi>0foranyie€ {l,...,n} with Y7, p; = 1. If there exist the constants m, M > 0 such that
0<m§%§M<ooforanyi€{l,...,n}, (5.1)
i
then by (4.2) and (4.3) for the counting discrete measure, we have
2 (v b? - 2 2 2 (1-v)2v 2v; 2(1-v)
m |\ Ypims Y piai =1 < Zp, Zp,b Zp, b; Z pia;’b; (5.2)
=1 4= i=1
n n
< v(l-v)M? Zp,észa
i=1 4 =1
forany v € [0,1] and
1 n b4 n n n n 2
e\ s Yopai—1) < Y piat Y pibi — | Y piaibi (5.3)
=1 4= i=1 i=1 i=1
Lo b
< M Zp[—ZZp,-ai—l .
=1 4=
Ifa=(ay,...,an), b= (by,...,b,) satisfy (5.1), then by (4.4) and (4.5) for the counting discrete measure, we have
2
1 _
v (-v Zp, Zpl (Zp, 2) < Zpl 2Zp,bz Zp, 1027 ¥ 25207 (5.4)
i=1 i=1
2
< ZPI ZP: (sz 12>
i=1
for any v € [0,1] and
2 n n n 2
Zp, ?sz Zpl ; < Y piaty pib; — | Y piaibi (5.5)
; i=1 i=1 i=1
2
1 S 2
< 1 Zplb sz <sz ,-)
m i=1
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If a=(ai,...,an), b= (by,...,b,) satisfy (5.1), then by (4.6) and (4.7) for the counting discrete measure, we have

1 m? [ & bf" af’ &
0 < Sv(l-v)i5 szaZZplbz Y pibi Zp, (5.6)

=1 i i=1

Zzplbz_zpl 1 VbZVZpl 2Vb 1 V

INA
\M:

1 M2 n n 4 n
< zv(l—v)mz<z ’ZZ P sz Zp, )
=1 4% iz 1 i=1
1 M2 M2 25
< 2\’(1—")”12(2 ) sz Zp'b2

for any v € [0,1] and

n n n
> 2
0 = 8M2 <Z‘i *22 ). pi *jz pibi ZP%’) (5.7)

i=1 i=1

IN INA
o0 | = M
WS T3
N TN So
1= M
) )
~‘ =
p— <o~ N
O
S lM:
~ol~Te
Q
S
S ‘—’N
AN
1=
S
NQN
N————

6. Conclusion

In this paper, by making use of some reverses and refinements of Young’s inequality (1.1),we obtained some inequalities for
isotonic functionals that are related to the second part of Callebaut’s inequality (1.2). Natural applications for integrals and
n-tuples of real numbers were also provided.
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1. Introduction

In 1906, Barnes [1] presented a function. In 1940, Wright [2] presented another function. In 1971, Prabhakar [3] studied an
extended Mittag-Leffler function which is a particular case of the Wright’s function. Recently in 2021, Srivastava [4] presented
a more general function which is reducible to the Mittag-Leffler function by giving a suitable value to the general function
involved therein. In this paper, two more general functions are presented which are reducible to the Srivastava’s function
defined by (1.6) and generalized Hurwitz-Lerch zeta function [5].

Now, we present some relevant definitions.

Definition 1.1. A Swedish Scholar namely Magnus Gustaf ”Gosta” Mittag-Leffler introduced his function [6], named after
his name, as follows:

0 C

Es(x)=Y —=

“T(8c+1)’ (b

c=

where Re(8) > 0.

Definition 1.2. Another Swedish Scholar namely Anders Wiman [7] presented a more general function as follows (see also [8],[9]):

oo v
Es p(xX)= ) =< —=, (1.2)
P Cga [(6c+p)
where 8, p € C and Re(8) > 0.
It is obvious that when p = 1 in (1.2), it becomes (1.1).
Definition 1.3. A British Scholar namely Ernest William Barnes [1] presented his function as follows:
& (o 3 X
E sy X) = - , (1.3)
3, P( ) ng) (c+&) T (6c+p)

where 8, p € C and Re(8) >0

>> Received: 19-10-2023 >> Revised: 13-12-2023 >> Accepted: 27-12-2023 >> Online: 29-03-2024 >> Published: 31-03-2024
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It is obvious that when s = 0 in (1.3), it becomes (1.2).
Definition 1.4. Another British Scholar namely Sir Edward Maitland Wright [2], presented his function as follows:
.« Plo)
Es o(®;x)= Y ——"—x°, (1.4)
P Cgé [(6c+p)
where F(c) is a general function and 8, p € C, Re(d) > 0.

It is obvious that when ®(c) = ﬁ in (1.4), it becomes (1.3).

Definition 1.5. If we substitute ®(c) = Cle iy (1.4), we achieve the extended Mittag-Leffler function as follows:

c!

0= L ek pre &
where §, 8, p € C, Re({) >0, Re(8) > 0 and
_ T(a+c)
=T

that is
(a)o=1, (a)¢=ala+1)(a+2)...(a+c—1),

wherec=1,2,3, ....

It is obvious that when { = 1 in (1.5), it becomes (1.2). Indian Scholar namely Tilak Raj Prabhakar [3] studied (1.5). Some
more exclusive cases of (1.4) have been considered and studied, among others, by Kamarujjama et al. [10], Khan and Ahmed
[11], [12], Khan and Khan [13], Khan et al. [14], Shukla and Prajapati [15] and Salim [16].

Definition 1.6. Recently, a Canadian Scholar of Indian origin namely Hari Mohan Srivastava [4], [17] presented his function
as follows:

Es p(®:x:5,8) = i ®(c)

E(c+E)FT(8ctp) (1.6)

where 8, p € C and Re(8) > 0.

It is obvious that when ®(c) = &), 5 = 0 in (1.6), it becomes (1.5). When s = 0 in (1.6), it becomes (1.4) and when

c!

®(c) =({)., 6 =1, p =1, it becomes Goyal-Laddha zeta function [18].

Definition 1.7. Two More general functions are hereby presented as follows:

S 9(c) x*

E X, 8, p)= , (1.7)
. 5,805 5 p) L;)(&er)sl“((xwrﬁ)
where 8, p, s, a, B € C, Re(a) >0, Re(s) >0,
and
> c) x¢
Eq g s, n(x s, p)=Y 0() (1.8)

& (p+0cx) T(ac+B)’
where 8, p, s, a, B € C, Re(a) >0, Re(s) >0, n > 0.

It is obvious that when § = 1 in (1.7), it becomes (1.6) and when 17 = 0 in (1.8), it becomes (1.7). If we put ¢(c) = ()¢, x =1
and B = 1 in (1.8), it becomes the generalized Hurwitz-Lerch zeta function [5].

Definition 1.8. Ifwe assign

_ (W)
¢ (C) - C!
in (1.7), we achieve a more generalized Mittag-Leffler function as follows:

=

- (1)e x°
Eg,ﬁ-, s(x 5. p) 72)(5c—|—p)s T(ac+p)c!’

(1.9)

where Re(lt) > 0, Re(8) >0, Re(p) > 0, Re(s) > 0, Re(ct) >0, Re(f) >0,

x| < 1 and (a). is defined in (1.5).
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It is obvious that when s = 0 in (1.9), it becomes (1.5).
The function (1.9) is studied in this paper.

Remark 1.9. Other generalized Mittag-Leffler functions and generalized Hurwitz-Lerch zeta functions can be achieved by
assigning suitable values to ¢(c) in (1.7) and (1.8). Three such examples are given here.

(i) If we assign s =0, ¢(c) = ?Egii’;; in (1.7), we achieve the following generalized Mittag-Leffler function:

o I(fetp)xf
X) = , 1.10
5.0 C;)F(ac+ﬁ)r(6c+p) (110
where Re(it) > 0, Re(at) > 0, Re() > 0, Re(8) > 0, Re(p > 0.
It is obvious that when { = 8, i = p in (1.10), it becomes (1.2). Using (2.2), it may be ascertained that the series in (1.10) is
absolutely convergent when |0t + 0| > || and |x| < 1.
(ii) If we assign ¢(c) =T'(c+ w) in (1.7) and (1.8), we achieve the following generalized Hurwitz-Lerch zeta functions:

5, a B v D(Getp)x
00 Pl s, p)_cga(erSc)" N1 )’ (1.11)

where §, 1, 8, p,o, B, s € C, Re({) >0, Re(8) >0, Re(a) >0, Re(s) >0,
and

8,1, a,p v ['(§c+p)x*
o0 P (s, p) _C);z)(P+5cx”)‘ Mac i B)’ (1.12)

where §, 1, a, B, 8, p, s€ C, Re({) >0, Re(a) >0, Re(s) >0, n > 0.

It is obvious that when { = o, =, 6 = 1 in (1.11), it becomes the Hurwitz-Lerch zeta function [19], (p. 27, Eq. (1)) and
when 1 =0 in (1.12), it becomes (1.11). Using (2.2), it may be ascertained that series in (1.11) and (1.12) are absolutely
convergent when |¢t| > |§| and |x| < 1.

Lemma 1.10. The function Eg B, s(x, 5,p) expressed by (1.9) is represented as an integral as follows:

1 oo
u _ s—1 —pt M1 -6t
E, 5. s 8,p) = ) /0 e P E, ﬁ(xe )dt, (1.13)

where EQ‘, B(xe"s’) is expressed by (1.5) and Re(u) > 0, Re(a) > 0, Re(B3) > 0, Re(8) > 0, Re(s) >0,

x| <1

Proof. Assigning p = (6c+p) in [19], (p. 1, Eq. (5))
we achieve

Now, from (1.9), we achieve

L o[ v (W)e(xe ¥
Eg g 5% s,P)—@/O e p{zw}m

and applying (1.5), we easily procure (1.13). O

Remark 1.11. Ifwe assign oo = 1 in (1.13), we procure the expression:

1 oo
H - - s—1 ,—pt . R =0
Eg s(x 5,p) BIRM) ./0 £ e PR (u; By xe”0)dt,

where | Fi (u; B; xe=%") is the confluent hypergeometric function [19] and Re(u) > 0, Re(B) > 0, Re(8) > 0, Re(s) > 0,
[ < L.
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Definition 1.12. Riemann-Liouville’s fractional integral of order @ of f(t) is given as follows [20]:
l X
I1°{f(t :—/ —0)°~ f(2)dt, 1.14
PU0) = gy ) 00770 (114
where @, x are complex variables and Re(®) > 0.

Definition 1.13. A modified general class of functions is hereby presented as follows:

A, by e, d, g;

Vi z) =V, [P, T, ks Wy @, Py ks V), @, by M, @, B, 8 2]

o () L [(m)y, 1, | (e 1o+ B) ¥ (/2000 (115)

—2 Z m=1 _
[(gj)n)/j+aj:| I1 [(d)om5+b,}

n=0
r=1

)

=P

1
where

(i) p, k, wand g € R.

(ii) t, sand u € N.

(ii1) hm, Pm, ks ¢, d, &5 Vjs aj, M, A, B, 8, by and © € C. d may be considered as real or complex.

(iv) Re(hy) >0, Re(pm) >0, Re(g;j) > 0, Re(y;) >0, Re(d) > 0, z being a variable and A being an arbitrary constant.
(v) The series in (1.15) is absolutely convergent when |8 + ;| > |pm| and |p(z/2)*| < 1.

Remark 1.14. On substituting p,, =1, c =d, N = o and y; = 1 in (1.15), it becomes the general class of functions defined

in[?], [5].
Remark 1.15. Ifweassignp:2, k= I, c=d= I, 7= 17 w=0, q207 oa=1= 1, B:—l, o= 1, by =—1,r= 1, k=
t
H T'(hm)
0, a;=0and A= l'[ ) in (1.15), it becomes the Wright’s generalized hypergeometric function as follows [19], (p. 183):
Jj=1 &
t
(hms Pm) S H1F(hm+npm) 7"
my Pm)1, t, _ m= <
I‘PS |:(gjv yj)l. s Zj| - Z S ' (1.16)
n=0 H F(gj _|_nfyj)

1

J
2. Convergence conditions of (1.9) and (1.15)

Here convergence conditions of the series in (1.9) and (1.15) are discussed.

Theorem 2.1. [f Re(i) > 0, Re(ct) >0, Re(B) >0, Re(d) >0, Re(p) > 0, Re(s) > 0 and |x| < 1, then series in (1.9) is
absolutely convergent.

Proof. D’ Alembert’s ratio test is applied to prove the theorem. Taking

Uelx) = (66+p)(5ulzc(éc+ﬁ) c!

Then

Ues1 (x) = (H)er xH!

(bct+p+8) T(ac+B+a)(c+1)!

and on simplification

Uey1(x) _|pte (6c+p)* T(ac+p) . 2.1

Uc(x) c+1 (6c+6+p)T(ac+B+a)
Applying in (2.1), the result [19], (p. 5, Eq. (2)):

R (e

where y(= 0.58) is the Euler constant, (2.1) becomes

Up1(x)| |u+c (8c+p)° 7“H<n+ac+ﬁ+a>el+€‘1x.
U.(x) c+1(8c+8+p)* o\ ntac+p
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On simplification we procure
NN ENNES S TUEE ST S33
‘UC(X) I+3 (1+%+6£ n=0 1+ -+ o0

Now, it is observed that

. Uc+l x)
1 ’)/OC 1+n .
514)00 Uc(x) He

Therefore, series in (1.9) converges absolutely when
<1

hind o
xe’® H eTH
n=0

Or
x| <1,
since
ya - —a
e Hel+n <1,
n=0
s) > 0. O

provided that Re(i) > 0, Re(or) > 0, Re(8) > 0, Re(0) > 0, Re(p) > 0 and Re(s)
| > |pm| and |p(x/2)¥| < 1, then series in (1.15) converges absolutely

Theorem 2.2. [fRe(at) > 0, Re(d)

Proof. Taking
[(hm)nperk :| (C+ nn+ﬁ)—f(z/2)nk+dw+q

() TN
U” (Z) =1 m=l s u
1T [y | T (@D,
j=1 r=1
Then
(P TT [y | (e 1m0+ B) (220
Upi1(z) = A ml- _
Hl [(gj)"ﬁ"'?’j"'“j} rI;Il [(d)an5+a5+br]

Jj=

and on simplification we procure
ﬁ{ h +npm+km) }_1ﬁ{ F(g,'—l—n)/j-i-aj) }
b +nPm+km+pm) ] 521 (T(g5+nY+a;+7))

m=1
. I'(d+nod+b,) (c+nn+p) T
Xrl—ll{ I'(d+nad +b, +a5)}{(c+nrl+ﬁ+n)} p(z/2)*

(2.3)

}’l

On applying (2.2), (2.3) becomes
U1 (V)] | - fn i+ dn 4yl s (ot
n+1X — H eypmH l’lpn ”pm n e—% e)/)/] H é e p
C R ] -] o L Eopo\ w +1+n%+
= +1+ 4
( nn ﬁnn 1 ) P(Z/z)k \

ﬁ(na5+l+na5+na5+ )esafl
e=0 na5+1+na5+na5

where 7 is given with (2.2)
Now, it is observed that

8
8
8
|
—
7k
+
©
A
IE
S~—
—
<
—
N
~
B
3

Up+1(x) S
)

ﬁ{ a5+}’; Pm) H

j=1m=1

n—)oo
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Therefore, series in (1.15) converges absolutely when

[TIT{etesn oo 1]

©
I 8
s
N
/—\
t\'a
t
+
'o
t
E
\_/
——
~
~
N

j=lm=1 e=0p=01=0
Or
Ip(z/2)" <1
since
K t 0 00 o0 ad Y, Pm
H Y(aS+Y;—pm) HHE*<ﬁ+p+1 l+l>} <1

j=1lm=1 { e=0p=01=0 ,

provided |8 + ¥j| > | P O

3. Generating relations

Here we drive some generating relations pertaining to (1.9) and (1.15).

Theorem 3.1. If [t| < |p|, Re(tt) > 0 along with conditions associated with (1.9), we procure the generating relation as
follows:

=

Z Eq g, s(x &+n, P) =Ey 5 5(x. & p—1). (3.1)
Proof. Applying (1.9), we find
- SR Wev
nEIJ =
ngb(é) a,ﬁ,a( §+n, P nZO LZZ) 6c+p)‘5+”1"((xc+[3)c'n'
o w "y (3.2)
t x¢
B ; r ac+ﬁ (Sc+p)s | A Z@)n <5c+p)> n'] (N)CE'
Applying in (3.2), the result
o (S)n X" _
y Gyt e, 63)
n=0 :
we procure
Y (€0 EL ol Etn )= Y (st) T
n X, n, - = - cy
P Pl CZOF(ac—kﬁ)(Sc—kp) sexpy) e
_ i (1) x
= (Sc+p—1)s T(ac+B)c!
Using (1.9), (3.1) is arrived at, provided |¢]| < |p]. O

(u+&) > Re(v) > 0 along with conditions associated with (1.9), we procure the bilateral
generating function as follows:

= (&)l roe (1), o
y G Eg7ﬁ75(x,§+u—v+n,l))n!—r;)(5n+p)é+uVr(anJrﬁ)n!zF](é,u,v, SHP),

where 2 Fy (a, b; v; z) represents the hypergeometric function [19] (p. 56, Eq. (2)).
Proof. applying (1.9), we procure

MS

i (&) () Eg 5. 5z EHu—vtn, p)’%:

n—=0 (V)n

)n( 2 (W)e x° "

= (V) (Sc+p)stu—vin F(ac+ﬁ)c'n'

(M)c x° o (&)n(1)n ! "1
Zo Sc+p)stuev I(ac+B) c! [ZZ) (V)n (6c+p> n']

C

=

= (5c+p)

. (/-L)c x° o t

“L e o Taer pre <5’ o 6c+p>
(n+p)

CZ (1)n " oA (6, v ! )’

= (n+p)sterT(an+B) n! Sn+p
provided |p| > |¢t| and Re(u+ &) >Re(v) > 0. O
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Theorem 3.3. If conditions associated with (1.9) and (1.15) are satisfied, we procure the bilateral generating function as
follows:

t
oo oo H [(hm)np +k,,](C+n”+ﬁ)_r
n k dw+ — merm
Y (€)n X o n(x, €41, p) V() % —El g (x, €, p—pt (%) ) ( ) ) Z m=l _ (3.4)
n=0 ' n=0 ]g [(g])n}’ﬂra/] I:T [(d) ans+5,]
Proof. Applying (1.15), it is procured that
Y (@B ol e+m p) VD) o= Y (@) Bl o qlw e+n,p) -
n=0 : n=0
; ()" T1 ()i )(e-+ -+ B) oy G-
x A u= - = .
D 6] [ @Dansin]
Applying (1.9) in (3.5), we find
!
oo n o (P)" I [(hm)np,+k, ) (c+ 1+ )77 ket
Y (@B o gl e+n p) Vi) =2 ) —at i G
n=0 ' n=0 Hl[(gj)n)/jﬂl,] [ )(xn6+br}
= =1
= (1o x e
" [Zo O L ot pirriaroran ] .

j=1 ’ r=1

3 (.u)w x® haid pt(l)k nq
Lot Mo o) [ZJ’”"{ vop) ]

Applying (3.3) in (3.6), we find

. \ o T {apyin (e mm+B)
Z (8) E#(y T](x e+n, p) Vl( ) ’t/” ( )d +£]2{Zm:51 Pm+ :
n=0 n=0 I;I [(gj)nyj-&-a,] I1 [(d)omSer,}

r=I1

- (W) x )t
Xa;o(nww)ff(mwtc)w!{ nw+p} 37)

t

w w 1 [(Am)npytknl(c+Mn+B)77
S(3)ar e
n=0 H [(gj)nyﬁa,] I1 [(d)ocn6+br}

r=1

- (Ii)w x®

g a;o (no+p—pi(3))° T(yo+o) 0!

On applying (1.9), (3.7) easily approaches to (3.4). O

4. Special cases of the generating relation (3.4)

Here some special cases of (3.4) are achieved.
(1) Ontaking p=-2,t=1,s=2,u=1,h=1,p=1,g1=1, ¢ =1, }/1*1 r=1c=d, t=1, k=1 w=
0,g=0,k1=0,a,=0,a=0,n=a, =0,6=1,b;=0and A = — 1n (3.4), the modified general class of
functions takes the form of Wright’s generalized Bessel function [21] and we procure the generating relation as follows:

oo n ]

u
g(e)nEy,a,a(%S‘*‘n, p)Ji(y) = P mEy,a a (X, & p+1y),

where J¢ (y) represents the Wright’s generalized Bessel function.
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(i) Ontakingp=—1,t=1,s=2, u=1,h=1,p1=1,k=0,g21=1,02=1,1=1, p=1, c:d:%, t=1,k=
2, w=2,¢=0,a1=0,a0=—-1, = f%, 0=1,b=1,n=0a=1and A = 1in (3.4), the modified general class
of functions takes the form of sine function and we procure the generating relation as follows:

oo u 1 )’\/> " X 2
ngb(s) n Ey o(x, €4n, p)smy . 21_( o Eyva<x, 8,p+t<2) >

(i) Ontaking p=—1,1=1,s=2, u=L,l=1,pi=1, k=0, g1 =1, a=1, =1, p=1c=d=1, 1=1 k=

2, w=0,¢g=0,a,=0,a0=-1, B = —%, 0=1,b=0,nM=0a=1and A =1 in (3.4), the modified general class
of functions takes the form of cosine function and we procure the generating relation as follows:

> ln T 2
Z ygx £+n, p)cosy fE,‘,fc,(xSpth(;)).

=0 T L3+
(iv) Ontakingp=—2, u=1,c=d=1, pp =1, y]fl t=P s=0Q,t=1,k=1,w=0,g=0,k,=0,a,=0, b; =
—1,n=a=1,f=—-1,0=1and A = I, FE )m (3.4), the general class of functions takes the form of MacRobert’s

E— function [19], (p. 203, Eq. (1)) and we procure the generating relation as follows:

> 1] P T(hm) & TIo—, (h)n
& Ey, (x, e+n, p) E |Ps (hp): Qi (g0): —| — = 5! Ey o (3 & pt1).
r;)( In Ey, o( ) (hp) (g0) y| n! H]Q:1 I(g)) = OH] (8))n v, 0 ( )

where E [P; (hp); Q; (g0); 2] represents the MacRobert’s E— function.

Remark 4.1. Other spacial cases of the generating relation (3.4) may be procured using the substitutions of section 7.

5. Some results pertaining to (1.9)

Here we establish some results pertaining to (1.9) associated with differentiation and integration.

Theorem 5.1. IfRe(i) > 0, Re(€) > 0 along with conditions associated with (1.9), the result procured is as follows:

I () x° /1 actB—1r1 _\e—1g. _ M
F(g);)(strp)s e 1B el Jo t (=0t =E} g, s5(x, 5 p) (5.1)
Proof. (5.1) may easily be proved using Beta integral. O
Assigning s = 0 in (5.1), it becomes a result procured by Prabhakar [3].
Theorem 5.2. If a > 0 along with conditions associated with (1.9), the result procured is as follows:
d
Eg B. 5( x%, s, p) = d Eﬁ B+, 5( x%*, s, p)+PB Eg, B+, 5(axa» 5, p). (5.2)
Proof. Applying (1.9), we procure
d o (W)e d
ZEH — aye
dx Otﬁ+l 5(a.x,s7p) L;()((sc+p)s (OCC-i-ﬁ—I—l)c’dx(x)
iy (1) a (acc) x%
x & (5c+p)* (ac+PB) Dac+B) c!
5 ea{(act ) pla .
x = (8c+p)s (ac+B) T(ac+B) c! ’
_ 1{ I G i ()e @€ 3¢ }
s\ & Gerpy (actp)Tlactplel © & <6c+p>s (ot B) (et B)
1{i (K)e (ax*) *BZ )e (ax®) }
x | & (bc+p)T(ac+B)c 60+p F(ac+ﬁ+1)c!
On applying (1.9), (5.3) arrives at
d
d EI(; ﬁ+1 5( y 8 p) Eg ﬁ 5( ) ) ﬁEa ﬁ+1 8( y 5, p)
O

On simplification, (5.2) is arrived at.



20 Fundamental Journal of Mathematics and Applications

Corollary 5.3. Assigning B = B + € in (5.2), the result obtained is as follows:

d
E(I;l’ B+e, 5(axa, s, P) d Eg B+e+l, 3( ) Sy p) + (B +8) E(I;’ B+e+1, 5(Clxa, S, P) (54)

Theorem 5.4. If a > 0 along with conditions associated with (1.9), the result procured is as follows:

d
EZ B, 5( 87 s—1, P) d Eg B, 5( 6> p)+pEa B, 5( x%, s, P)- (5.5
Proof. Applying (1.9), we procure

d 5 3 (K)e d

d\¢
@Eg B. 5l ;(SC—Fp) (ac+B)c’dx( ax’)

g (W)ea(8e)x®
N xc);;) (8c+p)* F(Otc—|—B) c!

i( e a{(8c+p)—p} x*
= (6c+p)T(ac+pB)c!

o (Wea@erp) ¥ ()ea e
;)(6c+p)sl"(ac+ﬁ)c! p;)(60+p)sl“(ac+ﬂ) }

- (1) (axd)e - (1) (axd)e
;0 Getpy ' Tact e P ;0 (8c+p) D(ac+B) c'}

(5.6)

On applying (1.9), (5.6) becomes

d
X aEg& 6((1)(5, S, p) :Eg’ﬁ, 3(0x67 S—l, p)_pE(":ﬁ7 6((1)(5, S, p)

On simplification, (5.5) is easily arrived at. O]

Theorem 5.5. Along with conditions associated with (1.9), for any n € N the result procured is as follows:

d n—
(dx) { - lEg B, slax®, s, P)}—Xﬁ lEs B, s@x®, s, p). (5.7)

Proof. we find

d & (W) a d _
B—1p1 ac+p—1
dx{ Ey. g s(ax", } zz) dc+p)" F(ac+B)C‘dxx

oo “)C C(Ozc+[3—1) ac+p—2
c;o (6c+p)T(ac+P) ¢!

(5.8)

Applying I'(x) = (x — 1)I'(x — 1) in (5.8), we procure
_ ()c a“(oc+ B —1) x*P2

{ - IE“vB 5@ s, P)}—Z( oc+p)* (achBfl) Clac+p—1)c!
ll) xOe+p-2
(6c+p)* F(achBfl)c!

(K)e (ax®)
= (Sc+p)T(ac+p—1)c!
:xﬁ*2 Ea, o1, sax® s, p)

dx

X3

¢=0

:xﬁ72

=)
=)

+p

Ms

Similarly, we get

d
<dx> {ﬁ lEZﬁS( avsvp)}_xﬁ 3E(xﬁ 25( avsap)‘

Following the same process we procure (5.7). O

Assigning s = 0 in (5.7), a result of Kilbas, Saigo and Saxena [8] is procured.
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6. Applications

Here fractional integral (1.14) is applied to procure images of (1.9) and (1.15), and finally to gain integrals involving special

functions.

Theorem 6.1. If Re(€) > 0 along with conditions associated with (1.9), the result procured is as follows:

]e{tﬁ lE“)ﬁ 5( ) P)}_XHB IES B+e, 5( x%, s, P)

Proof. On applying (1.14), it is procured that

1 X
e) -1 pu 1 _ pB—1 e—1 pH 1o
I€ {t E} 5 sa®, s, p)} 7r(g)/0 P =) T EL 5 s@®, s, p)d.

Use of (1.9) in (6.2) gives

el -1 ph a ﬁl — 81 G (ata)k
Ix{t Ey g 5@, s, p)} (e )/f ) Z 6k+psr(ak+ﬁ)k'dt

Conditions associated with (1.9) permit to interchange the order of integration and summation and it is done to gain

1 k

e) -1 U o _ . (.u)ka /x ok+p—1/,.  \e—-1
{2 By sla® s ) o) & (5k+p) Dok By & Jo | 7 de

Applying in (6.3), the result [20], (p. 185, Eq. (7))

X a _1 T(a) T()
b—1¢._ya—14  _  a+b—1
/Oy (x=y)*dy=x Tath)’
where Re(a) > 0, Re(b) > 0, to gain
- I v ()x a* 1 D(e) T(ak+B)
ef B—1 1 o _ e+oak+p—1
E{P B sl s )] &) & 5k p) Mok + B &1 T(e+ak+B)

On simplifying, it is procured that

o 5 . e (1 )x (ax®)*
Ix{tﬁ Vg, pslat®s s p)}*xw 11;)(6](‘1‘1)) C(ak+p+e) k!

Now, use of (1.9) in (6.5) completes the proof.
Corollary 6.2. From (6.1) and (6.2), it is found that

1 * -1 1 1
r(s)/otﬁ (=0T EL g gl s, pydr=xTPIUEL o s(ax®, s, p).

Corollary 6.3. x =1 in (6.6) gives the Eulerian integral as follows:

1 - .
@/0 A(ED ES? B, slat®, s, P)df:Es, pre 5(@ 5 P).

Further, on assigning t = )y‘%z and a = A(y —u)* in (6.7), an interesting integral is procured as follows:

%/ﬂx,u)ﬁ—l@w VEL  s{A—w)® s, pydx=(y—wPTVER o (A —w)% s, p)

and on assigning t = y —and a = A(y—u)® in (6.7), an interesting integral is procured as follows:

1 Y B _
@/M (y_x)ﬁ l(x_“)e : E(iﬁ, 5{l(y_x)aa s, pldx = (y_"‘)ﬁ+e : Es Bte, 5{10_“)0‘7 s, p}.

On assigning s = 0 in these integrals, Prabhakar’s [3] integrals are achieved.

Corollary 6.4. Ifa > 0, Re(€) > 0 along with the conditions associated with (1.9), the result is procured as follows:

_ _ d
If{tﬁ 1 Eg,ﬁ, s(a®, s, p); x} =t {xdx g prert, 5(@”s s, p)+ (B +¢) Ei Brert, 5(@x%, s, p)}

6.1)

6.2)

6.3)

(6.4)

(6.5)

(6.6)

6.7)

(6.8)
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Putting the value of Ea Bre, s(ax®, s, p) from (5.4) in (6.1), (6.8) is proved.

Theorem 6.5. If Re(€) > 0 along with conditions associated with (1.9) and (1.15), the result procured is as follows

oo (p)n I:II {(hm)npmjpkm] (C+nn+l})*f(b/2)nk+dw+q
g [Zy_lEgmw(“z",y» p) Vi {blx—2) } Fg Z e

s

J'I:TI {(gj)'”’f*“f} rgl (D) ans+5,]
x T{o(nk+dw+ q) + €} xCktdwia) ety

x EG Y+0 (nk+dw—+q)+e€, a)( xc’ Y, P)-
Proof. Applying (1.14), it is procured that

(6.9)

() Jo ES (a2’ y, p) VHb(x—2)°}(x—2)f 'dz.  (6.10)

Use of (1.9) and (1.15) in (6.10), and interchange of the order of integration and summations permitted by the conditions
associated therein, give the 1.h.s of (6.10) (supposing L) as follows

1 X
[V By 0@, 3, p) VA=) = s [

o () TL () n, | (c+ ) (b2 e
L=24 m=1 Z va
- N u — a) + r‘ G +
=0 I [(gj)nwj} T [(d) guss, ] = (wv+p) ( v+7y) vl 6.11)
j=1 r=1
X
ov+y—1/.  _\o(nk+dw+q)+e—1
X 0 /0 z (x—2) dz.
On evaluation of z-integral in (6.11) using (6.4), it is procured that
t ).
o (p>n H {(hm)nperkm} (C+nn+ﬁ)7r(b/2>nk+dw+q oo v
L— A Z m=1 Z (I"’)V a
- il “ ~ (wv+p) T'(ocv+7y) v!
" I {)y] 1 (D] = (@vtpyTiovey) (6.12)
% 1 O (nktdw+q)+e+ov+y—1 I(ov+y)I{o(nk+dw+q)+e} )
[(¢) I'{ov+y+o(nk+dw+q)+e}
Now, use of (1.9) in (6.12) completes the proof. O
Corollary 6.6. From (6.9) and (6.10), it is found that

X
/0 nyl(x_z)e lEg Y, ®

=

-
(az°, v, p) Vi{b(x—2)°}dz =1 Y —"=1 |

n=0

'")npm+km] (c+nn+ ﬁ)*f(b/z)nwrdww

,-lj1 [(gj),,yﬁaj} rlill (D) g 11,

X T{0 (nk+dw+q) + €} xOUktdwta)rety=1
u c
Ecr Y+0 (nk+dw+q)+€, w(ax » ¥ P)-

7. Special cases of (6.9)

Here some special cases of (6.9) are achieved

(i) Onassigningp=—1,t=1,=0,s=2, u=1,h=1,p =1, k

=1, _07T:17g1:11g2:lv%:1ay2:1 k=
2n=a=1,a,=0,a,=0,9g=0,c=d, w=1, by =
follows:

0, 6 =1and A = 1/T(d) in (6.9), the result is procured as

1 & (=1)"(b/2)" M r{c(2n+d)+¢}
I =1 gt c _\01] —
[ 0,7 @ (ClZ y Vs P) Jd{b(x Z) }} F(g)n;() F(l+d+n) n!
(2n+d)+8+7 lEg yeo(nid)be, (J()(axc}'7 y, p)
Hence

oo n 2n+d
/0 ZY*I(X_Z)S lEé_L v w(atc, y, p> Jd{b(x—z)g}dz: Z (_1) (b/z) - F{6(2n+d)+£}

= I'(1+d+n)n!
o(2ntd)+e+y—1 pit
x xoCrd)resy Eg yicontd)te, 0@, 3, p),

where J;(z) represents the Bessel function of the first kind [22], (p. 4, Eq. (2))
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(ii)

(iii)

@iv)

(v)

Onassigning p=—1,t=1,s=2, u=1, =1, p=1,k=0,1t=1,¢=3/2, =1, n=1, p=1, k=
2,a1=0,a,=0,w=1,c=d,q=1,b1=1/2,n=a=1,B=1/2, §=1and A = 1/{I'(d)I'(3/2)} in (6.9), the
result is procured as follows:

o 1\ 2n+d+1 n
I [7 lEg " a)(aZG, y, p) Hd{b(x_z)o}] — Z ( 1) (b/2) F{G(z +d+1)+8}

L(e) =, C(n+3)T(d+n+3)
x xO Rl rery] Eg yro@nidin)te, (@75 Y P)-
Hence
X = (—1)"(b/2)" M I {o(2n+d+1)+e}
Y (x—7)E L EX az®, y, p) Hi{b(x—z)° }dz = (
/0 ( ) o, yw( ¥, P) Ha{b( )%} ng{) F(n—‘r;) (d_|_n_|_%)

o(2n+d+1)+e+y—1 E*

c
XX o, Y+0(2n+d+1)+e, w(ax » Y P)-

where H,(z) represents the Struve’s function [22], (p. 38, Eq. (55)).

Onassigningp=—1,t=1,s=2, u=1,h=1,p1=1,n=0=1,k=0,=—-1,k=2,g1=({+£+3)/2, 8=
(C—E43)2n=1,p=1,c=d=1,1=1,w=_,qg=1,a1=0,a:=0,b; =—1, 5§ =1and A =25%1 /({ £ E+1)
in (6.9), the result is procured as follow:

28+1 = (—1)"(b/2)" T T{o(2n++1)+¢€}
e y—1 pH o __.\O
I [Z Ec,y,w(az » Y p) Sg,g{b(x Z) }] (Cié‘i‘] Z (Ci§+3)
w xO@ntE+1)+e+y—1 E(Iyl’ proEnL+D)ee, a)(ax67 y, P)
Hence
x 2041 = (=) (b2 T{o(2n+E+1)+ e}
y—1 e—1 M o Y —
Jy a0 B ofa® . p) s g (b= 9= e B (E2)
KO+l +e+y—1 ph (axc, y, p)

o, Y+o(2n+{+1)+e, @

where s¢ ¢ (z) represents the Lommel’s function [22], (p. 40, Eq. (69)).
Onassigning p=2,t=1,s=1lL,u=1,hy=h,p1=1, k=0, g1=1,1=1,M=a,a1=0,c=d, f=-1,1=
Lk=1,w=0,9g=0,8=1,by=—1and A = 1/T(d) in (3.1), the result is procured as follows:

> (h), " T(on+¢€)
1 —1
I {zy E5 4 0(az®, y, p) Eb {b(x—2) ] nZO Tan b d) nl XOTETEL e, 0(aX%, Y, P).

Hence

e e B e p)El Abx—2)°)de= Y Wb Llonte)

n=0

—1
F((Xn+d) n! x6n+8+’y E(l)'L Y+on+ég, w( x(f’ Y p)

where Eg 4(z) represents (1.5).
Onassigningp=2,t=1,s=1,u=1,h=h,pi=1,n=a=1,k=0,c=d,=0,k=1,w=0,¢g=0, g, =
I, n=1,a,=0,b;=0, 8§ =0and A = 1 in (6.9), the result is procured as follows:

1 i (h)n b" F(Gn+8)xan+£+y—l
I[(e) = (d+n)"n!

XEO' y+on+e, ol ax®, y, p).

Ig [Zy lEo' 7, a)(aZ Y )¢h{b(x_z)67 T, d}} =

Hence

; = (h), ' T
/O 7 x =2 Eg y wlaz®, v, p) i{b(x—2)°, 7, d}dz:n;)( )(d+n(;r,l:£)

XEG y+on+e, w(ax y, P)-

on+e+y—1

where ¢,{z, 7, d} represents for the Goyal-Laddha zeta function [18].
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(vi) Onassigningp=2, u=1,pp=1,c=d=1,n=0=1,t7=1,=-1, k=1, w=0,¢=0,k,=0,y,=1,a;=
0, by =—1, 6§ =1and A = 1 in (6.9), the result is procured as follows:

1l & =
BB y 0fas®, 3, p) s (i 853 bx=2)] = g £ "5 e
n=0 H (gj)n n!
=1
XEg y+onte a)(axc> Y, P)-
Hence
P
. . 11 (ha)y b" T(on+e)
/ ZY*I(X_Z)‘? lEél v w(dZG, y, P) PFQ(hP; 20 b(x—z)c)dz: m=1 5 6n+£+771
' "= 1 (&)

XEG y+onte, 0(@x®,y, p).

where (F; (hy; gs; z) represents the generalized hypergeometric function [19], (p. 182, Eq. (1)).
(vil) Onassigningp=2,k=1,c=d=1,1=1,w=0,¢9g=0,a=n=1,=-1,6=1,b1=-1,r=1,k,=0,a;=0

I1 T(hn)
and A = in (6.9), the result is procured as follows:
I1T(g;)
j=1
t
. e I1 T(hw+npy) 0" T(on+e)
y=1 K c ms Pm)1, ¢, _ m=1 on+e+y—1
19 [ B olas 3 p) e [ g7 bl H_r(e)g g o
Jj=
Eg, y+on+e, w(axca YV, P)-
Hence
t
. w I T(hn+npm) b" T(on+e€)
/ ZY*I(X_Z)S lEg o (azG, y, p) P, Egm )I/’r;l)l ‘. b ] Z m=1 _ xo‘n+8+}/71
0 o n=0 [1 I(g;+ny;) n!
j=1
Eﬁ y+on+e, w(@x®,y, p).

where ;¥ {Xl'" f_ ';’1) ; z] represents the Wright’s generalized hypergeometric function (1.16) [19], (p. 183).
js Vi)l s

Remark 7.1. Other special cases of (6.9) can be obtained using the substitutions of section 4.

8. Conclusion

Two general functions reducible to Mittag-Leffler function and Riemann-zeta function, and a modified general class of functions
reducible to several special functions have been represented and defined in this paper, and their convergence conditions have
been discussed. Generating relations and fractional integrals involving new defined functions have been achieved. Some
particular cases of the results have been achieved. Similar results may be obtained involving (1.10). A further study of the
fractional integral operator defined by (1.14) may be carried out with the generalized Mittag-Leffler function defined by (1.9)
in the kernel and its integral transforms may be studied. Moreover, composition relations between the fractional integral
operator defined by (1.14) and integral operator with the generalized Mittag-Leffler function defined by (1.9) in the kernel may
be obtained.
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solutions, respectively. Next, it is proved by applying von-Neumann stability analysis that the
numerical method is unconditionally stable. The error norms L; and L. have been computed to
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results have been listed in the tables. The graphs are modelled so that easy visualization of properties
of the problem. Also, the obtained results indicate that our method is favourable for solving such
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1. Introduction

The fifth-order KdV-type (fKdV) equation has the following form

ut+auzux+ﬁuxuxx+yuuxxx+uxxxxx =0, (L.1)

where o, § and 7y are arbitrary positive parameters [1]-[4]. The fKdV equation (1.1) identifies motions of long waves in
shallow water under gravity and in a one-dimensional nonlinear lattice [5]-[14], and has many physical applications in fields as
diverse as nonlinear optics and quantum mechanics. These parameters greatly modify affect the characteristics of the equation.
For example, if a = 180, B = 30, and y = 30 are taken the following CDG equation

uy + 18001 + 30uttyy + 30Uty + e = 0, (1.2)

is obtained. It is well-known that equation is fully integrable. That means that it has multiple-soliton solutions [15]. The CDG
equation owns the Painleve” property as verified by Weiss in [16]. The equation can be found out to be solved by several
methods, among other methods in the literature; Hirota’s bilinear method [17] Hirota’s direct method [15], Riccati equation
method [18], tanh method [19], exp-function method [20, 21], collocation finite element approach [22].

The paper has been designated as follows: Analytical solutions of the equation are shown in Section 2 along with the graphs.
In Section 3, construction of the numerical method has been done. Section 4 contains stability analysis of the numerical
technique. Test problems taken from the literature have been solved and the obtained results are given in the tabular form as
well as plotted graphically in Section 5. The article ends with the conclusions.
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2. Analytical solutions

Here, we implement the direct algebraic method to the converted ODE of the investigated model by employing u(x,t) =
U(E), & = x+ct, which is given by

W+ WU+ BU U +yuUuUB +uUd =o. 2.1
Applying the homogeneous balance rule along with the method’s framework, one gets the next general solutions of the ODE:

UE) = Y aid(E) =ard(EP +a10(E) +ao, 22)
i=0

where ag, a1, a are arbitrary constants to be determined later. Using Eq.(2.2) along with the ODE (2.1) and the employed
method’s framework, obtain the values of the above-shown parameters as follows:

Set I
2a,d 2 6 2 60
ao — “Tz,al = 0.c % (@Bd’+36%) ,a— — (a2 + a2yt ). 2.3)
a
Set 11
60 —a2B%y—2a3By* —aZy} — 80 d — 80agy*d — 160Bd> — 1360yd>
o o O 50, —a@BY—2a5By ayy’ —80aoByd —80agy B P
B+v 10(B +7)
1
a — EY(ﬁ +7). (2.5)
Set 111
40d 60 8 (3yd> —5Bd?) 1
= —-—= R A A — . 2.
ap — ” a1 — 0,a0 — y,c—> ” ,a—>10y([3+7/) (2.6)
Thus, the soliton wave solutions of the investigated model are constructed by
for b < 0, we get
1 2 2 2 2
uy = 3@ ( 3btan Vb St (@Bd®+36d4%) +x ) | +2d |, 2.7)
1 2 2 2 2
2 = 3 | 3bcot Vb St (@pd®+364%) +x ) | +2d ), (2.8)
5 t(—a3B2y—2a3 By’ —ady’ —80aoByd—80ag Y’ d—160Bd>—1360yd> )
60btan <¢B( : 0Ty +x s
uy, = ap — Bry ; (2.9)
_2R2~r_n,2 _ 2.3 _ _ 2 _ 2
60b cot? <\/E(t( agB*y-2a5By —agy’ 8(113,(/;;11”80%;/24 160Bd>—13607d>) +x>)
—=ay— , 2.10
UL = agp By (2.10)
2 sp2
20 (3btan2 (\/B <8’(WY5‘“) +x>) +2d)
um = — ; (2.11)
' Y
2 _cp .2
20 <3bcot2 (\/B (WYW) +x>) +2d>
ump = — . (2.12)
' Y

For b > 0, we get

3 = %az <3btan2 (\/15 <§t (a2Bd* +36d7) +x>) +2d) , (2.13)
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1 2
4 = 52 <3bcot2 (\/E <3t (axBd* +36d%) +x>) +2d) ,

60btan’ (\/E (r(agﬁzyzagﬁyzagfsoaoﬁydsoaoyzdlﬁoﬁdz1360yd2) +x>)

10(B+7)
u3 = ap — By ; (2.14)
_2B2v-2a2BY* -2 —80a _80any2d— 2 2
60bcot? <\/B(r( 2B2y—2a3B Y2 —ady? 801(;)(%}:17)80 0Y2d—160Bd> ~13607d%) +x>)
U4 = ap — Biy ; (2.15)
2 2
20 <3btan2 <\/E (WYW) +x>) +2d)
uns = — ” ; (2.16)
2 2
20 <3bcot2 (\/E (WYW) +x>) —|—2d)
U4 = — 7 . 2.17)
For b = 0, we get
1 2d
= +—1, 2.18
urs ap <(§t(azﬁd2+36d2)+x)2 3 ) ( )
60
L5 =40 t(—a3B2y—2a3 By*—a}y’> —80aofyd—80agy*d—160Bd>—1360yd> ) 2 ’ 2.19)
(ﬁ + }/) < 10(8+7) +X>
20| ——3———2d
<8t(37d2—5/3d2) >
-7
ums = ¥ . (2.20)
The following figures belong to each exact solution family:
1.70000}
1.69999} —
1.69999¢
1.69998}
; ; ; X
—-4.5 -4.0 =35

Figure 1: Graph of Set I.

3. Numerical scheme for the model problem

In this section, Eq. (1.2) has been solved by using the septic B-spline collocation method with the following boundary and
initial conditions

u(a,t) =0, u(b,t) =0,
ux(a,t) =0, ux(b,t) =0,
uxc(a,t) =0, Uy (b,t) =
u(x,0)=f(x), a<x<b.

3.1
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—40

Figure 2: Graph of Set II.

-100
-125
-150
-175

Figure 3: Graph of Set III.

Septic B-spline functions ¢,,(x), m = —3(1)N + 3, at the nodes x,, are given over the solution interval [a, b] by Prenter [23].
In collocation method, upymeric(x,t) corresponding to the uey,e (x,7) can be given as a linear combination of septic B-splines as

follows [24]

N+3
un(,0) =Y Ou(x)om(1). (3.2)
m=-3
Implementing the following transformation hp = x —x,,, 0 < p <1 to specific region [X,;,X;+1], the region turns to an
interval of [0, 1] [25]. Thus the septic B-spline functions in the new region [0, 1] are obtained as follows:

On3=1-Tp+21p>—35p3 +35p* —21p> +7p° —p7,

Om_2 = 120 —392p +504p2 — 280p> + 84p> —42p° +7p7,

Om1 = 1191 —1715p +315p2 +665p> —315p* — 105p> 4+ 105p° — 21p”,
Om = 2416 — 1680p + 560p* — 140p® +35p7,

Omy1 = 11914+ 1715p +315p% — 665p3 —315p* 4+ 105p> + 105p° — 35p7, (3.3)
Omi2 = 120+392p 4 504p2 +280p> — 84p> —42p° +21p7,
Omi3 = 1+7p +21p%+35p3 +35p* +21p3 +7p® — p7,
¢m+4 = p7'
Using the equalities given by (3.2) and (3.3), the following expressions are obtained:
MN(xm7t> = Pm—3+ 120pm—2 +1 191pm—l + 2416pm +1 191pm—¢—1 + 120pm+2 + Pm+3;
Uy = 7 (—Pm-3 — 56Ppm—2 — 245P_1 +245pm 1+ 56Pm 12+ Pms3),
“Zl = ;i%(pm73 +24pm—2+ 15pm—1 — 80Ppm + 15pmi1 +24pmi2 + pm+3)7
) =22 (—p—3 = 8Pm 2+ 190m 1 — 19Pm 11 +8Pmi2 + Put3), ©4
Uy, = ?TO (Pm—3 = 9Pm—1+16Pm — IPm+1 + Pm+3),
uy, = B3 (=P 3+ 4Pm—2 = 5Pm-1 +5Pmi1 — 4Pmi2 + Ps3)-
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Now, putting (3.2) and (3.4) into Eq.(1.2) and simplifying, the following system of ODEs are reached:

Pz +120p,, 5 +1191p,, | +2416p,, +1191p,, .1 +120P,,.5 + Prss
+(180Zml + 30Zm2)%(_pm73 - 56pm72 - 245Pm—1 + 245pm+l + 56pm+2 + pm+3)
+30Z,13 22 (= pin—3 — 8Pm—2 + 19Pm—1 — 19Pm+1 + 8Pm+2 + Pu3)

+%(_pm—3 +4pm—2 - Spm—l + 5pm+1 _4pm+2 +pm+3) = O,

(3.5)

where p = ‘2—‘[’,

Zm = ”2 = (pm—3 + 12Opm—2 + 1191pm—1 + 2416pm + 1191pm+1 + 120Pm+2 +pm+3)27
Zm2 = Uxx = ;% (Pm—3 + 24‘pm—2 + ]Spm—l - 80pm + ]Spm-H + 24pm+2 + pm+3)7
Zm3 = U= pPp-3+ 120pm—2 +1 191pm—l +2416pm +1 191pm+1 + 12Opm+2 + Pm+3-

If Crank-Nicolson scheme and forward difference approximation which are defined below is used respectively in Eq.(3.5)

pittpr o pit—pp
o i ] 3.6
pl 2 ) pz At ( )
the following iteration equation is obtained
M+ dappth + AP+ Aapit! + Asppt + Aeph + Arpy s 37
=M1Pp 3+ APy o + A5y AP+ A3pp g+ APy n AP s
where
M=[1-E-T-M],
A2 = [120 — 56E — 8T +4M],
A3 = [1191 — 245E + 19T — 5M],
Ay = [2416],
As = [1191+4245E — 19T + 5M

A¢ = [120+56E + 8T — 4M)],
A =[1+E+T+M],

_ __ x __ 2520
E=%N, T=%M, M=3%2A\,
o= [18()Zm1 + 302,,,2],
= [%Zm‘g].

By eliminating the unknown parameters p_3,p0—_2,0—1, PN+1,PN+2, and py+3 which are not in the solution region of the
problem, the system of equations given by (3.7) becomes solvable. This procedure can be easily done using the values of u
and boundary conditions, and then the following system

RA™! = sd" (3.9)
is obtained where d" = (po, p1,...,pn)" .

4. Stability Analysis

For the stability analysis, Von Neumann technique has been used. In a typical amplitude mode, we can define the magnification
factor & of the error as follows [26, 27]:

P =G (@.1)
Using (4.1) into the (3.7),
pP1—ip2
= , 4.2
. p1+ip2 (4-2)

is obtained and in which

p1 = 2cos (3kh) + 240 cos (2kh) 4 2382 cos (kh) + 2416,

P2 = (2M 42T +2E) sin (3kh), 4.3)

so that || = 1, which proves unconditional stability of the linearized numerical scheme for the CDG equation.



Fundamental Journal of Mathematics and Applications 31

5. Numerical Experiments and Discussions

In this section, the proposed scheme is applied for solution of CDG equation for different values of the time and space division
and we approximate them using the described scheme. Error norms, namely L, and L., are used in order to check the method
[28, 29]:

N 2
Ly = |[u™ —uyl|, ~ [ Y s — (un),| (5.1)
j=1
and
Leo = |[u®" —uy|| , ~ max ! —(uy);|, j=1,2,..,N. (5.2)
The CDG equation has an exact solution of the form [22]
K% exp(k(x — k*t
u(x,p) = K XPUkx = K1) - (5.3)
(1 +exp(k(x—k*)))
and the equation will be examined with the boundary-initial condition which is
k2 exp(kx
u(x,0) = f(x) = p(kx) (5.4)

(1 +exp(kx))?’

where k =1 and u — 0 as x — oo,

To prove accuracy of our numerical algorithm, interval of the problem is chosen as [—15, 15] and up to time # = 1. In simulation
calculations in terms of compliance comply with the literature, as common values Ar = 0.0004 and 0.0001 with 2 = 0.5 and
0.05 are chosen. In Tables (1 — 3), values of the error norms L, and L., calculated over these values for time levels and step
sizes are presented. So, it can be seen more clearly how the amount of collocation points have an effect on the method. When
tables are examined, the calculated error norms L, and L., are obtained to be marginally small. It is clear that the minimum
L., error norm 2.4892 x 107> with the parameters Ar = 0.0001 and & = 0.05. These errors hardly change as time progresses.
Moreover, it can be said from the tables that the values of the error norms are compatible with the exact solution and the
numerical solution, and the method is quite efficient. Two and three dimensional forms of bell-shaped solitary wave solutions
produced from z = 0 to ¢ = 1 are clearly seen in Figure (4). Besides, the contour line for the movement of the individual wave
is plotted in Figure (4). It can be indicated that the wave maintains its amplitude and shape as time passes from these figures.
Also, error distribution is shown at # = 1 for different values of & and At in Figure (5).

Table 1: Error norms for k = 0.01 and different values of 4 and Ar.

At =0.0004,h=0.5 At =0.0001,h = 0.05

t L> Lo Ly L,
0.1 .0000494593 .0000249293 .0000414945 .0000270235
0.2 .0000532876 .0000252706 .0000465528 .0000248927
0.3 .0000532946 .0000257885 .0000497414 .0000271132
0.4 .0000537765 .0000249308 .0000557418 .0000303556
0.5 .0000544981 .0000255910 .0000617223 .0000337686
0.6 .0000582073 .0000249191 .0000619409 .0000441115
0.7 .0000563601 .0000249129 .0000679581 .0000468114
0.8 .0000553124 .0000249021 .0000803376 .0000475394
0.9 .0000559314 .0000256542 .0000912949 .0000595731
1.0 .0000587193 .0000256739 .0001058028 .0000597128

6. Conclusion

In this study, two important goals have been executed: Generating the direct algebraic method for obtaining exact solutions
of the CDG equation and based on septic B-spline approximation, a collocation method has been introduced and performed
for the numerical solution of CDG equation by taking into consideration different parameter values of test problem. The von
Neumann method has been applied rigorously to check stability of the numerical scheme and the method has been proved to be
unconditionally stable. The algorithm is run with a single solitary wave motion whose exact solution is known to perform
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Table 2: The error norms for k = 0.01, ¢t = 0.0001 and various values of A.

h Ly Lo
0.25 .0000419227 .0000276440
0.1 .0000337090 .0000230659
0.01 .0000339219 .0000366059
0.05 .0000317705 .0000242181
0.025 .0000335113 .0000341147
1.0 .0000510913 .0000283967

Table 3: The error norms fork = 0.01,2 = 0.1 and various values of Az.

At Ly Lo
0.04 .0000431579 .0000492631
0.02 .0000405068 .0000491365
0.01 .0000380355 .0000489782
0.001 .0000266854 .0000293648
0.005 .0000323331 .0000310227
0.0025 .0000298689 .0000306730
0.00125 .0000274591 .0000298586

ufx, t]

5

10

15

0.0016

Figure 4: Motion of single solitary wave and its contour line for Ar = 0.0004 and & = 0.5.
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Figure 5: Error distributions at ¢ = 1 for the parameters with & = 0.05; At = 0.0004; 2 = 0.05 and Ar = 0.0001 .
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numerical experiments. The obtained solutions from both methods are plotted graphically to check the dynamical behavior of
the solutions. The reliability and efficiency of the numerical method have been evaluated using L, and L. error norms and it
can be seen that the obtained results are quite good. Finally, it is said that the approach applied in this study can be easily
applied to other nonlinear evolutions and good results can be achieved.

Declarations

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s Contributions: Conceptualization, S.B.G.K.; methodology D.Y.S.; validation, S.B.G.K.; investigation, S.B.G.K.
and D.Y.S.; resources, D.Y.S.; data curation, S.B.G.K.; writing—original draft preparation, D.Y.S.; writing—review and editing,
S.B.G.K. and D.Y.S.; supervision, S.B.G.K. All authors have read and agreed to the published version of the manuscript.

Conflict of Interest Disclosure: The authors declare no conflict of interest.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: This research received no external funding.

Ethical Approval and Participant Consent: This article does not contain any studies with human or animal subjects. It is
declared that during the preparation process of this study, scientific and ethical principles were followed and all the studies
benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.
Availability of Data and Materials: Data sharing not applicable.

ORCID
Seydi Battal Gazi Karakog ‘= https://orcid.org/0000-0002-2348-4170
Derya Yildirim Sucu 2 https://orcid.org/0000-0001-8396-8081

References

[11 A. Goswami, J. Singh and D. Kumar, Numerical simulation of fifth order KdV equations occurring in magneto-acoustic waves, Ain Shams
Eng. J., 9(4) (2018), 2265-2273. [CrossRef] [Scopus] [Web of Science]
[2] C.A.G. Sierra and A.H. Salas, The generalized tanh-coth method to special types of the fth-order KdV equation, Appl Math Comput., 203(2)
(2008), 873-880. [CrossRef] [Scopus] [Web of Science]
[3]1 D.Kaya, An explicit and numerical solutions of some fth-order KdVequation by decomposition method, Appl Math Comput., 144(2-3) (2003),
353-363. [CrossRef] [Scopus] [Web of Science]
[4] T.J. Bridges, G. Derks and G. Gottwald, Stability and instability of solitary waves of the fifth-order KdV equation: a numerical framework,
Phys. D: Nonlinear Phenom., 172(1-4) (2002), 190-216. [CrossRef] [Scopus] [Web of Science]
[5] J.H. He, Variational iteration method for delay differential equation, Commun. Nonlinear Sci. Numer. Simul., 2(4) (1997), 2350-2356.
[CrossRef] [Scopus]
[6] H.Jafari and M. Alipour, Numerical solution of the Davey-Stewartson equations using variational iteration method, World Appl. Sci. J., 8(7)
(2010), 814-819.
[7] Y. Jalilian, A variational iteration method for solving systems of partial differential equations and for numerical simulation of the reaction-
diffusion brusselator model, Sci. Iran., 15(2) (2008), 223-229. [Web of Science]
[8] M. Jaulent, M.A. Manna and L. Martinez-Alonso, Fermionic analysis of Davey-Stewartson dromions, Phys. Lett. A, 151 (6-7) (1990), 303-
307. [CrossRef] [Scopus] [Web of Science]
[9] E.V. Krishnan and A. Biswas, Solutions of the Zakharov-Kuznetsov equation with higher order nonlinearity by mapping and ansatz method,
Phys. Wave Phenom., 18 (2010), 256-261. [CrossRef] [Scopus] [Web of Science]
[10] G.D. Pang, Conservation laws of the quantized Davey-Stewartson Il system, Phys. Lett. A, 173(3) (1993), 228-232. [CrossRef] [Scopus]
[Web of Science]
[11] X.Y. Tang, K.W. Chow and C. Rogers, Propagating wave patterns for the ‘resonant’ Davey—Stewartson system, Chaos Solit. Fractals., 42(5)
(2009), 2707-2712. [CrossRef] [Scopus] [Web of Science]
[12] M. Kara and Y. Yazlik, On the solutions of three-dimensional system of difference equations via recursive relations of order two and applica-
tions, J. Appl. Anal. Comput., 12(2) (2022), 736-753. [CrossRef] [Scopus] [Web of Science]
[13] M. Kara and Y. Yazlik, Solvable three-dimensional system of higher-order nonlinear difference equations, Filomat, 36(10) (2022), 3449-3469.
[CrossRef] [Scopus] [Web of Science]
[14] M. Kara and Y. Yazlik, On a solvable system of rational difference equations of higher order, Turkish J. Math., 46(2) (2022), 587-611.
[CrossRef] [Scopus] [Web of Science]
[15] AM. Wazwaz,Multiple-soliton solutions for the fifth order Caudrey—Dodd—Gibbon (CDG) equation, Appl. Math. Comput., 197(2) (2008),
719-724. [CrossRef] [Scopus] [Web of Science]
[16] J. Weiss, On classes of integrable systems and the Painleve property, J. Math. Phys., 25(1) (1984), 13-24. [CrossRef] [Scopus] [Web of
Science]
[17] B.lJiang and Q. Bi, A study on the bilinear Caudrey Dodd Gibbon equation, Nonlinear Anal., 72(12) (2010), 4530-4533. [CrossRef] [Scopus]
[Web of Science]
[18] A. Salas, Some exact solutions for the Caudrey-Dodd-Gibbon equation, arXiv preprint, arXiv:0805.2969, 23008. [arXiv]
[19] AM. Wazwaz, Analytic study of the fifth order integrable nonlinear evolution equations by using the tanh method, Appl. Math. Comput.,
174(1) (2006), 289-299. [CrossRef] [Scopus] [Web of Science]
[20] A. Salas, Exact solutions for the general fifth KdV equation by the exp function method, Appl. Math. Comput., 205(1) (2008), 291-297.
[CrossRef] [Scopus] [Web of Science]



34

Fundamental Journal of Mathematics and Applications

(21]
(22]

(23]
(24]

[25]
[26]
(27]
(28]

[29]

Y.G. Xu, X.W. Zhou and L. Yao, Solving the fifth order Caudrey Dodd Gibbon (CDG) equation using the exp-function method, Appl. Math.
Comput., 206(1) (2008), 70-73. [CrossRef] [Scopus] [Web of Science]

B. Karaagac, A numerical approach to Caudrey Dodd Gibbon equation via collocation method using quintic B-spline basis, TWMS J. of Apl.
& Eng. Math., 9(1) (2019), 1-9. [Scopus] [Web of Science]

P.M. Prenter, Splines and Variational Methods. New York: John Wiley & Sons; (1975).

S.B.G. Karakog and H. Zeybek, A septic B spline collocation method for solving the generalized equal width wave equation, Kuwait J. Sci.,
43(3) (2016), 20-31. [Scopus] [Web of Science]

S.B.G. Karakog, K. Omrani and D. Sucu, Numerical investigations of shallow water waves via generalized equal width (GEW) equation,
Appl. Numer. Math., 162 (2021), 249-264. [CrossRef] [Scopus] [Web of Science]

S.B.G. Karakog¢ and H. Zeybek, Solitary wave solutions of the GRLW equation using septic B spline collocation method, Appl. Math. Comput.,
289 (2016), 159-171. [CrossRef] [Scopus] [Web of Science]

S. Kutluay, N.M. Yagmurlu and A.S. Karakas, An Effective Numerical Approach Based on Cubic Hermite B-spline Collocation Method for
Solving the 1D Heat Conduction Equation, New Trend Math. Sci., 10(4) (2022), 20-31. [CrossRef]

S.K. Bhowmik and S.B.G. Karakog¢, Numerical solutions of generalized equal width wave equation using Petrov Galerkin method, Appl.
Anal., 100(4) (2021), 714-734. [CrossRef] [Scopus] [Web of Science]

N.M. Yagmurlu and A.S. Karakas, Numerical solutions of the equal width equation by trigonometric cubic B-spline collocation method based
on Rubin—Graves type linearization, Numer. Methods Partial Differ. Equ., 36(5) (2020), 1170-1183. [CrossRef] [Scopus] [Web of Science]

Fundamental Journal of Mathematics and Applications (FUIMA), (Fundam. J. Math. Appl.)
https://dergipark.org.tr/en/pub/fujma

All open access articles published are distributed under the terms of the CC BY-NC 4.0 license (Creative Commons Attribution-
Non-Commercial 4.0 International Public License as currently displayed at http://creativecommons.org/licenses/by-nc/4.
0/legalcode) which permits unrestricted use, distribution, and reproduction in any medium, for non-commercial purposes, provided the
original work is properly cited.

How to cite this article: S.B.G. Karakoc and D. Yildirim Sucu, New exact and numerical experiments for the Caudrey-Dodd-Gibbon
equation, Fundam. J. Math. Appl., 7(1) (2024), 26-34. DOI 10.33401/fujma.1389595




Fundamental Journal of Mathematics and Applications, 7(1) (2024), 35-52
Research Paper / Open Access

% FuiMa Fundamental Journal of Mathematics and Applications

ISSN Online: 2645-8845
www.dergipark.org.tr/en/pub/fujma
https://doi.org/10.33401/fujma. 1423906

On an (1,x9)-Generalized Logistic-Type Function

Seda Karateke |-

L Department of Software Engineering, Faculty of Engineering and Natural Sciences, Istanbul Atlas University, 34408, Istanbul, Turkey
Tseda.karateke @atlas.edu.tr

Article Information Abstract

Keywords: Activation function; In this article, some mathematical properties of (1,x()-generalized logistic-type function are pre-
Logistic function; Matplotlib; neu- sented. This four-parameter generalized function can be considered as a statistical phenomenon
ral networks; NumPy; Sigmoid enhancing more vigorous survival analysis models. Moreover, the behaviors of the relevant paramet-
function; Soft computing; Statis- ric functions obtained are examined with graphics using computer programming language Python
tics; Survival analysis; SymPy. 3.9.

AMS 2020 Classification: 05C38;
15A15; 05A15; 15A18

1. Introduction

1.1. Motivation

Crudely put, the logistic and logistic-type functions play an important role in many scientific disciplines including probability
and statistics, demography, machine learning, ecology, mathematical psychology and biology [1]. Actually, the logistic
function has a long history dating back to the classical statistics and “’belief neural networks” [2], [3]. It has a leading role in
the logistic regression procedure, especially in terms of its statistical properties that we discuss here.While in early studies
this appeared as the solution to a specific differential equation, it was later used as one of many possible smooth, monotonic
”squash” functions that mapped real values to a limited range.

Over time, as a result of the increasing interest and need for learning concept and learning algorithms, the probabilistic
properties of the logistic function have begun to be studied in depth. This orientation has led to more advanced learning
methods. So, it has diversified and strengthened the connections between neural networks (NNs) and statistics.

Methods that preserve the logistic function offer a possibility in this context. So, as alternative methods to contingency table
and general regression model; a simple artificial neural network architecture, a more comprehensive generalized additive
model, or another flexible “approximate” model in logistic form may be a reason for preference. An example for generalized
linear model is the generalization of logistic regression while probabilistic model for multi-class classification problem is a
multinomial model. In this models, it is a reasonable approach to use a normalized exponential function as a logistic function,
aka “’softmax” function, which is defined below, and used intensively in the NNs literature [4], [5], [6].

Now, let & : RY — (0,1)" be a function defined by the formula

0 (J,21,225-2N) =

for N > 1. This function o called as "unit softmax function” employs the classical exponential function to each of the
inputs denoted by 71,22, ...,zy and all these values are normalized by being divided by the sum of all the exponentials. The
normalization process provides that the sum of the components of the output vector is 1. In addition, the softmax function
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takes as inputs z1,z2,...,2y, and normalizes them into a probability distribution consisting of N probabilities proportional
to the exponentials of the input numbers [7]. Moreover, this function takes values between 0 and 1. Here we give an
(1,x0)-generalized logistic-type function (also can be considered as a parametric generalization of softmax function) and also
examine some mathematical properties such as convexity, sub-additivity, and multiplicativity.

The present paper includes four sections. In the following section, the construction of suggested (1,xp)-generalized logistic-type
function, and its analytical features are presented. After launching a brief introduction related to survival analysis; probability
density function of related distribution, parametric exponential survival (PES) and parametric failure (hazard) rate (PFR)
functions are given in the third section. We conclude the paper creating “ceteris paribus” graphics of these functions employing
the computer programming language Python 3.9. Finally, we also add Python 3.9 codes as in Fig. 9 and Fig 10 at the end of
the study to motivate readers to earn/develop her/his programming language ability.

2. Main Results

Let 1,p > 0 be the parameters with & > 1; inspired by [8] and [9], we can consider an (1,xp)-generalized logistic-type function
as follows:

1 &)
\PP,I( ) 1+p§ x x() p_|_€l(x7)q))7 (21)
where x,x9 € R.
The first and second derivatives of the (1,xo)-generalized logistic-type function ¥, ; are given as below:
let 1,p > 0 be the parameters, and & > 1
/ 1 l -
_ pt(Ing)
(1 +2p§71(x7x0) +p2€721(x7x0)) él(xfxo)

_ pl(lné) ( (x—x0) 1(x— x0>71

= @ t2ptpE T ”O)—pl(lné) &' +2p+p%E"
for all x,xg € R.
Besides, taking the second derivative of (2.1) for x € R we get

le,l( ) pt (ln2§) (é xX—. x0>+2P+P2§ (x— xo) ( 26 (x—x0) (Sl(x—xo))
Since
¥, (x) >0 ( 2g—1x—x0) él(x"‘(’)) >0
<:>p2€—1(x—x0) > ((;l(x—xo)
<:>P2 > 521()57)(0) = |P‘ > 1(x—xp) ep > gl()cﬂq))7
and for p > 0,& > 1
lo
loge p > 1(x—x) & &P +x0 > x
is obtained.
Let x < xo +
. . . p ggP

‘Pp J(x+1) > ‘P 1= 1) Thus ‘I’pﬂ (x) is positive and strictly increasing on ( 00, X + Ogé ) Now, let x > xo + +1,

thenx+1>x—1>x9+ g'fp and ‘P;,’l (x+1)< ‘I—‘;,’L (x—1).So ‘Plp7 (x) is strictly decreasing on <x0+ o8P —|—oo> }

Proposition 2.1. Let 1,p > 0 be the parameters, & > 1, and ¥, ; (x) be described as in (2.1). Now, let us take the first
derivative:

Yol = prng)E e 7

= 1(In&)¥p, (x) (1 -¥p, (x)). (2.2)
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By then, let’s take the second derivative of the function ¥y ; :

(0 - <1n5>(wpl<x> 2 ()
= (&)Y, (x)(1- 2\Pp1x))
(R E) () (1 () (129, ().

Thus the (1,xo)-generalized logistic-type function ¥y has the following properties:

XEI—PW\Ppl():xETwp—‘,—g 1(x—x0) :1’
lim ¥ li 7?(#)60)
Mm Fou () = lim g — O
};l(x*xo) 1
XILIEO\PPI()_XILIEOP_F& 1(x—x0) —1+p,p>0>
lim ¥, , (x) = lim pi(ing) 2:‘”(1“53,
X—X0 ) x%xoél(x X0) (1+p€ (x— X()) (1_|_p)
li ‘P 1 Iné ! =
x_l)n’loo ()_ lIIl Pl(n )g 1(x—x0) +p2€ xx0)+2p_ )
and
/‘P L (x)dx = g dx = ! ln(p—|—§l(x_x°))—|—c C is a constant. (2.3)
P p &t T g ’

Remark 2.2. Additionally, if & = e, then (1,x0)-generalized logistic-type function ¥y, acts like an 1—generalization of
softplus function (see [1]). The derivative of (2.3) yields the 1—generalized logistic-type function.

lo
Proposition 2.3. From (2.2), ¥y, (x) is increasing and positive on ( oo, X0+ gg ) Furthermore, | :=¥, ; (x) is a solution
to the initial value problem

{z’zl(lng)m—z), l(xo):ﬁ; p>0.

Theorem 2.4. The (1,x0)-generalized logistic-type function ¥, , satisfies the following inequality:

Yo (x4+y) <Wp, (x) +W¥p1(y),

Jorxp>0,1,p >0, x,y € (—o0,0), and also x,y € (
(—o0,0)U ( 0—|—l £P —|—<>0>.

) In other words, the function ¥, ; is sub-additive on

Proof. We need to prove the cases x,y € (—o,0) and x,y € (xo + —— +oo> respectively.

The case x =y = 0 is straightforward.
For any fixed y: we obtain

Gpi(x,y) 1 =W (x+y) = o (x) = ¥p ()
B I 1 1
B 1+p§—l(x+y—xo) 1+p§ (x—xp) 1+p§ (y—x0)
él()”r}'*xo) gl x0) &t 1(y—xo)

él(x'*‘y—xo) +p - él(x—xo) +p N él(y—xo) er’
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and

d
a(Ppﬁl (X,y)

J 1 1 I
ox <1+p€“("+y"“0) 1+pE& 1) 14 pg-t0-w) )
~(pge () g)) [~ (pg ) (-1) ()
(14 pE—tlehr— xo))2 (14 p&-t—o )2
1p(In§) &1y 1p(Ing) &0 x(’)_
(14+pEtetr) (14 pg-t—)’?

For ‘P:m (x) is decreasing on (xo, o), hence ¥y ; (x) is decreasing on the same interval. Then for x,y € (xo, +o°), we can

have

(Pp,l (.X,y) <

loge p
Pp .1 <X7X0+ f )
lo
lim @, (x,xo—i— ggp>
loggp ’ 1
X=X+ ——

loge p loge p
Pp. | X0+ . ,X0 + .

2lo lo lo

1 2

—1 (2x0+ 21%5 P —Xo) - < X0+ 1%5 P —X0>
1+p¢ 1+pE

1 2 1

_ 210g5p> - l—l—pl = < 2log§p>
L\ Xot+— Xo+
1+p& <0 ogpe U

—1

L . 1
Thus ¢, ; is increasing on ( oo, X0 + o8¢ p) .

We have

(Pp,l ()C7y)

< @p1(x,0) :)lg% ®p.1 (x,0)
= tim (¥, (+0) W, (1) ¥, (0))

1 1 1
= 1.
xg%{Hpé ) 14 pg i) 1+pc§l<x0)}
1

lim————
xl—I>r(1) 1+p§lx0 <0
O]

Remark 2.5. In Theorem 2.4; if we take xo = 0,1 > 0,§ = e, and p = 1 then @, (x,y) becomes sub-additive on (—eo,+-co).

For 1 >0, xg € (—o0,400), and y € (0,+o0) the (1,x)-generalized logistic-type function ¥, ; fulfills the followings:

®

(ii)

‘Pp L(x+y)

t< Wp.u (x)

<&V, Vx € (—o0,+0),

28V Yo (x+y) 1y lOgﬁ p
&0 < W, 00 <&V Vxe Ko+ — ,
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(iii)

1<

W1 (x+y) 28V < loge p >
’ < Vxe [xo+ — 4o ).
Wy (x) 1+&W 0
Proof. Since for all x € (—oo, +00),

(T”@§ = (LnE) (1=, (1) =1 (&) (1 - Wp, (x))

Wp.i (%)
= - pi* (1n°C) <0,

(1+P<§ (x—xo )2<§l(x—xo)

Then

< 0,Vx € (—oo,+00).

(%Aw><_ pi* (1n2¢)

le,l (x) (1_|_p€ (x—xo )2

/
. ¥ . .
Hence, the function ‘I’Z :8 is decreasing on (—oo, 4-0).

Let
Wi (x+y)
X (x :—‘)177 € (—oo, +4o00),
( ) lIlPl( ) ( )
and
v(x) =log, X (x) =In X (x).
So
ol o () o ()%
5. (%)
_ lp;)-,l (x+y) _ LIJ;),I (x) Y. (x+y)
T 09 7,00
and also one has
v (x) = ‘P;”l (x+) Fo, (x) 7lP;),l (x) Yy (x+y)
Pou (x)¥p. (x+y)
_ Wby Y@
Yo (ity) Poulr)
Therefore, v (x) and X (x) are both decreasing.
Accordingly,
v
lm R() = lim e EEY
X—o0 X—o0 \Pp,l ()C)
C g [ ERETET ) S
X—+oo ]+p§ 1(x4y—xp) glx X0)
é (x xO +p
= Mm eew
e E1lv0) 4 p&
and
. L 1 +p&tlx—) ey
A R )= i e~

1= lim X(x) < X(x) < lim X (x) =&Y, x€ (—o0,4o0),

X—>+o0 X—>—o00
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and also
14 p&—t—0) 28w
m = -
I -
2EW lo
l=1m X(x)<X(x)< lim X(x)= £ x€ (x0+ ggp oo ).
X—>o0 1055 p 1 + ély
x—xp+

Corollary 2.6. For1 > 0 and xy € (—oo,+o0), the (1,x0)-generalized logistic-type function ¥ ; yields inequalities below:

Wou (x+ 1)

1<
Yo (x)

< ‘g;x € (_°°7+°°)7

2p& - W, (x+ 1)
1+p& Yo (x)

< 5; X € (*OO,X()),

and also

Wou(x+1)  2p¢

1< < .
le,l (x) lJrPé

O

Corollary 2.7. (see [10], []]] [12]) Let S be an open subinterval of (0,), and let g : S — (0,0) be differentiable. g is

g
g2 (v)

AH-convex (concave )<= =5 g is increasing (decreasing).

Theorem 2.8. For 1 > 0 and x € [0,), the (1,x)-generalized logistic-type function ¥y, is AH-concave on (xp,4+oo).
Namely,

2¥ b Y
IPPJ <x+y> = = (x) o (y) X € (x03+°°)'

2 Yo (x) +%¥p, (y)

Proof. Let us take

/ 1p (Ing) o)

W () = :
pst ( +p€ (x—xo )2
and
W2, (x) = (14 pgt00))
Then
¥, () :
p,l _ (x—x0)
= 1 0
(‘P,%,L w) (1p(ng)gt=)
= —2(In2g) &) <.
One has the desired result by Corollary 2.7. O

Theorem 2.9. For1 > 0 and xy € (—oo,+o0), the (1,x0)-generalized logistic-type function ¥ ; is logarithmically concave on
(—o0,4o00). Namely, for all x,y € (—oo,+00); z,p > 1 and % —|—% = 1, the following inequality holds:

=
":1\'—

(¥ ()]7 (2.4)

z p

¥y, <x+y) > [p. (x)]
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Proof. Let

1
Dp,l (x) = ]n\PpA’l (x) = loge le,l (.x) = loge <1_|_p§xx()> 5

1

1(1+p5”0> 1n1—1n(1+pé; “0),

thus
Dy (x)=—In (1—|—p§ (¥=xo ) .

Now take the first derivative of Dy ; ,

, é—t(x—xo)
D,, (x)=1p(Ing) m

and also the second derivative of D, ; yields the following:

" —1(x—xp)
Dy, (1) = —p () (lf;) L

which indicates the inequality in (2.4). O

<0,

Theorem 2.10. For 1 > 0 and xo € (—oo,+0), the (1,x0)-generalized logistic-type function ¥y, verifies the following
inequalities:

lP/Z),l (x+y) > W () Pp. (v); X,y €0, +00),
and
lP;Z),l (x+y) S¥pi (x)¥p, (v); %,y € (—o0,0].
Furthermore, for x =y = 0, equality is satisfied.
Proof. For1>0,x,y € [0,4+e); x+y>xand x+y >y are valid. Since ¥y, (x) is increasing,
le,l (X‘H’) > le,l (x) s (2.5)
and
Yo (x+y) =¥, (v). (2.6)
So, the product of (2.5) and (2.6) demonstrates the first inequality. Using the similar mindset, the second one may be
proved. O
Theorem 2.11. For 1 > 0 and xo € (—o0,+), the (1,x0)-generalized logistic-type function ¥, ; satisfies the inequalities
below:
lP;Z),l (xy) <W¥p, (%) ¥p, (v)sx,y € (0,1],
and
‘Piz),l ()Cy) Z lPp,l ()C) ‘Pp,l (y)’ X,y S [1a+°°) .

Proof. For x,y € (0,1], xy < x and xy <y are true.
As W, (x) is increasing,

le,l (x) Z le,l (Xy) > 0,
and

Yo (v) = ¥p, (xy) > 0.
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are satisfied. Furthermore, product of these two inequalities yields:

Y. (x) Yo, () > lP;z),l (xy).
Namely,

\sz),l (xy) < W¥p, () ¥p,i (v)

is obtained.
Since for x,y € [1,+e0), there exist xy > x,xy >y and ¥, ; (x) is increasing. Then

Wou(x) <y, (xy),
and

Yo (y) <W¥pu(xy).

Multiplication of the last two inequalities gives the following:

W (¥)Ppu (v) S5, (xy).

Below, one has the desired inequality:

\Pf),l (xy) > W1 () ¥p,u ()

O
Theorem 2.12. For 1 > 0 and xo € (—o0,+o0), the (1,x0)-generalized logistic-type function ¥, ; is supermultiplicative on
(1,4e0).
Wou(xy) >W¥p, () ¥p, (v); X,y € (—o0,+00)
holds.

Proof. For 0 <W¥,, (u) <1, then
W3 (1) < Wp, (u)
for u € (—oo,+o0). Since ¥, ; is increasing, and xy > x, xy >y on (1, +o0),

lPp,l (xy) > lP;z),l (xy) > le,l (x) lPp,l )

is true. O

Presently, some sharp inequalities related to the (1,xo)-generalized logistic-type function ¥, ; (the (1,x0)-generalized softplus
activation function) are studied:

Theorem 2.13. For1 > 0 and xy € (—oo,+o0), the following inequalities are satisfied:

él(xfxo)
1 _|_p€l(x7x0)

gl(x*xo)
+ )
I+p 14 pé&t—x)

<In (+p€l<x”‘°)) <In(14p)—

él(x—xo)
+
I+p  14p&tle)

In(1+p)— <In (1+p§’<x_x°)),x€(xov+°°)y

P g l(X7x0)

W <ln(]+p§l<x7x°)) , X E (—oo7-|—oo)_ (2.7)

Proof. Let us define

él(x—xo)

A(-x) =In (l +p§l(x_X0)> - 1 —|—p€l<x7"0) )

X € (7°°’ +fx’) )

' 1(In§) El—xo) ( 1
= p

A (x) = 1+p€1(x—x0) — 1+p§l(x_x())> >0,x¢€ (—00,+oo).
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So, A (x) is increasing on (—oo, +o0).
For x € (—oe,x0),
1
0= lim A(x) <A(x) < lim A(x) =In(1+p) — ——,

X—y—o0 X—X( 1 + p

which yields that the first inequality is valid.
For x € (xg,+0),

(1+P)*L* lim A(x) <A(x) < lim A(x) < oo,

1+ p X—X0 X—+o0

which indicates that the second inequality is held.
Also, for x € (—oo, 400),

0= lim A(x) <A(x) < lim A(x) < oo,

X——00 X—>-o0

which demonstrates that the third one is also satisfied. O

Theorem 2.14. For 1,p > 0, xy € (—o0,+o0) and x € (—oo,40) , the inequality

pE—T0) —ln<1+p§l("_x0)) >0 (2.8)
is provided.
Proof. Let
E(x) = p&EH0) _n (l +p§l("7x°)) , X € (—o0,400),
and

(x—x0)
= _ 1(x—xp) pél
= (x)*Pl(lné)é 0 <1_’_pél(xx0)> >0,

that indicates that = (x) is increasing on (—oo, +o0) . Hence, we get

lim £(x)= lim (p&l(x_)“))fln(1+p§‘(x_x°))) —0.

x—s—o0 X300
So

0= lim 2(x) <E(v) < lim (p&*~)—In(1+p&—))).
which verifies the last inequality, is valid. L)

1

) )
Theorem 2.15. Fori,p >0, & > 1;x,x9 € (—o0,40) , let m (x) = (1 + p&tl—xo )p5 ) and k (x) = (1 +p‘g’l(x*x0)> gt

be decreasing and increasing, respectively. Then the following inequalities hold:

(1+p)In(1+p) &0 < n (14 pgH0730)) < pEHE—); x € (—o0,x),

P& < (14 p& =) ) In (1+pE'00) < (14p)In(1+p) E'00;x € (—o0,x0),
and

p&Hlo) < (1 +p§l("ﬂ‘°)) ln(l +p§l("*x0>> < (1 +p§‘(“"x0>) pEWT0) ¢ € (—oo0, 400).
Proof. For x € (—oo,+00),1,p >0, and & > 1,

let

In(m(

1
( 1+p§ (= xO pé‘(”ﬂ)>

1+pé! “0)
p&il—)

In
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and
K(x) = In(k(x))
nf (1

( er:g»l(x—xo))H,ﬂ;l(ixo))

_ 1 1(x—xp)

Now, taking the derivatives,

/ _ l(lné) pél(X7x0) 1(x—xp)
M (x)_pél(x—x()) <1+p§l(x—x0) _ln(l—FPé 0 ) < 0.

Thus using (2.7), we conclude that M (x) is decreasing and, accordingly, m (x) is also decreasing.
In like manner,

Y= % 5 ) o

employing (2.8), it is obvious that K (x) is increasing and so is & (x) .
Besides, let us take

In(1 1
xgrgwM x) = 1L XETOOM (x) =0,
lim K(x) = 1; lim K(x) = oo.
X——o0 X—r+too

For x € (—e0,xp) , we obtain

In(1+p)

so that the first inequality is satisfied.
Again for x € (—eo,x0), we have

X——oo

1
1= lim K(x) <K (x) <K (%)= (1—|—p>ln(1+p)7
which yields the second one.

Lastly, for x € (—eo,+o0), one has

0= lim M(x) <M(x)< lim M(x)=1,

X—r—+o0 X—r—o0

which verifies the following

In (1 +p§l(x7x0)> < pgl(X*XO).
As well,

= lim K(x) <K(x) < lim K(x)= oo,

X—r—o0 X—r+too

which again implies

pé 1(x—xp)

1(x—xp)
W= <1n(1+pc§ ) (2.9)

By the last two inequalities, the desired third inequality is proved. O
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Theorem 2.16. For1 > 0 and xo € (—o0,+0), set

pél(X7x0) In (1 _|_p€l()f*x0)>

F(x) = pél(x—xo) —1In (1 +pél(x—xo))

, X € (—o0,x0).

It follows that, F (x) is increasing and satisfies the inequality below:

pln(l1+p)
2 < < —<.
FE) p—In(1+p)
Proof. First of all,
. _ In(2)
lim F(x) =3 “In(2)’
and
1(x—xp)
111 1+p§l(X7x0) + péT
lim F(x) = lim ( )1 1p! ()
X——o0 X——o0 l-—
l+p<§l('\'7xo>
In (1 +p§l(x—x0)) <1 +p§l(x—x0))
= lim |1+
X—>—00 pél(x*xo)
= 2.

Furthermore, let

A(x) := p&Hr)p (1 +p§l(x7)‘°>>

and
T (x) i= p& ) —n (14 pgt6=0)
Hence
A(=e2) = lim A(x)
= i (x—x0) (x—x0)
- i (o812 )
= 0
and
Y(=e) = lim Y(x)
_ . (x—x9) _ (x—x0)
- XLHPOO(Pél 0 ln(1+p§l 0))
= 0.
So,
A/(x)—l (ln(g)gl(x—xo) 1n(1—|— gl(X*XO))_FM >0
- P 1+ p&th—o) ’
and
: 1
= 1(x—x0) .
Y ()= 1p )10 (1 s ) >0
Additionally,

<A/(x)>, _ (ln(l+pgl(xxo)> (1+pgl(xx0)>)/

pél(xfxg)

plé(ll(r;i)o) (p{j‘("*’%) —In (1 +p€’<x”‘°))) > 0.
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A
Y (x)

is increasing, which elucidates that ?83 = F (x) is increasing, too (by the corollary 1.2 of [13]).

In this manner,

Ultimately, for x € (—o0,xp),

L . _ pln(1+p)
O
Proposition 2.17. Let
pin(1+p)
£ 7
p—In(1+p)
the inequality (2.10) can be written as
L(xxp) Epé 1(x—xp)
In(14p8"7) < £
and by inequality (2.9)
pé:l(x*xo) L (x—1x0) é:pé:l(xfxo)

1+ p&Lle—ao) <ln(l+p§ ) < E 4 p&Erle—ao)

is observed.

3. A statistical interpretation of the (1,x)-generalized logistic-type function in survival analysis

Survival Analysis is a subfield of statistics used to describe and measure data on the time until an event occurs. For example,
it analyzes the expected time until failure in mechanical systems and death in biological organisms [14]. “Time-to-event
processes” are especially common in medical research because they provide more information than whether an event occurred
or not [15]. In addition, “reliability theory” or reliability analysis™ are other names used for this area in engineering sciences.
In this section, the (1,xp)-generalized logistic-type function

él(x—xo)

F(x,y):=¥p.(x) = m,

1,0 >0; xg € (—o0,+o0); &> 1,

is considered as a distribution function and the probability density function of the suggested distribution is

) =% (x :W7
f(x7) p.,l( ) (p+,§1<xﬂ0))2

where, ¥ = (1,x0) is the parameter set.

One of the common terms used in survival analysis is ”survival (reliability) function”. Primarily, we are deeply interested in
parametric exponential version of this function and its graphical results in the sense of behavior of the function with respect to
arbitrary chosen parameters: &,1,xp, and p. The distribution of survival times can be better predicted by a function such as the
exponential function, which, create parametric survival models.

Now, we define parametric exponential survival (PES) and parametric failure (hazard) rate (PFR) functions, respectively as
seen below:

_ p

Y(xy) = I—F(Xﬂ):m,
_ [y _i(n§)gew

MY S Gy T pegt
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fix)

fix)

Parametric Exponential Survival Function for Different Parameter Values

10 —— xi=1.5, iota=0.1, X0=0, varrho=1.5
— xi=2, io 1, x0=0, varrho=1.5
— xi=3, iof 1, x0=0, varrho=1.5
—— xi=5, iota=0.1, x0=0, varrho=1.5
0.8
0.6
0.4
0.2
-20 =15 -10 -5 o 5 10 15 20
x
Figure 1: Behaviour of PES with respect to distinct parameter values of &.
Parametric Exponential Survival Function for Different Parameter Values
— xi=1.5, iota=0.1, x0=0, varrho=1.5
10 —— xi=1.5, iota=0.4, x0=0, varrho=1.5
—— xi=1.5, iota=0.7, x0=0, varrho=1.5
— xi=15, iota=1.1, x0=0, varrho=1.5
0.8
0.6
0.4
0.2
0.0
-20 =15 -10 -5 o 5 10 15 20
x
Figure 2: Behaviour of PES with respect to distinct parameter values of 1.
Parametric Exponential Survival Function for Different Parameter Values
0.80
—— xi=1.5, iota=0.1, x0=0.2, varrho=1.5
= , iof 1, x0=0.3, varrho=1.5
o , iof 1, x0=1, varrho=1.5
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Figure 3: Behaviour of PES with respect to distinct parameter values of x.
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Parametric Exponential Survival Function for Different Parameter Values

—— xi=1.5, iota=0.1, x0=0, varrho=1
=0, vartho=3
0.8
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0.4
02
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e
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-20 -15 -10 -5 0 5 10 15 20

Figure 4: Behaviour of PES with respect to distinct parameter values of p.

Parametric Failure Rate Function for Different Parameter Values

— xi=15, x0=0, varrho=1.5
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= 008
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Figure 5: Behaviour of PFR with respect to arbitrary parameter values of &.
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Figure 7: Behaviour of PFR with respect to arbitrary parameter values of xj.

Parametric Failure Rate Function for Different Parameter Values

=1.5, iota=0.1, X0=0,
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Figure 6: Behaviour of PFR with respect to arbitrary parameter values of 1.

Parametric Failure Rate Function for Different Parameter Values
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Parametric Failure Rate Function for Different Parameter Values

0080 1 — xi=1.5, iota=0.1, x0=0, varrho=
= |
— 5, iota=0.1, x0=0, varrhe
—— xi=1.5, iota=0.1, x0=0, varrho=3
0.035
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Figure 8: Behaviour of PFR with respect to arbitrary parameter values of p.

#Parametric Exponential Survival Function for Different Parameter Values
# "x1">1, "varrho"> @, "iota"> @
#Investigation and Comparison of Parameters

# - "xi" = Maxinum value of the curve
# - X8 = Horizontal shifting parameter. It determines where the function starts.
# - "iota" = Slope parameter.It controls hew quickly the function changes. (growth rate)

import numpy as np
import matplotlib.pyplot as plt

def survival(x,varrho,xi,iota,xe):
return varrho / (varrho + pow(xi,iota*(x-x@)))

def plot_survival(xi_values,iota_values,x@_values,varrho_values):
x_values = np.linspace(-28, 28, 1800)
plt.figure(figsize=(15, 18))

for xi in xi_values:
for iota in iota_values:
for x@ in x@_values:
for varrho in varrho_values:
y_values = survival(x_values, varrho, xi,iota, x@)
label = f'xi={xi}, iota={iota}, x8={x@}, varrho={varrho}'
plt.plot(x_values, y values, label=label)

plt.title('Parametric Exponential Survival Function for Different Parameter Values')
plt.xlabel('x"')

plt.ylabel('f(x)")

plt.legend()

plt.grid(True)

plt.show()

# Different Parameter Values

xi_values = [1.5, 2, 3, 5]

iota_values =[ 9.1]

x8_values = [8]

varrho_values = [1.5]
plot_survival(xi_values,iota_values,x®_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

jota_values =[ 0.1,0.4,0.7,1.1]

x8_values = [@]

varrho_values = [1.5]
plot_survival(xi_values,iota_values,x@_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

iota_values =[ @.1]

x0_values = [0.2,0.3,1,1.5]

varrho_values = [1.5]
plot_survival(xi_values,iota_values,x®_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

iota_values =[ 0.1]

x0_values = [@]

varrho_values = [1,0.1,1.5,3]
plot_survival(xi_values,iota_values,x®_values,varrho_values)

Figure 9: Algorithm 1.
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#Parametric Faillure Rate Function for Different Parameter Values
# "xi">1, "warrho" > @, "iota" > @
#Investigation and Comparison of Parameters

# - "xi" = Maxinum value of the curve
# - x@ = Horizontal shifting parameter. It determines where the function starts.
# - "iota" = Slope parameter.It controls how varrhouickly the function changes. (growth rate)

import numpy as np
import math
import matplotlib.pyplot as plt

def failure_rate(x,varrho,xi,iota,x@):
return (iota*(math.log(xi)/math.log(math.e))*pow(xi,iota*(x-x@)))/(varrho+pow(xi,iota*(x-x0)))

def plot_failure_rate(xi_values,iota_values,x@_values,varrho_values):
x_values = np.linspace(-28, 28, 1008)
plt.figure(figsize=(15, 18))

for xi in xi_values:
for iota in iota_values:
for x@ in x@_values:
for varrho in varrho_values:
y_values = failure_rate(x_values, varrho, xi,iota, x@)
label = f'xi={xi}, iota={iota}, x@={x@}, varrho={varrho}’
plt.plot(x_values, y_values, label=label)

plt.title('Parametric Failure Rate Function for Different Parameter Values')
plt.xlabel('x")

plt.ylabel('h(x)")

plt.legend()

plt.grid(True)

plt.show()

# Different Parameter Values

xi_values = [1.5, 2, 3, 5]

iota_values =[ @.1]

x8_values = [0]

varrho_values = [1.5]

plot_failure_rate(xi_values, iota_values,x@_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

iota_values =[ ©.1,0.4,0.7,1.1]

x@_values = [@]

varrho_values = [1.5]
plot_failure_rate(xi_values,iota_values,x@_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

iota_values =[ 0.1]

x0_values = [0.2,0.3,1,1.5]

varrho_values = [1.5]

plot_failure_rate(xi_values, iota_values,x@_values,varrho_values)

# Different Parameter Values

xi_values = [1.5]

iota_values =[ ©.1]

x0_values = [@]

varrho_values = [1,0.1,1.5,3]
plot_failure_rate(xi_values,iota_values,x@_values,varrho_values)

Figure 10: Algorithm 2.

Moreover, graphs of the PES functions are visualized in Fig. 1 - Fig. 4 using computer programming language Python 3.9, as
you see [16].

In the second place, we focus on the PFR function of the proposed distribution with arbitrary parameter values obtained as in
Fig. 5 - Fig. 8. This is the function that gives the steadily revised immediate probability of a critical event. With this feature,
it finds applications in many disciplines such as health sciences, and mathematical psychology [17]. Also, while the PES
function serves for surviving, the PFR function deals with the failing [18].

4. Conclusion

In this paper, some important inequalities like concavity, super multiplicativity, and sub-additivity of the (1,xp)-generalized
logistic-type function have been proved. “Ceteris Paribus™ plotting for parametric exponential survival (PES) and also
parametric failure (hazard) rate (PFR) functions with four variables have been performed. Thus, when the survival function
we parameterized is compared to a function that is not parametrized; we can say that the parametric one may provide more
detailed and sophisticated modeling in survival analysis. In short, we may obtain higher accuracy values in the validation data
of the models with the help of functions containing four parameters, that is, to make the models more robust.



52 Fundamental Journal of Mathematics and Applications

Declarations

Acknowledgements: The author would like to express their sincere thanks to the editor and the anonymous reviewers for their
helpful comments and suggestions

Conflict of Interest Disclosure: The author declares no conflict of interest.

Copyright Statement: Author own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: This research received no external funding.

Ethical Approval and Participant Consent: This article does not contain any studies with human or animal subjects. It is
declared that during the preparation process of this study, scientific and ethical principles were followed and all the studies
benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.
Availability of Data and Materials: Data sharing not applicable.

ORCID
Seda Karateke ‘= https://orcid.org/0000-0003-1219-0115

References

[1] J.Zhang, L. Yin and W. Cui, The monotonic properties of (p,a)-generalized sigmoid function with application, Pak. J. Statist., 35(2) (2019),
171-185. [Scopus]

[2] ML.IL Jordan, Why the logistic function? A tutorial discussion on probabilities and neural networks, (1995).

[3] R.M. Neal, Connectionist learning of belief networks, Artif. Intell., 56(1), 1992, 71-113. [CrossRef] [Scopus] [Web of Science]

[4] P. McCullagh and J. Nelder, Generalized Linear Models, Second Edition. Chapman & Hall., (1989), ISBN: 9780412317606. [CrossRef]

[5]1 D. Yu, Softmax function based intuitionistic fuzzy multi-criteria decision making and applications, Oper. Res. Int. J., 16 (2016), 327-348.
[CrossRef] [Scopus] [Web of Science]

[6] R. Torres, R. Salas and H. Astudillo, Time-based hesitant fuzzy information aggregation approach for decision making problems, Int. J. Intell.
Syst., 29(6) (2014), 579-595. [CrossRef] [Scopus] [Web of Science]

[7] 1. Goodfellow, Y. Bengio and A. Courville, 6.2.2.3 Softmax Units for Multinoulli Output Distributions, Deep Learning. MIT Press., (2016),
180-184. ISBN 978-0-26203561-3.

[8] G.A. Anastassiou, Banach Space Valued Multivariate Multi Layer Neural Network Approximation Based on q-Deformed and A -Parametrized
A-Generalized Logistic Function. In: Parametrized, Deformed and General Neural Networks, Studies in Computational Intelligence, 1116.
Springer, Cham., (2023), 365-394. [CrossRef] [Scopus]

[91 A. Arai, Exactly solvable supersymmetric quantum mechanics, J. Math. Anal. Appl., 158(1) (1991), 63-79. [CrossRef] [Scopus] [Web of
Science]

[10] G.D. Anderson, M. Vamanamurthy, and M. Vuorinen, Generalized convexity and inequalities, J. Math. Anal. Appl., 335(2) (2007), 1294-1308.
[CrossRef] [Scopus] [Web of Science]

[11] P.S. Bullen, Handbook of Means and Their Inequalities, Springer Science & Business Media (560), 2013. [CrossRef]

[12] P.S. Bullen, D.S. Mitrinovic and M. Vasic, Means and Their Inequalities, Springer Science & Business Media 31, 2013. [CrossRef]

[13] I Pinelis, L’Hospital type rules for monotonicity, with applications, J. Ineq. Pure & Appl. Math.3(1) (2002), 1-5.

[14] R.G. Miller, Survival Analysis, John Wiley & Sons, (1997), ISBN 0-471-25218-2.

[15] B. George, S. Seals and 1. Aban, Survival analysis and regression models, J. Nucl. Cardiol., 21 (2014), 686-694. [CrossRef] [Scopus] [Web
of Science]

[16] S. Karateke, M. Zontul, V.N. Mishra and A.R. Gairola, On the Approximation by Stancu-Type Bivariate Jakimovski—Leviatan—Durrmeyer
Operators, La Matematica, 3 (2024), 211-233. [CrossRef]

[17] R.A. Chechile, Mathematical tools for hazard function analysis, J. Math. Psychol., 47(5-6) (2003), 478-494. [CrossRef] [Scopus] [Web of
Science]

[18] FE. Emmert-Streib and M. Dehmer, Introduction to survival analysis in practice, Mach. Learn. Knowl. Extr., 1(3) (2019), 1013-1038. [Cross-
Ref] [Scopus] [Web of Science]

Fundamental Journal of Mathematics and Applications (FUIMA), (Fundam. J. Math. Appl.)
https://dergipark.org.tr/en/pub/fujma

All open access articles published are distributed under the terms of the CC BY-NC 4.0 license (Creative Commons Attribution-
Non-Commercial 4.0 International Public License as currently displayed at http://creativecommons.org/licenses/by-nc/4.
0/legalcode) which permits unrestricted use, distribution, and reproduction in any medium, for non-commercial purposes, provided the
original work is properly cited.

How to cite this article: S. Karateke, On an (1,x0)-generalized logistic-type function, Fundam. J. Math. Appl., 7(1) (2024), 35-52.
DOI 10.33401/fujma. 1423906




Fundamental Journal of Mathematics and Applications, 7(1) (2024), 53-58
Research Paper / Open Access

% FuiMa Fundamental Journal of Mathematics and Applications

ISSN Online: 2645-8845
www.dergipark.org.tr/en/pub/fujma
https://doi.org/10.33401/fujma. 1424382

A Note On Kantorovich Type Operators Which Preserve Affine
Functions

Didem Aydin Ar1 """ and Gizem Ugur Yilmaz >+

VKirikkale University, Faculty of Engineering and Natural Science, Department of Mathematics, Kirikkale, Tiirkiye
2National Defence University, Turkish Air Force Academy,Istanbul, Tiirkiye
Tdidemaydn@hotmail.com, * gzmm_ugur@windowslive.com
*Corresponding Author

Article Information Abstract

Keywords:  Modulus of con- The authors present an integral widening of operators which preserve affine functions. Influenced
tinuity; Rate of convergence; by the operators which preserve affine functions, we define the integral extension of these operators.
Voronovskaya theorem We give quantitative type theorem using weighted modulus of continuity. Withal quantitative

Voronovskaya theorem is aquired by classical modulus of continuity. When the moments of the
operator are known, convergence results with the moments obtained for the Kantorovich form of
the same operator is given.

AMS 2020 Classification: 41A25;
41A36

1. Introduction

In mathematical analysis, studies on approximation by linear and positive operators retained its importance for many years.
Recently many researchers have studied some generalizations of these operators, especially the Kantorovich form of Bernstein,

Baskakov and Szasz operators. Also they have studied some operators which preserve test functions, exponentials and affine
functions (see [1]-[8]).

k
The Kantorovich version of Bernstein operators [9] defined by replacing the sample values f () with the mean values of f
n

k k+1
n [,+], namely for x € [0,1],n € Nand f € Ly [0,1], Py(x) = (1) x*(1—=x)" %, k=0,1,...,n
n’ n '

Ki(£)00) = (14 1) Y. Pusle) [ S0} (1.1

n+1

Note that K, is just reproduced 1. These operators provide us to switch a Lebesgue integrable function by means of its mean

k k+1
values on the sets | —, .
n

n

General in use, such a (L,),>; sequence of linear and positive operators are specified. In 2016, Agratini studied Kantorovich
type operators which preserve affine functions ([2]). Inspire of these general operators which preserve affine functions, we
study these operators on weighted spaces.

Let’s describe the layout of this work. In first part, nodes and moments are given. The second part belongs to some
approximation findings for the operators.

The purpose of this article is to show that if we know the moments of the operators, we find convergence results with the
moments obtained for the Kantorovich type generalization of the same operator.

>> Received: 23-01-2024 >> Revised: 27-02-2024 >> Accepted: 11-03-2024 >> Online: 29-03-2024 >> Published: 31-03-2024
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2. Properties of the operators

Througout the paper, we consider an interval R™ = [0,e0). In [9], we can see the Kantorovich form of the Bernstein operators
as

K00 = ()Y Buale) [ @), x€ [0.1],
k=0 i

where f € L;[0,1]. Let C (R™) denotes the space of real-valued continuous functions on R, now we give L, operator which
can be written as

Z)”‘k xnk xERJr (2.1)
ke,

where A, € C (R") and 4,4 > 0 and (n,k) € N x J,. Also (x,x)key, be set on the interval R™ where J, C N is a set of
indices. Now we consider nodes for each n € N,

Xnk+1 — Xnk = Un, ke,
where lim u, =0.
n—soo
We take into about L, operators given by (2.1) which preserve affine functions,

Z Anx(x) =1 and Z A (X)X = x, x ERT.
kEd, kEdy

Now let u, = sup u,. If R* = [0,00), then we set A* = [£-,c0).
neN

2.1. Auxiliary Results

We give some results which will be necessary for proofs of theorems. At first, we find some moments and central moments of

Xnk+1

LY 2 /f 1)dt, x € R 2.2)

Un ey
n Xuk

operators.
Lemma 2.1. Let L, defined by (2.1), n € N, x € A*and e,(t) =1t" for
r=1, 2, 3, 4. Then we have

) Kn(eo)(X) 1,
(i) K, (e1)(x) =x+ 7,
2
(i) K, (e2)(x) = Ly(ez)(x) + u,,x — '%",
3
(@iv) K, (e3)(x) = Ly(e3)(x) +3 SupLy(e2)(x) + utx — L%,
M4
(V) Ka(es) (x) = Lu(es) (¥) + 2uaLa(e3) () + 22L (e2) (x) +163x — 4.
Proof. (i) Itis clear from the definition of the operatorf(;.
(ii)
Xn k41
K (e Z A (x
"keJ
Xnk
1 2
;nkg )Ln k 2 n k1 Xy k)
— Z?Lnk 1 (u +2unxnk)
Un ke,
+x.

:?
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(iii)
K Z )~n k n k+1 T 3 k)
Un ke,
3 Z )Ln k [ Xn k + un) +xn,k (xn.,k + un) +x3,k:| ’
Un ke,
2 i,
= Z Ao ke (X)X g+ X + {
ke,
I/t2
= Ly(e2)(x) + upx + ?"
(iv)
K Z )~n k n,k+l - xft,k)
Un kGJn
4 Z )Ln k xn,k+l _xn,k) (xn.,kJrl +xn,k) (xﬁ,kJrl +x£,k>
Un ke,
2
=7 Z Anic(x { (2xn 4+ u,,)((un +xn7k) +x,%,k)}
Un ke,
D D AT O I X JRRALED LAY MRS P Wty
ked, Un ked, Un ked, Un ked,
3 2 “;31
=Ly(e3)(x)+ EunLn(ez)(x) Fux— e

(v) At that time, (v) can be calculated similarly.
O

Lemma 2.2. Let (1) = (t—x)",n = 0,1,2,... For the operator K, given by (2.2) if we set Cun(x) = IA(;((p)%(t);x) and
Cna(x) = Ky(@f(t);x), then we have

2
u
Gna(x) = Lu(e2;) + —x%

Cra(x) = Ly(es)(x)+ (2u, —4x)Ly(e3)(x) + (2u,2, + —6xu, + 6x2)Ln(ez)(x) —|—4x3u,,Ln(el )(x) — 3x4Ln(e ) (x)+ u —2x%u 2.

Proof. By using Lemma 1.1, we obtain

Galt) = Ra(02(0:) = Lafen ) + 2+t~ 2x(x 40) 4.2
= Ly(er;x)+ %ﬁ —x%
Now let’s calculate K,, (¢ (t);x).
Luax) = Ka(@f(0):x) = Ky (e4,x) — 4Ky (e3,%)x + 6K, (€2,%)x% — 4Ky (e1,2)x° +x*K, (e, ,x)
= Ly(eq;x) +2upLy(e3 ;%) + 2uLy (e 3x) + upx + uf — dx(Ly (e3,;x) + %unLn(eZ,;x) +ulx+ %f')
+6x%(Ly (€23 %) + upx + %ﬁ) - 4x3(% + Ly(e13%)) +x*Ly (05 %))

= Lu(eq)(x) + (2uy — 4x)L,(e3) (x) 4 (2u? + —6xu, + 6x7) Ly, (€2) (x) +4x>up Ly (e1) (x) — 3x* Ly (e0) (x) 4 ut — 22702,
so the desired result is achieved. O
3. Rate Of Convergence

In this part, setting f € R™, approximation result is given for K, operator. In [10] and [11], proof of Korovkin theorems are
given.
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Let p(x) = 1 +x> be a weight function and K r be a positive constant depending of f, we define
By (RT) ={f:R" = R:|f(x)| <Ky pu(x)}
and
Cu (RY) =C(R) NB, (RY).

Considering the space of functions
Cy (RY) = {f €Cy (RY): lim L2 — k< oo} .
Obviously Cj; (R*) € Cy (R*) C By (RT). Here the norm is defined as

= sup VI
111, = sup S

xR+ M
If fe Ck (RT), then ||L,(f Plu < 11£1, -These results and Korovkin type theorems can be seen in [12, 10, 11].
Let C¥(R") be the subspace of all the functions f € C(R") such that hm |f+( )l = k, where k is a positive constant. For
f € C*(R"), weighted modulus of continuity is defined by

S |f () = fx)]
250 = \z—x\éﬁ,pxeﬂw (1422 (14 (r=x)?)

(3.1)

Utilizing 3.1, we give quantitative type theorem.

Theorem 3.1. If f € Cﬁ (R™), then we have

Ko (f3x) — f(0)] <32(1+22)Q(f:8).
Proof. From the property of (3.1), we can write
Q(f:48) <2(1+4)(1+6%)Q(f:9)

for positive A (see in [13]). By the definition of Q(f;0) for f € Cﬁ (R*) and x, 7 € R* and § > 0, the following inequality is
satisfied:

4
170~ 1] < 16 (1422) Q4(:9) (1 = ) 62)

and by using Lemma 1 and (3.2), we have

Kol = F )] < £00 |1 =Kl |+ Ka(1£(0) — £ ()] 5).

Now applying (3.1) to I/(\';,

Xnk+1

*Zlnk / |f(t) = f(x)|dt

Un .
cJy
Xn.k

16/(14+5%) Q(f:5) (1 T C";;‘f‘)) ,

IN

Kalf:0) =1 ()|

IN

choosing 6 = /, 4(x), it follows

Bt - £0] <2042 2 (116 ).
so we obtain desired result. ]

Let us denote by @ (f;8), the classical modulus of continuity defined as

o(f;8)=  sup [f(x)=f ()] (3.3)

|x—t|<8 xteRT
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Theorem 3.2. Let f// €C(R) and o (fN; 5) is the modulus of contiuity of f such as finite for 8 > 0. We have

K, ! /" Cn. X
2 () -s16] -] <o 1 L55)

Proof. By using the Taylor expansion at the fixed point x and (3.3) for & € [x,f], we obtain

h(t,x)] =

Now applying it to kvn,we have

[(Ka(-,)) ()]

IN
|
N
(U
K]
)
[+%]

If we choose

§ = (Kuler =) (x)/ 2 (x)

and by using

(K ler — x) < 4/ Gua(x) 4/ G2 (x)

inequality, we can write

(Ror) ) - 10— 0 [t

(a1 455)

Thus we obtain

‘ 1 (Ef)(x)—f(x)_lf”(x)‘g ( \/m>

4. Conclusion

In this study, we showed that when the moments of an operator are known, some approximation theorems can be given for the
Kantorovich type of the same operator using these moments.
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